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When  we  first  agreed  to  undertake  the  development  of  a  book  on  antennas 
for  the  Inter-University  Electronics  Series,  the  plan  called  for  a  rather  modest 
effort  devoted  mostly  to  recent  advances  in  this  field.  Subsequent  discussions 
led  to  the  conclusion  that  there  was  a  real  need  for  a  more  complete  treatise 
dealing  with  all  aspects  of  antenna  theory.  We  therefore  agreed  to  join  forces 
as  coeditors  to  carry  out  this  rather  ambitious  plan. 

Twenty  years  have  passed  since  the  publication  of  Silver’s  classical  work  on 
antennas  in  the  M.I.T.  Radiation  Laboratory  Series.f  Considering  the  impor¬ 
tance  of  antennas  in  modern  communications  technology,  the  number  of 
antenna  books  published  since  then  is  surprisingly  small  (see  Bibliography). 
Also,  most  of  these  books  were  written  more  than  a  decade  ago  and  do  not 
reflect  the  present  state  of  development  in  the  antenna  field.  Consequently, 
we  made  plans  for  a  book  that  would  develop  the  underlying  theory 
from  basic  principles,  would  apply  it  to  the  many  varieties  of  radiating  struc¬ 
tures  that  we  call  antennas,  and  would  emphasize  the  more  recent 
developments  in  this  field. 

We  also  recognized  the  intimate  relationships  between  the  performance  of 
an  antenna  and  its  environment,  and  we  have  therefore  included  chapters  on 
the  behavior  of  an  antenna  immersed  in  lossy  media  or  plasmas  or  located 
on  a  lossy  earth.  The  demands  on  antenna  systems  in  the  current  era  can 
often  be  met  only  by  overall  system  optimization,  and  this  made  it  essential 
to  also  include  chapters  dealing  with  the  signal-processing  and  spatial-filtering 
aspects  of  antennas. 

The  first  seven  chapters  cover  the  general  theory  of  antennas  without 
reference  to  any  particular  type  of  structure  except  by  way  of  illustration. 
Much  of  this  material  may  be  regarded  as  classical  antenna  theory.  However, 
the  development  has  been  carried  far  enough  to  include  topics  that  have 
become  important  in  more  recent  years.  For  example,  in  the  chapter  on 
receiving  antennas,  quasi-monochromatic  and  partially  polarized  waves  are 
dealt  with.  A  whole  chapter  is  devoted  to  large  non-uniformly  spaced  arrays, 
and  another  chapter  brings  together  and  assesses  the  large  number  of  pattern 
synthesis  schemes  that  have  been  proposed  over  the  years. 

The  next  three  chapters  (Chapters  8  to  10)  present  the  latest  developments 
in  the  theory  of  cylindrical  antennas.  Significant  portions  of  these  chapters 
are  new  contributions  to  the  field  and  have  not  appeared  elsewhere  before. 
The  remaining  five  chapters  of  Part  1  cover  the  older  classical  radiating  struc¬ 
tures  such  as  loop  antennas,  conical  and  spheroidal  antennas,  slot  antennas, 

fS.  Silver  (ed.),  “Microwave  Antenna  Theory  and  Design,”  M.I.T.  Radiation  Laboratory 
Series,  vol.  12,  McGraw-Hill  Book  Company,  New  York,  1949. 
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and  open  waveguides  and  horns.  The  reader  will  find  that  these  chapters 
bring  together  in  a  single  place  a  rather  complete  overall  view  and  the  relevant 
references  to  the  literature  on  these  types  of  radiators. 

The  first  three  chapters  of  Part  2  are  a  coordinated  sequence  covering 
large-aperture  antennas  such  as  reflectors  and  lenses,  preceded  by  an  account 
of  ray  optics  fundamentals  that  are  basic  in  their  analysis  and  design.  These 
are  followed  by  four  extensive  chapters  on  traveling-wave  antennas.  Leaky- 
wave  and  surface-wave  antennas  are  of  more  recent  origin,  and  the  underlying 
theory  given  here  is  the  most  extensive  and  up-to-date  treatment  available. 
The  fourth  chapter  in  this  sequence  deals  with  the  very  important  “frequency- 
independent”  structures  known  as  log  periodic  antennas;  their  theory  has 
many  features  in  common  with  other  traveling-wave  antennas,  and  it  was 
therefore  included  here.  The  remaining  six  chapters  of  Part  2  are  devoted  to 
environmental  and  systems  aspects;  their  contents  were  briefly  mentioned 
earlier. 

We  originally  planned  to  devote  a  chapter  to  mutual  impedance  coupling 
effects  in  large  arrays  and  to  other  problems  associated  with  the  electronic 
scanning  of  such  arrays,  but  a  three-volume  series  devoted  to  microwave 
scanning  antennas  was  recently  published.!  To  avoid  duplication,  we  decided 
to  omit  this  topic;  it  is  the  only  major  aspect  of  antenna  theory  not  included 
in  these  volumes. 

As  editors,  we  strove  for  a  reasonably  uniform  notation,  but  because  of  the 
wide  diversity  of  topics,  complete  uniformity  was  not  possible.  That  the  same 
symbol  often  means  different  things  in  different  chapters  should  not,  when 
taken  in  context,  be  confusing.  A  major  point  of  departure  from  convention 
is  the  use  of  both  ejoit  and  e~iu>l  (in  separate  chapters)  to  represent  the  time 
dependence  of  steady-state  monochromatic  fields.  The  former  is  standard 
among  electrical  engineers;  the  latter  is  preferred  by  physicists  and  applied 
mathematicians.  We  did  not  take  a  firm  stand  on  this  point,  but  instead  let 
individual  authors  follow  their  own  preferences.  The  use  of  j  or  i  as  the 
imaginary  unit  1  will  alert  the  reader  to  which  convention  is  adopted  in 
each  chapter.  Since  the  contemporary  literature  is  about  evenly  divided  in 
the  use  of  the  two  conventions,  and  since  it  is  as  impossible  to  talk  an  electrical 
engineer  into  writing  an  inductive  impedance  in  the  form  Z  =  R  ~  iuL  as 
it  is  to  convince  an  applied  mathematician  an  outgoing  attenuating  wave 
should  be  represented  in  the  fourth  quadrant  of  the  complex-wave-number 
plane,  we  did  not  feel  it  desirable  to  legislate  against  either. 

The  two  parts  offer  a  number  of  possibilities  as  texts  for  antenna  courses. 
A  complete  course  on  antennas  cannot  be  offered  in  a  single  semester  on  the 
basis  of  three  lectures  per  week,  so  there  must  be  a  selection  of  topics,  usually 
according  to  the  interests  of  the  instructor  and  the  class.  For  a  basic  short 

fR.  C.  Hansen  (ed.),  “Microwave  Scanning  Antennas,”  Academic  Press  Inc.,  vol.  I,  1964, 
vols.  II  and  III,  1966. 
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course  Chapters  1  to  5,  selected  parts  of  Chapters  6  and  7,  Chapter  9,  and 
topics  from  Chapters  12  to  15  would  provide  a  good  coverage  of  classical 
antenna  theory.  A  course  in  which  aperture  antennas  are  emphasized  would 
include  Chapters  16  to  18,  while  Chapters  19  to  22  covering  traveling-wave 
antennas,  Chapters  23  to  25  for  environmental  effects,  and  Chapters  26  and 
27  for  systems  aspects  would  be  included  in  courses  designed  to  emphasize 
those  topics.  A  number  of  problems  and  exercises,  dispersed  throughout  the 
various  chapters,  have  been  included  to  enhance  the  usefulness  of  the  books 
in  antenna  courses. 

We  have  been  very  fortunate  in  obtaining  chapter  contributions  from  truly 
outstanding  antenna  specialists.  To  the  contributing  authors  we  also  owe  a 
great  deal  for  their  wise  counsel  and  enduring  patience  with  a  project  that  has 
extended  over  several  years.  Any  remaining  shortcomings  must  be  blamed 
on  the  editors. 

The  work  described  in  these  two  volumes  is  that  of  a  great  many  engineers 
and  physicists.  A  reasonable  effort  was  made  to  ensure  proper  references 
and  credits.  To  those  whose  work  is  not  properly  referenced,  we  offer  our 
apologies.  The  lack  of  credit  is  not  intentional;  it  was  caused  by  the  difficulty 
of  tracing  the  history  of  any  particular  topic  back  to  its  originators. 

Finally,  as  editors,  we  would  appreciate  having  misprints  and  errors  called 
to  our  attention  so  that  future  printings  may  be  corrected. 

The  editors  express  their  sincere  appreciation  to  the  following  organizations 
for  their  kind  permission  to  use  a  number  of  figures  from  their  various 
publications : 

The  Institute  of  Electrical  and  Electronic  Engineers,  Inc. 

345  East  47th  Street 
New  York,  N.Y.  10017 

American  Institute  of  Physics 
335  East  45th  Street 
New  York,  N.Y.  10017 

The  Institution  of  Electrical  Engineers 
Savoy  Place 

London  W.C.2,  England 

Institution  of  Electronic  and  Radio  Engineers 
8-9  Bedford  Square 
London  W.C.l,  England 

National  Research  Council  of  Canada 
Ottawa  7 
Ontario,  Canada 

Robert  E.  Collin 
Francis  J.  Zucker 


CONTENTS 

Foreword  v 
Preface  vii 

CHAPTER  1 

ELECTROMAGNETIC  FIELDS 

R.  E.  Collin 


1.1  Introduction  1 

1.2  Maxwells  Equations  2 

1.3  Energy  and  Power  6 

1.4  Some  Properties  of  the  Constitutive  Parameters  8 

1.5  Wave  Equation  10 

1.6  Group  and  Energy  Flow  Velocities  13 

1.7  Boundary  Conditions  16 

1.8  Potential  Theory  22 

1 .9  Reciprocity  24 
Problems  26 
References  27 


CHAPTER  2 

RADIATION  FROM  SIMPLE  SOURCES 

R.  E.  Collin 


2.1  Introduction  29 

2.2  Radiation  from  a  Current  Element  29 

2.3  Basic  Antenna  Parameters  32 

2.4  Magnetic  Dipole  Radiation  36 

2.5  Radiation  from  Arbitrary  Current  Distributions  37 

2.6  Free  Space  Dyadic  Green’s  Functions  41 

2.7  Radiation  from  Thin  Wire  Antennas  43 

2.8  Radiation  from  a  Traveling-wave  Source  47 

2.9  Antenna  Input  Impedance  48 
Problems  57 

References  59 


CHAPTER  3 

RADIATION  FROM  APERTURES 

R.  E.  Collin 


3.1  Aperture-type  Antennas  61 

3.2  Aperture  in  an  Infinite  Conducting  Plane  62 

3.3  Field  Equivalence  Principles  69 

3.4  Radiation  from  Aperture  F ields  71 

3.5  Radiation  Patterns  from  Typical  Aperture  Fields  74 

3.6  General  Formulas  for  Scattering  and  Diffraction  79 

3.7  The  Focused  Aperture  86 
Problems  89 

References  91 


CONTENTS 


Xll 

CHAPTER  4 

THE  RECEIVING  ANTENNA 

R.  E.  Collin 

4.1  Introduction  93 

4.2  Reciprocity  for  Antennas  94 

4.3  Directional  Properties  of  a  Receiving  Antenna  98 

4.4  Antenna  Receiving  Cross  Section  100 

4.5  Reception  of  Completely  Polarized  Waves  103 

4.6  Reception  of  Partially  Polarized  Waves  109 

4.7  Radiation  from  Distributed  Sources  114 

4.8  N oise  in  Antenna  Systems  119 

4.9  Scattering  Properties  of  an  Antenna  123 
Problems  133 

References  135 

CHAPTER  5 

UNIFORMLY  SPACED  ARRAYS 

H.  Bach  and  J.  E.  Hansen 

5.1  I  ntroduction  138 

Analysis  of  Arrays  139 

5.2  Radiation  from  an  Array.  Factorization  139 

5.3  Basic  Array  Parameters  142 

5.4  Linear  Arrays  with  Uniform  Current  Distribution  145 

5.5  Linear  Arrays  with  Tapered  Current  Distribution  158 

5.6  Circular  Arrays  163 

5.7  A  rray  of  A  rrays  172 

5.8  Excitation  of  an  Array  176 
Synthesis  of  Arrays  184 

5.9  Synthesis  of  Array  Patterns  184 

5.10  Optimization  of  Array  Patterns  (Dolph-Chebyshev  Arrays) 

5.11  Optimization  of  Performance  Indices  194 
Problems  201 

References  203 


CHAPTER  6 

NONUNIFORM  ARRAYS 

Merrill  I.  Skolnik 


6.1  Introduction  207 

6.2  Synthesis  with  Unequally  Spaced  Arrays  210 

6.3  Density  Taper  —  Deterministic  212 

6.4  Density  Taper  —  Statistical  219 

6.5  Missing  Elements  in  Equally  Spaced  Arrays  225 

6.6  Random  Errors  in  Arrays  227 


Problems  233 
References  234 


CONTENTS 


xm 


CHAPTER  7 

ANTENNA  PATTERN  SYNTHESIS 

A.  C.  Schell  and  A.  Ishimaru 

7.1  I  ntroduction  23  5 

7.2  Gaussian  Error  —  Rectangular  Array  238 

7.3  Gaussian  Error  —  Rectangular  Aperture  244 

7.4  An  Equivalence  between  Arrays  and  Apertures  246 

7.5  Gaussian  Error  —  Circular  Array  248 

7.6  Gaussian  Error  —  Circular  Aperture  250 

7.7  The  Reactive  Power  Constraint  257 

7.8  Methods  Suited  to  the  Production  of  N arrow-beam,  Low-side-lobe  Patterns  260 

7.9  N on-uniformly  Spaced  Array  Pattern  Synthesis  265 

7.10  The  Phase  Constraint:  Power-pattern  Synthesis  270 

7.11  Other  Synthesis  Techniques  288 
Problems  299 

References  300 
Additional  References  302 

CHAPTER  8 

INTRODUCTION  TO  LINEAR  ANTENNAS 

Tai  Tsun  Wu 

8.1  Maxwell1  s  Equations  306 

8.2  Green's  Functions  and  Radiation  Conditions  309 

8.3  Preliminary  Formulation  of  the  Problem  of  Linear  Antennas  311 

8.4  The  Circular  Tubular  Antenna  314 

8.5  Integral  Equations  for  the  Current  Distributions  320 

8.6  Iterative  Solutions  for  the  Current  Distributions  324 

8.7  Comparison  of  the  Iterative  Solutions  329 

8.8  The  Circular  Tubular  Antenna  {Continued)  332 

8.9  Integral  Equations  for  the  Current  Distributions  {Continued)  336 

8.10  A  More  General  Case  339 

8.11  Conclusions  346 

8.12  Transient  Response  of  a  Dipole  Antenna  347 
References  351 

CHAPTER  9 

CYLINDRICAL  ANTENNAS  AND  ARRAYS 

Ronold  W.  P.  King 

9.1  Introduction  352 

9.2  The  Internal  Impedance  and  the  Vector  Potential  of  a 
Transmitting  Antenna  352 


XIV 


CONTENTS 


9.3  Integral  Equation  for  the  Current  and  Its  Approximate  Solution  356 

9.4  Distributions  of  Current  and  Charge;  Admittance  360 

9.5  The  Electromagnetic  Field  near  a  Cylindrical  Antenna  367 

9.6  The  Radiation  Field  of  a  Cylindrical  Antenna  371 

9.7  Distributions  of  Current  and  Charge  in  a  Center-loaded  Receiving  A  ntenna  374 

9.8  Effective  Length  and  Directivity  of  a  Center-loaded  Receiving  Antenna  378 

9.9  The  Electromagnetic  Field  near  a  Thin  Scattering  Cylinder  379 

9.10  The  Simultaneous  Integral  Equations  for  the  Parallel  Array  381 

9.11  The  Circular  Array  —  Phase-sequence  Currents  384 

9.12  Arbitrarily  Driven  Circular  Array  387 

9.13  The  Curtain  Array  392 

9.14  Parasitic  Arrays  402 

9.15  More  General  Curtain  Arrays  406 

9.16  Arrays  with  Collinear  and  Staggered  Elements  409 

9.17  Dipole  Coupled  to  an  Open-wire  Line  410 

9.18  Arrays  of  Dipoles  Coupled  to  an  Open-wire  Line  417 
Problems  419 

References  419 

CHAPTER  10 

THEORY  OF  THE  LONG  DIPOLE  ANTENNA 

Chin-Lin  Chen  and  Tai  Tsun  Wu 

10.1  Introduction  421 

10.2  The  Infinitely  Long  Dipole  Antenna  Driven  from  a  Coaxial  Line  422 

10.3  Discussion  of  the  Existing  Solutions  for  Short  Dipole  Antennas  430 

10.4  Plan  for  the  Wiener-Hopf  Approach  432 

10.5  Integral  Condition  434 

10.6  Finite  Dipole  Antennas  438 

10.7  Summary  of  Results  and  Their  Restrictions  444 

10.8  Discussion  447 
References  456 

CHAPTER  11 

THE  LOOP  ANTENNA  FOR  TRANSMISSION 

AND  RECEPTION 

Ronold  W.  P.  King 

11.1  Description  and  Application  of  the  Loop  458 

11.2  Integral  Equation  for  the  Circular  Transmitting  Loop  and  Its  Solution  458 

11.3  Evaluation  of  Coefficients  461 

11.4  The  Admittance  of  and  Current  in  a  Circular  Loop  in  Air  and  in  a 
Dissipative  Medium  463 

11.5  The  Radiation  Field  of  a  Loop  Antenna  470 

11.6  The  Electrically  Small  Transmitting  Loop  472 

11.7  The  Electrically  Small  Receiving  Loop  474 

11.8  The  Shielded  Loop  478 


XV 


11.9  Loop  Antennas  Coupled  to  Open- wire  Lines  480 
Problems  48 1 
References  482 

CHAPTER  12 

ELECTROMAGNETIC  RADIATION  FROM 

CONICAL  STRUCTURES 

James  R.  Wait 

12.1  Introduction  483 

12.2  General  Equations  for  Biconical  Structures  484 

12.3  The  Formal  Solution  of  the  Biconical  Antenna  Problem  488 

12.4  Spherical  Antenna  as  a  Limiting  Case  491 

12.5  Thin  Wire  Antenna  as  a  Limiting  Case  492 

12.6  Variational  Treatment  of  Biconical  Antennas  494 

12.7  Some  Extensions  of  Biconical  Antenna  Theory  499 

12.8  General  Formulation  for  Biconical  Antenna  in  Inhomogeneous  Dissipative 
Media  499 

12.9  Biconical  Antenna  with  Dielectric  Loading  502 

12.10  Dielectric-loaded  Biconical  Antenna  Immersed  in  a  Conducting  Medium  503 

12.11  Dielectric-loaded  Biconical  Antenna  Immersed  in  a  Plasma  506 

12.12  Asymmetric  Biconical  Structures  506 

12.13  Radiation  from  a  Single  Infinite  Cone  508 

12.14  Radiation  from  a  Dielectric-coated  Conical  Structure  510 

12.15  Radiation  from  a  Dipole  with  a  Conical  Sheath  513 
Appendix:  A  Modified  Iterative  Approach  for  a  Biconical  Antenna  519 
References  520 

Additional  References  522 

CHAPTER  13 

ELECTROMAGNETIC  RADIATION  FROM 
SPHEROIDAL  STRUCTURES 

James  R.  Wait 

13.1  7  ntroduction  523 

13.2  Prolate  Spheroid  Coordinates  523 

13.3  Prolate  Spheroidal  Wave  Functions  525 

13.4  Prolate  Spheroidal  Antenna  in  Free  Space  527 

13.5  Prolate  Spheroidal  Antenna  with  a  Confocal  Sheath  533 

13.6  A  Note  on  the  Spheroid  Excited  by  an  Azimuthally  Directed  Electric  Field  540 

13.7  Excitation  of  Spheroid  by  External  Sources  540 

13.8  Excitation  of  Spheroid  System  by  a  Ring  Magnetic  Current  545 

13.9  The  Green’s  Function  in  Spheroidal  Coordinates  548 

13.10  Application  of  Scalar  Green’s  Function  to  Dipole  Scattering  550 

13.11  Extension  to  Oblate  Spheroid  551 

13.12  Excitation  of  Oblate  Spheroid  by  Axial  Dipole  553 

13.13  Fields  of  a  Horizontal  Dipole  over  a  Disk  554 
References  557 
Additional  References 


558 


XVI 


CONTENTS 


CHAPTER  14 

SLOT  ANTENNAS 

R.  T.  Compton,  Jr.,  and  R.  E.  Collin 

14.1  Introduction  560 

14.2  The  Slot  Antenna  in  a  Ground  Plane  560 

14.3  Slots  on  Cylinders  —  Formal  Solution  567 

14.4  The  Uniformly  Excited  Circumferential  Slot  573 

14.5  The  Circumferential  Slot  of  Finite  Width  574 

14.6  Half-wave  Axial  Slot  581 

14.7  Slots  on  Spheres  584 

14.8  Slotted  Waveguide  Arrays  587 

14.9  Impedance  of  Slots  in  Rectangular  Waveguides  602 

14.10  V ariational  M ethod  for  Slot  I mpedance  611 

Problems  616 

References  617 


CHAPTER  15 

OPEN  WAVEGUIDES  AND  SMALL  HORNS 

R.  T.  Compton,  Jr.,  and  R.  E.  Collin 

15.1  I  ntroduction  62 1 

15.2  Radiation  from  a  Parallel-plate  Guide  621 

15.3  Radiation  from  Circular  Waveguides  631 

15.4  Horn  Antennas  632 

15.5  Lens-corrected  Horns  646 
Problems  653 

References  654 

Bibliography  657 
Index  659 


CHAPTER  1 


ELECTROMAGNETIC  FIELDS 

R.  E.  Collin 


1.1  Introduction 

This  bookf  deals  with  the  theory  of  antennas  which  are  used  to  radiate  and 
receive  electromagnetic  energy.  Since  antenna  theory  is  based  on  classical 
electromagnetic  theory  as  described  by  Maxwell's  equations,  it  is  appropriate 
to  begin  a  book  on  antennas  with  a  review  of  that  portion  of  classical  electro¬ 
magnetic  phenomena  which  finds  extensive  and  repeated  use  in  the  chapters  to 
follow.  We  shall  assume  that  the  reader  is  familiar  with  the  more  elementary 
aspects  of  electromagnetic  fields  and  their  properties  so  that  detailed  deriva¬ 
tions  of  all  the  results  we  shall  need  will  not  be  required.  (Typical  introductory 
texts  are  those  by  Jordan,1  Kraus,2  King,3  Plonsey  and  Collin,4  Ramo,  Whin- 
nery,  and  Van  Duzer,5  Schelkunoff,6  and  Toraldo  di  Francia7.)  Another  pur¬ 
pose  of  this  introductory  chapter  is  to  acquaint  the  reader  with  the  terminology 
and  symbols  that  will  be  used  throughout  the  book.  Only  the  rationalized 
mks  system  of  units  is  employed. 

The  electric  and  magnetic  fields  are  vector  fields  dependent  on  spatial  co¬ 
ordinates,  such  as  rectangular  coordinates  x,  y ,  zf  and  time  t.  When  an  arbi¬ 
trary  time  dependence  is  implied,  the  field  vectors  will  be  represented  by 
boldface  script  letters,  for  example,  S(x,y,z,t),  or  more  briefly  simply  £.  How¬ 
ever,  the  major  portion  of  the  theory  will  deal  with  pure  monochromatic  fields, 
i.e.,  fields  having  a  simple  sinusoidal  time  dependence  under  steady-state 
conditions.  As  is  customary  in  electrical  engineering  texts,  a  time  dependence 
of  e3wt  is  assumed  in  most  of  the  book.  All  time  derivatives  may  then  be  re¬ 
placed  by  jw.  The  field  vectors  are  now  complex  phasors  depending  on  the 
spatial  coordinates  (and  <*>)  only  and  will  be  represented  by  boldface  roman 
type,  for  example,  E(x,y,z,w)  or  simply  E.  When  it  is  desired  to  emphasize  that 
a  quantity  is  complex,  it  will  be  underscored  by  a  wavy  line,  for  example,  E. 
The  alternative  choice  of  e~lut,  which  is  favored  by  physicists,  is  used  in 
Chaps.  8,  10,  19,  20,  and  21 

Unit  vectors  along  coordinate  axis  will  be  designated  by  the  coordinate 
variable  in  boldface  type  with  a  circumflex,  for  example,  x,  y,  z,  or  ?,  8,  «j>. 
Other  arbitrary  unit  vectors  will  be  represented  in  a  similar  way,  e.g.,  propaga¬ 
tion  vector  k  =  Jcfc  =  kzx  +  kv y  +  kz z. 

fPlease  note  that  this  book  consists  of  two  separate  volumes;  Part  1  contains  Chaps.  1 
to  15  and  Part  2,  Chaps.  16  to  28. 

fBoth  notations  are  standard  ones,  and  the  authors  have  followed  their  own  preferences. 
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Coordinates  designating  an  arbitrary  point  at  which  the  field  is  evaluated 
are  represented  by  the  usual  symbols  such  as  x,  y,  z)  r,  <j>,  z;  and  r,  6 ,  <t>  in 
rectangular,  cylindrical,  and  spherical  coordinates,  respectively.  For  brevity 
the  position  vector  r  will  also  be  used  to  designate  an  arbitrary  point.  Co- 
ordinates  describing  a  source  distribution  will  be  identified  by  primed  variables, 
and  a  corresponding  position  vector  r'  will  be  used  for  brevity.  The  scalar 
distance  between  a  field  point  ( x,y,z )  and  a  source  point  {xf  ,y*  ,zf)  is  |r  —  r'|  and 
will,  for  brevity,  be  often  represented  by  the  symbol  R  =  [(a;  —  x')2  +  (y  —  y')2 

+  (z  —  z')2f. 

Dirac  delta  functions  of  appropriate  dimensions  will  be  used  to  represent  a 
unit  source.  In  an  orthogonal  curvilinear  coordinate  frame  with  coordinate 
variables  U\,  u2,  u3  and  with  metric  coefficients  hi,  h2,  and  h3  the  three-dimen¬ 
sional  delta  function  is  given  by 

8(ui  —  u[)d(u2  -  u'o)d(u3  —  u'3)  , 

- 7 « -  =5(r-r) 

where  8( r  —  r')  is  a  condensed  notation.  The  essential  properties  of  the  unit 
source  function  5(r  —  r')  that  are  employed  are: 

1.  6(r  —  r')  =  0  at  all  points  r  ^r' 

2.  For  any  scalar  or  vector  function  that  is  continuous  at  r  —  r' 

/,  -  '•>  -  {fW  i  rr F 

Present-day  antenna  theory  and  applications  involve  complex  anisotropic 
media,  in  particular,  gyrotropic  media  such  as  ferrites  and  plasmas,  to  a  much 
greater  extent  than  in  the  past.  For  this  reason  particular  attention  is  paid  to 
anisotropic  media  in  the  sections  that  follow. 

1.2  Maxwell’s  Equations 

In  vacuum,  or  free  space,  Maxwell's  equations  are 

(1.1a) 

(1.16) 

(l.lc) 
(1 .Id) 

where  £  is  the  electric  field  in  volts  per  meter,  ©  is  the  electric  displacement  in 
coulombs  per  meter2,  <B  is  the  magnetic  field  in  webers  per  meter2,  3C  is  the 
magnetic  intensity  in  amperes  per  meter,  is  the  conduction  current  density  in 


V  X  £  =  - 


a® 

dt 

a© 


v  x  ac  =  -=■  +  3 


v-® 

V-© 


dt 

0 
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amperes  per  meter2,  and  p  is  the  charge  density  in  coulombs  per  meter3.  The 
divergence  of  (1.16)  together  with  (l.ld)  yields  the  continuity  equation 

V-3  +  ^  =  0  (1.2) 

In  general  the  right-hand  side  of  (1.16)  should  also  include  a  convection  cur¬ 
rent  term. 

The  force  on  a  charge  q  moving  with  velocity  v  is  given  by  the  Lorentz  force 
law  q(£  +  v  X  ®),  and  hence  £  and®  are  usually  regarded  as  the  fundamental 
field  quantities.  3C  and  are  then  secondary  field  quantities  and  are  related  to 
®  and  £  through  the  properties  of  the  medium.  In  free  space 

®  =  €08  3C  =  —  <B 

Mo 

where  e0  is  the  permittivity  of  vacuum  and  equal  to  8.854  X  10~12  farad/m  and 
Po  is  the  permeability  of  vacuum  and  equal  to  4x  X  10-7  henry/m. 

When  solving  certain  types  of  electromagnetic  field  problems,  it  is  often 
convenient  to  replace  the  actual  sources  by  a  set  of  equivalent  sources  located 
on  the  surface  bounding  the  region  of  interest.  It  is  then  necessary  to  provide 
for  a  discontinuity  in  the  tangential  component  of  £  and  the  normal  component 
of  ®  across  the  boundary  surface.  This  requirement  necessitates  the  introduc¬ 
tion  of  a  fictitious  magnetic  current  density  gm  and  associated  magnetic  charge 
pm.  Maxwell’s  equations  (1.1)  are  now  generalized  to  the  following  form  (for  a 
more  detailed  discussion  see  Stratton8  and  Silver9) : 


v  x  £  =  ~d§  ~ 

(1 .3a) 

VX“- »+3 

(1.36) 

V*®  =  pm 

(1.3c) 

=  p 

(1.3d) 

Taking  the  divergence 

of  (1.3a)  and  utilizing  (1.3c)  gives 

the  continuity 

equation 

o 

II 

s  ^ 

£ 

• 

> 

(1.4) 

F or  harmonic  time  variation,  with  an  assumed  time  dependence  of  the  form 
e7"*,  where  o>  is  the  angular  frequency,  the  generalized  set  of  Maxwell’s  equa- 

tions  (1.3)  becomes 

V  X  E  =  -ju  B  -  Jm 

(1.5a) 

- 

V  X  H  =  jwD  +  J 

(1.56) 

V*B  =  pm 

(1.5c) 

V -D  =  p 

(1 .5  d) 
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where  all  quantities  are  now  complex  phasors  and  functions  of  the  spatial  co¬ 
ordinates  and  w.  The  physical  field  is  obtained  by  multiplying  the  phasor  by 
ej<ai  and  taking  the  real  part,  for  example, 

<B(r ,$)  =  Re  B(r,o?)eywt 

In  material  media  the  application  of  an  electric  field  £  produces  a  displace¬ 
ment  of  the  charge  bound  to  the  atoms  and  molecules  with  the  result  that  an 
average  electric  dipole  polarization  density  (P  in  coulombs  per  meter2  is  pro¬ 
duced.  The  polarization  density  CP  acts  as  a  secondary  source  and  is  accounted 
for  by  the  auxiliary  field  vector  $>,  which  is  defined,  in  general,  by  the  relation 

3>  =  €0£  +  CP  (1.6) 


In  a  linear  medium  the  classical  theory  relates  CP  to  £  at  each  point  in  the 
medium  by  a  differential  equation  which  describes  the  dynamics  of  the  polar¬ 
ization  mechanism.  For  example,  in  a  simple  situation  the  equation  describing 
the  movement  of  the  displaced  charge  would  be 

m  ^  +  mv  Ti  +  =  (1*7) 

dt2  dt 


where  m  is  the  effective  mass  of  the  charge  q ,  v  is  an  effective  damping  coeffi¬ 
cient  or  collision  frequency,  A:  is  a  constant  giving  the  elastic  restoring  force, 
and  r  is  a  vector  giving  the  displacement  of  the  charge  from  equilibrium.  The 
induced  dipole  moment  or  polarization  is  CP  =  qr. 

In  the  frequency  domain  (1.7)  becomes 

(k  —  rruxr  +  jmo)v)x  =  #E  (1.8) 

from  which  it  is  seen  that  P  can  be  related  to  E  as  follows: 


q2 E 

k  —  mb)2  +  jmo)v 


«oX*(«)E 


where  x«(^)  is  a  suitable  complex  scalar  function  of  to  and  is  called  the  electric 
susceptibility  of  the  medium.  The  relation  between  D  and  E  becomes 

D  =  60(1  +  x.)E  =  €E  (1.10) 

where  e  is  called  the  permittivity  of  the  medium.  It  should  be  noted  that  in  the 
time  domain  it  is  not  possible  to  relate  and  £  in  as  simple  a  form  as  in  the 
frequency  domain.  Only  if  the  frequency  is  sufficiently  low  that  inertial  and 
damping  forces  are  negligible  compared  to  the  elastic  restoring  force  can  we 
write  3>  =  e£.f 

The  relation  given  by  (1.10)  is  valid  only  in  isotropic  media  in  which  P  has 
the  same  direction  as  E.  In  anisotropic  media  P  and  E  are  not  in  the  same 

fFor  many  materials  this  is  true  for  frequencies  up  to  and  including  the  microwave  band. 
In  this  frequency  range  the  medium  is  said  to  be  nondispersive,  which  implies  that  e  is  not 
dependent  on  w  for  these  frequencies. 
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direction  and  Xe  and  e  must  then  be  replaced  by  tensors  of  rank  2  or  dyadic s. 
Thus  in  general  we  will  have  (for  details  see  Landau  and  Lifshitz10) 


P  =  toXe’E  (1.11a) 

D  =  c0  (I  +  2Ce)*E  —  e*E  (1.116) 

where  the  dyadics  and  z  (represented  by  boldface  type)  have  components 
that  are  complex  functions  of  to.  I  is  the  unit  dyadic. 

The  dyadic  z  has  nine  components  and  written  out  in  full  is 


z 


ex£x  +  eXyk  y  +  eX2xz 
tyxY*  +  emyy  +  evz yz 

A  »  A  A  »  A  A 

,  “ J“  £Zyiy  “{"  622ZZ 


The  scalar  product  c*E  is  formed  by  taking  the  scalar  product  between  the  unit 
vectors  on  adjacent  sides  of  the  dot,  and  it  yields  a  vector.  Alternatively,  z 
may  be  represented  by  a  3  X  3  matrix  with  components  ety,  i,  j  =  x,  y)  z ,  and  E 
by  a  column  vector.  The  scalar  product  c-E  is  then  a  conventional  matrix 
product.  In  general  the  algebra  of  dyadics  and  vectors  has  a  one-to-one 
correspondence  with  matrix  algebra.  For  example,  c*E  =  E«e*,  where  zt  is  the 
transposed  dyadic  corresponding  to  the  transposed  matrix.  Corresponding  to 
the  inverse  of  the  matrix  there  is  an  inverse  dyadic  c~x  such  that  z~l*z  =  I,  the 
unit  dyadic.  The  unit  dyadic  I  =  xx  +  yy  +  zz,  or  idemf actor,  has  the 
property  that  I  •  z  —  e.  The  corresponding  matrix  is  the  unit  matrix  with  all 
off-diagonal  elements  equal  to  zero  and  diagonal  elements  equal  to  unity. 
Using  the  inverse  dyadic,  we  can  formally  solve  (1.116)  for  E  to  obtain 
E  =  e_1*D.  The  use  of  dyadics  in  this  book  may  be  viewed  as  a  convenient 
shorthand  notation  for  matrix  operations. 

In  magnetizable  media  a  similar  situation  prevails.  By  convention  the  in¬ 
duced  magnetic  dipole  polarization  density  M  is  related  to  the  magnetic 
intensity  H  by  a  magnetic  susceptibility  tensor  as  follows: 

M  =  2Cm*H  (1.12a) 

The  defining  equation  for  H  in  terms  of  M  and  B  is 


/z0H  —  B  —  /ioM 

or  alternatively 

B  -  Mo(H  +  M)  =  Mo(l  +  xJ.H  =  rH  (1.126) 

where  \i  is  the  permeability  tensor.  Both  % m  and  y  have  components  that  are 
complex  functions  of  In  the  time  domain  the  relation  between  9E  and  3C  is 
again  a  differential  equation  describing  the  dynamics  of  the  polarization. 

Equations  (1.11)  and  (1.12)  are  called  constitutive  equations,  and  z  and  y 
are  referred  to  as  constitutive  parameters.  The  macroscopic  interaction  of 
material  bodies  with  the  electromagnetic  field  is  accounted  for  through  the  use 
of  these  constitutive  parameters  and  equations.  Certain  general  properties  of  z 
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and  1 1  can  be  deduced  from  energy  considerations,  and  this  will  be  done  in  a 
later  section.  When  c  and  y.  are  independent  of  position,  the  medium  is 
homogeneous.  In  an  inhomogeneous  medium  the  constitutive  parameters  vary 
with  position. 

For  most  conducting  media  the  conduction  current  g  is  proportional  to  £ 
and  may  be  expressed  in  the  form 

==  <r8  (l.i3) 

where  <r  is  a  constant  called  the  conductivity  and  is  expressed  in  units  of  mhos 
per  meter.  Since  <r  is  a  constant,  the  same  relation  holds  in  the  frequency 
domain. 

If  the  conductivity  a-  of  a  material  body  is  at  all  appreciable,  the  free  charge 
density  p  in  the  interior  can  be  taken  as  zero,  since  any  initial  charge  distribu¬ 
tion  present  will  decay  with  a  time  constant  r  =  e/<r  —  which  is  very  small,  as 
the  reader  may  readily  verify. 

Exercise  1.1  From  (1.1  d),  the  continuity  equation  (1.2)  and  the  constitutive  equa¬ 
tion  (1.13)  show  that  dp/dt  =  —(<r/e)p  and  hence  p(r,t)  =  Evaluate 

r  =  e/<r  for  seawater,  where  a  =  5  mhos/m  and  e  ~  80eo.  As  long  as  ut «  1  for  the 
frequencies  of  interest,  p  can  be  taken  as  zero. 

From  Maxwell’s  equation  for  the  curl  of  H  we  can  write 

V  x  H  =  JcoD  +  J  =  jJe  -  J^)e 

for  an  isotropic  medium.  It  is  thus  apparent  that  a  can  be  incorporated  into  an 
effective  permittivity  e  —  j<r/ a>.  We  shall  generally  write  e  for  the  permittivity 
and  assume  that  the  conductivity  of  the  medium  is  included.  The  real  and 
imaginary  parts  of  e  will  be  denoted  by  e'  and  —  e",  for  example,  *  —  e  —  je,f. 
Similarly,  we  will  write  =  p  —  jp".  In  passive  media  both  e"  and  p"  are  real 
positive  functions  of  w  and  give  rise  to  energy  loss  in  the  medium.  The  physical 
basis  for  the  energy  loss  is  finite  conductivity  and  the  work  that  must  be  done 
to  maintain  the  polarization  against  the  viscous  damping  forces  that  are 
present. 


1.3  Energy  and  Power 
In  a  general  anisotropic  medium  we  have 

V  X  E  =  -ja>y  •  H  (1.14a) 

V  X  H  =  >>e*E  +  J  (1.146) 

Using  the  results  of  the  following  exercise  and  integrating  over  a  volume  V, 
we  obtain 
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Exercise  1.2  Expand  V*E  X  H*  and  use  (1.14)  to  show  that 

V-E  X  H*  =  +  iojE*t*-E*  -  E*  J* 

where  the  asterisk  denotes  the  complex  conjugate. 

H  fs  EX  H*-rfS  =  2jo>  J  -  E-e*-E*)  dV  +  %  f  E-J  *  dV 

(1.15) 

where  the  volume  integral  of  the  divergence  has  been  converted  to  a  surface 
integral  by  using  the  divergence  theorem  and  the  element  of  surface  area  dS  is 
taken  directed  into  the  volume  V.  The  quantity  E  X  H*  is  called  the  complex 
Poynting  vector,  and  the  result  given  by  (1.15)  is  the  complex  Poynting  vector 
theorem  and  has  the  following  interpretation:  The  real  part  of  the  left-hand 
side,  that  is,  Re  ^  /  E  X  H*-dS,  gives  the  time-average  rate  of  energy 
flow  into  the  volume  V.  In  the  interior  this  energy  input  is  dissipated  as  heat 
by  the  conduction  current  J  and  the  polarization  damping  forces.  The  time- 
average  rates  of  energy  dissipation  by  these  two  mechanisms  are  given  by 

y2Jv-rdV  =  y2fl^dV  (1. 16a) 

Im  ^  j  (E*£**E*  —  H*.yH)  dV  (1.166) 

When  €  and  /z  are  scalars,  it  is  readily  seen  that  e"  and  /z",  as  defined  earlier, 
must  be  positive  if  energy  dissipation  and  not  generation  is  to  take  place. 

The  time  average  of  the  imaginary  part  of  the  flux  of  the  complex  Poynting 
vector  through  the  surface  S  is  equal  to  2co  times  the  difference  in  the  time- 
average  magnetic  and  electric  energy  stored  in  the  interior  volume.  When  e 
and  ft  are  scalars  or  dyadics  that  are  independent  of  «,  that  is,  nondis- 
persive  media,  the  time-average  magnetic  and  electric  energy  stored  in  V  is 
given  by 

Wm  =  ReK  /  dV  =  Re  y  J (1.17a) 

We  =  R eM  /  E-e**E*  dV  (1.176) 

In  dispersive  media  where  e  and  y  depend  on  w  the  volume  integrals  in  (1.17)  do 
not  give  the  time-average  energy  stored  in  the  magnetic  and  electric  fields.  The 
reason  for  this  apparent  anomaly  is  as  follows:  When  a  medium  is  polarized, 
the  increase  in  stored  energy  is  essentially  of  two  different  kinds:  the  potential 
energy  associated  with  charge  displacement  against  elastic-type  restoring 
forces  and  kinetic  energy  associated  with  the  motion  of  the  charge.  The 
integral ^of  the  complex  Poynting  vector  over  a  closed  surface  yields  the  differ¬ 
ence  in  the  free-space  magnetic  and  electric  energy  stored  and  the  difference  in 
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the  kinetic  and  potential  energy  associated  with  the  polarization.  Thus 
the  quantity 

Re  M  Jv  (E-e*-E*  -  e0E-E*)  dV 

gives  only  the  Increase  in  stored  energy  above  the  free  space  value  arising  from 
the  difference  between  the  potential  and  kinetic  energy  associated  with  the 
polarization.  In  a  nondispersive  medium  or  at  sufficiently  low  frequencies  the 
kinetic  energy  is  negligible  compared  with  the  potential  energy,  in  which  case 
the  total  stored  energy  associated  with  the  electric  field  is  obtained  from  the 
given  volume  integral.  Similar  remarks  apply  to  the  expression  (1.17a)  for 
magnetic  energy. 

When  the  losses  in  the  medium  are  negligible,  the  correct  expressions  for  the 
time-average  stored  energy  are 

Wm  =  Re%(  *dV  (1.18a) 

Jv  do) 

We  =  Re  (  E-^^-E *dV  (1.186) 

Jv  dco 

To  obtain  these  results  it  is  necessary  to  consider  a  process  whereby  the  field  is 
slowly  built  up  from  an  initial  value  of  zero  to  its  final  value  and  the  resultant 
energy  expended  is  evaluated.  (For  a  derivation  see  Landau  and  Lifshitz11  or 
Tonning12.)  The  above  expressions  for  stored  energy  bear  a  close  relationship 
to  Foster's  reactance  theorem  for  lossless  reactive  networks  (Montgomery, 
Dicke,  and  Purcell13).  Foster's  reactance  theorem  states  that  the  frequency 
derivative  of  the  input  susceptance  B  is  given  by  VV*  dB/dw  =  4(We  +  Wm)f 
where  V  is  the  applied  voltage  and  We  +  Wm  is  the  total  stored  energy.  For  a 
lossless  reactance  X  the  corresponding  result  is  II*  dX/du  =  4 (W e  +  Wm), 
where  I  is  the  input  current.  The  quantities  we  and  coy  may  be  regarded  as 
generalized  admittance  and  reactance  functions  for  an  anisotropic  medium, 
and  hence  it  is  seen  that  (1.18)  is  similar  in  form  to  Foster's  reactance  theorem 
for  lossless  networks. 

In  the  complex  Poynting  vector  theorem  (1.15)  the  current  J  can  be  an  im¬ 
pressed  current  (as  in  an  antenna  radiation  problem) ,  in  which  case  the  volume 
integral  of  E*  J*  corresponds  to  the  rate  at  which  energy  is  produced.  The  real 
part  of  the  complex  Poynting  vector  flux  is  now  directed  outward  correspond¬ 
ing  to  radiation  of  electromagnetic  energy. 

1.4  Some  Properties  of  the  Constitutive  Parameters 

In  a  lossless  medium  both  of  the  dyadics  c  and  y  are  hermitian,  that  is, 
e*  =  e  where  tt  is  the  transposed  dyadic,  and  similarly  for  y,  as  we  show 
below.  Let  c  be  expressed  in  the  form 
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where  zf  =  J^(e  +  £*)  is  the  hermitian  part  and  —jzn  =  %(z  —  cf)  is  the 
antihermitian  part.  For  the  quantity  2jcoE«e*-E*  we  can  write  2</coE*e'*«E* 
+  2coE-e"*-E*.  A  hermitian  dyadic,  by  definition,  has  the  property  z  —  e**, 
while  for  an  antihermitian  tensor  —  jz"  —  —  (—jz/)*,  so  that  z"  =  Using 
these  relations  and  the  identity  E«e*-E*  =  E**ef*E,  we  find  that 

2jcoE-e*-E*  =  jw(E-c'**E*  +  E*-e'-E)  +  co(E-e"*-E*  +  E*-e"-E) 

Each  term  in  parentheses  is  the  sum  of  a  complex  quantity  and  its  complex 
conjugate  and  is  pure  real.  For  a  loss-free  medium  the  quantity  2ja)E*z**E* 
occurring  in  the  complex  Poynting  vector  theorem  must  be  pure  imaginary, 
which  requires  that  e"  be  zero.  The  latter  restricts  z  to  be  a  hermitian  dyadic 
in  a  lossless  medium.  Similarly,  y  must  be  hermitian  for  zero  magnetic 
polarization  loss.  When  a  tensor  of  rank  2  or  a  dyadic  is  hermitian,  the 
matrix  representing  this  dyadic  has  pure  real  diagonal  terms  and  off-diagonal 
terms  that  satisfy  the  symmetry  property  =  e* .  If  €#  =  e-7-  —  nL  then 

f  f  /  f  f  f  m  ~  j  j 

€ij  =  ej{  and  e{;-  —  —  ey/.  In  isotropic  loss-free  media  e  and  ^  are  real,  which  is  a 
special  case  of  the  above  general  result. 

It  is  not  possible  to  have  a  dispersive  medium  that  is  loss-free,  although  there 
may  be  frequency  bands  throughout  which  the  loss  is  very  small.  Each  element 
of  the  constitutive  parameters  z  and  y  is  an  analytic  function  for  which  the  real 
part  determines  the  imaginary  part,  and  vice  versa,  by  means  of  the  well- 
known  Hilbert  transforms.  To  see  how  these  properties  come  about  consider 
the  polarization  P(co)  =  co2Ce(«)*E(w).  Let 

1  r  co  *  co 

E(t)  =  —  /  E(«)  do,  E(«)  =  /  £(<)  e~^  dt 

ZtTt  J  — oo  J  —oo 

which  are  the  usual  Fourier  transform  relations.  If  Z(t)  =  0  for  t  <  0,  then 
E(oj)  is  free  of  all  singularities  in  the  lower  co  +  j<j  complex  plane,  since  for 
t  <  0  the  integral  for  B(t)  can  be  evaluated  by  closing  the  contour  in  the  lower 
half  plane  and  must  give  zero.  For  B(t)  to  be  a  real  function,  E(«)  =  E*(— co). 
When  B(t)  is  zero  for  t  <  0,  causality  requires  the  polarization  <P(t)  also  to  be 
zero  for  t  <0.  Hence  e02Ce(w)  «E(co),  which  is  the  Fourier  transform  of  (P (t),  is 
also  analytic  in  the  lower  half  plane.  Thus,  2C*(w)  is  analytic  in  the  lower  half 
plane.  For  a  physical  medium  each  element  xa  of  Xe  will  vanish  to  order  co“a, 
a  >  0,  as  co  tends  to  infinity.  For  later  use  we  also  note  that  x#(co)  =  x*j(— «), 
since  (P(t)  must  be  real.  The  above  analytic  properties  of  &  are  a  direct  result 
of  the  physical  properties  of  (P  (t)  as  given  by 

£  r 00 

P(t)  =2 “  y  Xe(u)*E(o>)  ejwt  do) 

For  the  element  xa  =  Xij  ~  jx'ij  contour  integral 

j  =  1  f  X*j(  co) 

2xj  J  co  —  coo 


dco  =  0 
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since  Xij  is  analytic  within  C  and  the  contour  C  shown  in  Fig.  1.1  excludes  the 
point  co0. 

The  contribution  to  the  integral  over  the  semicircle  is  zero,  and  hence 

I  =  TO,W  +  P  C  dec  =  0  (1.19) 

J  l—ao  CO  0)q 


Fig.  1.1  Contour  for  the  integral  1 
leading  to  the  Kronig-Kramers  rela¬ 
tions. 


where  P  denotes  the  principal  value.  From  this  expression  it  is  easy  to  show, 
as  required  in  the  exercise  below,  that 

x'>M  =  ~P  C  dec  (1.20 a) 

J  IT  JO  0)Z  ~ ■  0)q 

xiy(«o)  =  -  -  P  f  ”  dec  (1 .206) 

J  7T  J  0  0)Z  —  O)o 

These  relations,  which  are  Hilbert  transforms,  are  known  in  the  literature  as 
the  Kronig-Kramers  relations  (for  a  discussion  and  reference  to  the  original 
papers  see  Kerr14)  and  were  extended  to  a  ferrite  medium  by  Gouray.15  If  Xij 
has  poles  corresponding  to  loss-free  resonances,  these  will  lie  on  the  real  axis 
and  the  contour  C  must  pass  below  these  singular  points  and  (1.20)  must  be 
modified  accordingly. 

In  obtaining  the  above  relations  (1.20)  we  have  followed  the  usual  heuristic 
derivation  without  detailed  consideration  of  the  necessary  conditions  for  their 
validity.  For  a  careful  and  rigorous  discussion  the  paper  by  Wu  should  be 
consulted.16 

Exercise  1.3  Split  (1.19)  into  its  real  and  imaginary  parts,  use  the  property 
Xfi(w)  =  xfj(-o))  to  obtain  =  Xij(-u)  and  x";G>)  =  “ x"y (-<*>),  and  thus 

derive  (1.20). 

1.5  Wave  Equation 

The  curl  of  (1.1a)  together  with  (1.16)  gives 

vxvxe  +  ^5- 


(1.21a) 
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Expanding  the  first  term  on  the  left  into  VV-£  —  V2£  and  using  (1.1  d)  yields 
the  wave  equation 


V2£ 


M€  dt2  ^  dt  +  €  VP 


(1.216) 


In  deriving  (1.21)  we  have  assumed  a  nondispersive  isotropic  medium  described 
by  constitutive  constants  n  and  e.  The  magnetic  field  3C  satisfies  a  similar 
equation  that  may  be  derived  by  taking  the  curl  of  (1.16)  and  substituting  the 
time  derivative  of  (1.1a).  Thus  we  find  that 


V23C  -  ^  aF  =  ~v  x  B 


(1.22) 


The  above  equations  predict  wave  solutions  having  the  characteristic  velocity 

For  monochromatic  fields  with  a  time  dependence  ej<Jit  the  wave  equation 
becomes  the  vector  Helmholtz  equation,  that  is, 


or  equivalently 
and 


V  X  V  X  E  —  k2E  =  -jurf 

V2E  +  fc2 E  =  join J  +  -  Vp 

6 

V2H  +  fc2H  =  -V  X  J 


(1.23a) 

(1.236) 

(1.23c) 


where  k  =  «(p«)h  is  called  the  wave  number  or  propagation  constant.  That  is, 
k  is  the  propagation  constant  for  plane,  spherical,  or  cylindrical  transverse 
electromagnetic  (TEM)  waves  in  the  medium. 

In  a  source-free  medium  the  plane  wave  solution  to  (1.23a)  (J  =  p  =  0)  is 
E  =  E0e  jk'r,  where  E0  is  a  constant  vector  and  k  is  the  propagation  vector. 
Substituting  the  assumed  solution  for  E  into  Maxwell’s  equations  (1.5)  with 
all  source  terms  equated  to  zero  gives 


k  X  Eoe-jk-r  =  copH 

k  X  H  =  -  co«EoeHk-r 

k-H  =  0 
k-E0  =  0 


(1.24a) 

(1.246) 

(1.24c) 

(1.24d) 


These  equations  show  that  H  is  of  the  form  Hoe  ik’r.  The  cross  product  of  the 
first  equation  with  k  yields 


k  X  (k  X  E0)  =  (k-E0)k  -  =  wpk  X  H 


0 


Use  of  the  second  and  fourth  equation  gives  (a>V  —  &2)E0  =  0,  which  shows 
that  a  solution  exists  only  if  k 2  =  c o2fie.  Thus  we  were  justified  in  calling  co(ju€)^ 
the  propagation  constant  earlier.  We  also  readily  find  that 


H0  = 


kXE 


0 


C OJd 


(1.25) 
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The  parameter  (mA)^  has  the  dimensions  of  an  impedance  and  is  called  the 
intrinsic  impedance  of  the  medium.  It  will  be  represented  by  the  symbol  f ; 
thus 


(1.26) 


In  free  space  the  propagation  constant  and  intrinsic  impedance  are  given  by 

k.Q  —  o)(/zo€o)^  (1.27  a) 

to  =  W« o)M  (1-276) 


For  the  plane  wave  solution  given  above  it  may  be  noted  that  E,  H,  and  k 
are  mutually  perpendicular  and  that  the  Poynting  vector  E  X  H*  has  the  same 
direction  as  k. 

In  anisotropic  nonhomogeneous  media  simple  wave  solutions  are  a  good  deal 
more  difficult,  if  not  impossible,  to  construct.  For  a  homogeneous  anisotropic 
medium  plane  wave  solutions  of  the  form  E  =  E(lc  ]k'r  and  H  =  H0e_;ik'r  do 
still  exist,  but  the  propagation  vector  k  is  no  longer  a  simple  function  of  the 
constitutive  parameters.  A  formal  solution  is  outlined  below  in  order  to  exhibit 
certain  properties  of  the  solution  for  later  use. 

If  we  substitute  the  assumed  solutions  into  Maxwell’s  equations  (1.14) 
with  J  =  0,  we  obtain 

k  X  E0  =  tty. Ho  (1.28a) 

k  X  H0  =  — cot-Eo  (1.286) 


From  (1.28a)  we  find  H0  =  (l/co)y_1-k  X  E0,  where  y_1  is  the  dyadic  cor¬ 
responding  to  the  inverse  of  the  matrix  representing  u.  Substitution  into 
(1.286)  now  gives 

[k  X  (y_1*k  X  I)  +  co2e]-E0  =  0  (1.29) 

where  we  have  replaced  E0  by  l-E0  in  the  expression  for  H0.  Equation  (1.29) 
represents  three  homogeneous  equations  for  the  components  of  Eo.  A  solution 
will  exist  only  if  the  determinant  of  the  matrix  that  represents  the  dyadic 
operator  in  brackets  in  (1.29)  vanishes.  Equating  the  determinant  to  zero 
gives  an  equation  for  the  propagation  constant  k,  that  is, 

D(kx,kvM  =  0  (1.30) 

which  in  general  is  a  function  of  co  and  the  direction  in  space  along  which  the 
wave  propagates.  Thus  we  have  represented  the  determinant  D  as  a  function 
of  co  and  the  components  kx,  ky,  k„  of  k,  which  are  proportional  to  the  direction 
cosines  of  k.  The  equation  obtained  for  k  is  called  the  dispersion  equation. 

When  the  roots  for  k  have  been  determined,  the  components  of  E0  may  be 
found  in  terms  of  the  ratios  of  the  cofactors  of  the  determinant  of  the  dyadic 
operator  in  (1.29).  It  should  be  noted  that  the  components  of  E0  will  be  func¬ 
tions  of  co  and  kx,  kv,  kz  in  general.  Similarly,  H0  will  be  a  function  of  these 
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parameters.  Another  feature  of  a  general  medium  is  that  the  Poynting  vector 
will  not  usually  be  in  the  direction  of  the  propagation  vector  k,  as  may  be  seen 
by  forming  the  expression  E  X  H*. 


1.6  Group  and  Energy  Flow  Velocities 

/ 

The  group  velocity  and  energy  flow  velocity  for  electromagnetic  waves  in 
frequency-dispersive  media  have  been  discussed  by  many  authors  (see,  for 
example,  Brillouin,17  Hines,18  Rytov,19  Ginzburg,20-21  Budden,22  and  Bunkin23). 
A  brief  treatment  is  given  below  because  of  the  importance  of  the  results  in 
formulating  the  proper  radiation  boundary  condition  at  infinit}^  in  a  medium 
such  as  a  plasma. 

The  group  velocity  is  usually  defined  as  the  velocity  with  which  a  signal 
composed  of  a  narrow  band  or  group  of  frequency  components  propagates,  the 
definition  being  based  on  the  time  delay  the  packet  undergoes  in  propagating  a 
distance  r.  Consider  a  source  located  at  the  origin.  The  field  radiated  can  be 
described  by  a  superposition  of  plane  waves.  Let  a  component  plane  wave  at 
the  origin  be 

£(J,0)  =  C f(t)  cos  <o0 t 


where  C  is  a  constant  vector  and  the  modulating  function  fit)  has  a  narrow- 


band  frequency  spectrum  g{ co)  which  is  zero  outside  the  range  |co 
where  coi  <$C  co0.  The  spectrum  of  Z(t, 0)  is 


> 


coi 


and 


E 


0 


(co,0)  =  C  f  /(0  (e— 

J  —CO 

=  H  C[gf(o)  —  O)0)  +  g{ CO  +  COo)] 


dt 


The  inverse  transform  relation  is 


Eo(co,0)eja5f  dco 


1  r 00 

=  Re  C  —  /  g(a)  —  ooo)e30>t  dco 
Ztt  J  o 


(1.31a) 


(1.316) 


since  g(— co)  =  g*( co)  for  a  real  signal /(0- 
At  a  point  r  the  plane  wave  field  is  given  by 

£(t,r)  =  Re  C  ~  f  '  g(a-  dw 

Zir  J  o 

For  a  narrow-band  signal  we  can  approximate  k(o))  by  the  first  two  terms  of  a 
Taylor  series  expansion,  thus 

k(co)  =  k(o>o)  +  k'(coo)  (co  —  COo)  k'  = 


6k 

dco 
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We  now  obtain 

1  f 00 

£(*,r)  =  Re  C  —  -  a>0)ei(w“Wo)(*“k  r)  dco 

Z7T  ■/  0 

=  Re  Ce_jk‘r+J"°*/(2  -  k'-r) 

=  C/(J  -k'-r)  cos  (mi  -  k-r)  (1.32) 

The  signal  or  modulating  function  is  reproduced  at  r  without  distortion  but 
with  a  time  delay  r  =  k'(o>0)-r.  The  signal  or  group  speed  is  thus  given  by 


r  _  r 
7  dk/dw-r 


(1.33) 


The  plane  wave  propagates  in  the  direction  of  k,  and  if  we  place  r  =  xx,  we 
obtain  the  component  of  the  group  velocity  in  the  x  direction,  that  is, 


Similarly,  we  find  that 


and  hence  in  vector  form  the  group  velocity  is  given  by 

Vg  =  VkO)  (1.34) 


where  Vfc  designates  the  gradient  in  k  space.  The  gradient  of  oj  in  k  space  is 
evaluated  from  the  dispersion  equation  given  earlier. 

The  conditions  under  which  k  may  be  approximated  by  a  linear  function  of 
w,  for  which  only  a  time  delay  but  no  distortion  occurs,  depend  on  how  rapidly 
k  varies  with  a>,  the  width  of  the  signal  frequency  band,  and  the  magnitude  of  r. 
If  r  is  sufficiently  large,  additional  terms  in  the  expansion  will  always  be  re¬ 
quired,  leading  to  signal  distortion.  In  this  case  the  concepts  of  group  and 
signal  velocities  are  not  applicable,  because  the  signal  is  dispersed  in  the  time 
domain.  If  the  signal  were  originally  a  localized  wave  packet  in  both  time  and 
space,  it  would  eventually  be  dispersed  both  in  time  and  space  if  k  were  a 
nonlinear  function  of  oj. 

We  shall  show  that  the  velocity  of  energy  propagation  is  equal  to  the  group 
velocity.  For  this  purpose  it  is  convenient  to  utilize  the  following  variation 
theorem,  which  is  established  in  Exercise  1.4  for  a  lossless  medium: 


V 


(ex 


®‘+?XE 


dw 


do: 


do) 


do) 


(1.35) 


The  terms  inside  the  brackets  add  up  to  give  four  times  the  electric  plus  mag¬ 
netic  energy  density  in  the  field,  so  that  (1.35)  can  be  written  as 


v-  (E  x  ^  +  It  x  h)  =  ij(Ue  +  Um) 


(1.36) 
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Exercise  1.4  Expand  the  divergence,  i.e.,  left-hand  side  of  (1.35),  and  use  Maxwell's 
source-free  equations  to  show  that  the  following  result  is  obtained: 


dH* 

dco 


+  E-c*- 


dE* 

dco 


+  j  H 


dcoy 

dco 


H*  +  E 


For  a  lossless  medium  y  =  nf,z*  =  and  the  first  term  in  parentheses  vanishes,  thus 
verifying  (1.35).  Next  show  that  all  the  terms  inside  the  parentheses  on  the  right-hand 
side  of  (1.35)  are  real  by  comparing  them  with  their  complex  conjugates.  Using  (1.18), 
the  result  given  by  (1.36)  is  then  obtained. 

If  (1.36)  is  applied  to  the  plane  wave 


E0(co)e-ik(£,j)*r,  Ho  (co)e~*<“>*r 


in  a  loss-free  (k  is  then  real)  dispersive  medium,  we  obtain 


T7  v  dH* 

J&o  /\  “T - 

do? 


dk 

+  ji-~  (Eo  x  Ho*  +  E*  x  Ho) 


dco 


dE* 


0 


dco 


XH 


0 


A 


r-^  (Eo  X  H0* 


+  E*  X  H0)]  =  4j(Ce  +  Um)  (1.37) 


since  the  terms  not  involving  r  are  constants  and  have  zero  divergence.  W e 
may  rewrite  (1.37)  in  the  form 


Re  Eo  X  H0*-v(r-g)  =  Re  E0  X  H0*-^ 


since 


V  r 


dk 

dco 


/  dkx  dky  dk 

vu- — h  y~  +z 


\  dco 


dco 


dco 


=  Ue  +  Um 

dk 

dco 


The  time-average  energy  flow  3^>  He  E0  X  H*  is  equal  to  the  energy  density 
Ue  +  Um  multiplied  by  the  energy  flow  velocity,  which  we  shall  designate  by  vff. 
Thus  we  have 


(Ue  +  Um)  V g  * 


dk 

dco 


Ue  4“  Um 


and  hence 


(1.38) 


The  dispersion  equation  (1.30)  gives  a  functional  relationship  between  kx ,  ky)  kz, 
and  co,  but  kXy  ky,  kz  are  not  explicit  functions  of  co.  A  change  dco  does  not 
uniquely  specify  the  change  dk  in  k,  since  the  dispersion  equation  requires 
only  that 


(1 .39) 
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We  may,  therefore,  take  8kv  =  5k z  =  0,  in  which  case  8kx/8oo  is  equal  to  dkx/d to. 
From  (1.38)  and  (1.39)  we  now  see  that 


_  8kx  __  dD/da) 
~  v°xfa  ~  ~Vox  dD/dkx 

_  doj  __  dD/dkx 
Vgx  dkx  dD/do) 


1 


where  dc o/dkx  is  evaluated  for  ky  and  kz  held  constant.  The  other  components 
of  the  energy  flow  velocity  are  determined  in  a  similar  manner.  In  vector  form 
the  final  result  is 


(1.40) 


which  shows  that  the  energy  flow  velocity  is  equal  to  the  group  velocity.  It  is 
also  apparent  that  this  relation  establishes  the  direction  of  the  real  part  of  the 
complex  Poynting  vector  as  that  of  the  gradient  of  w  in  k  space. 

The  dispersion  equation  (1.30)  determines  a  surface  in  k  space  for  each  value 
of  os.  This  surface  is  called  the  index  surface,  since  the  index  of  refraction  is 
given  by  k/k0.  A  given  value  of  k  and  w  determines  a  point  on  this  surface. 
The  energy  flow  corresponding  to  this  value  of  k  has  the  direction  of  the  normal 
to  the  index  surface  at  the  given  point  as  illustrated  in  Fig.  1.2  for  a  two- 
dimensional  case. 


Vg . 


1.7  Boundary  Conditions 

Boundary  between  Two  Different  Media 

Figure  1.3  illustrates  a  boundary  between  two  different  media  characterized 
by  constitutive  parameters  ei,  ui  and  e2,  |*2.  The  normal  n  points  into  medium 
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1.  At  a  separation  boundary  of  this  type  the  relationship  between  the  field 
vectors  on  adjacent  sides  of  the  boundary  are  (see  any  standard  text  dealing 


with  electromagnetic  fields1”8). 

fi-Di  =  n*D2  (1.41a) 

n*B!  =  n*B2  (1.416) 

n  X  Ex  =  n  X  E2  (1.41c) 

n  X  Hi  =  n  X  H2  (1.41d) 


If  an  electric  surface  current  of  density  Js  per  meter  exists  on  the  boundary 
separating  regions  1  and  2,  the  tangential  component  of  H  and  normal  com¬ 
ponent  of  D  will  have  a  discontinuous  change  across  the  boundary  according 
to  the  relations 

n  X  (Hi  -  H2)  =  J,  (1.42a) 

n  •  (Di  —  D2)  =  Ps  (1.426) 

where  ps  is  the  surface  charge  density  and  is  related  to  Js  by  the  surface  con¬ 
tinuity  equation 

Vs-Js  =  —  jups  (1.43) 


with  =  V  —  nn-V.  Similarly,  if  a  magnetic  surface  current  of  density  Jms 

and  associated  magnetic  surface  charge  pms  exists  on  the  separation  boundary, 
we  have 


ii  X  (Ex  -  E2)  =  -Jms 

(1.44a) 

n-(Bi  -  BO  =  pm. 

(1.446) 

If  medium  2  is  a  perfect  conductor  (a  =  <»),  the  fields  in  this  region  will 
vanish.  A  surface  current  of  density  Js  and  associated  surface  charge  of  density 
ps  will  exist,  and  the  boundary  conditions  are  as  follows: 

n  X  Ej  =  0 

(1.45a) 

n  X  Hx  =  J3 

(1.456) 

n-Dx  =  p. 

(1.45c) 

n*Bx  =  0 

(1.45c0 

Fig.  1.3  Boundary  between 
two  different  media. 
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If  medium  2  is  a  good  conductor  (any  metal  falls  in  this  category),  the  field 
will  penetrate  an  effective  distance  equal  to  the  spin  depth  ds ,  which  is  given  by 

d,  =  (~Y  (1.46) 

At  this  depth  the  field  amplitude  has  decayed  by  a  factor  e~l  compared  to  its 
value  at  the  surface.  When  the  radius  of  curvature  is  much  larger  than  the 
skin  depth,  the  boundary  of  the  imperfect  conductor  may  be  described  by  an 
impedance  boundary  condition  (occasionally  called  a  Leontovich  boundary  . 
condition  in  the  literature24*25) .  That  is,  a  surface  current  of  density  Js  given  by 

J.  =  n  X  Hx  (1.47a) 

produces  a  tangential  electric  field 

nXEi  =  fsnX  Js  (1.476) 

where  fs  =  1  J  (1-48) 

( T&& 


is  the  surface  impedance.  The  surface  impedance  is  equal  to  the  intrinsic  im¬ 
pedance  of  the  metal  with  the  displacement  current  being  neglected  by 
comparison  with  the  conduction  current,  that  is, 


When  (1.47a)  and  (1.476)  are  combined,  we  obtain  the  impedance  boundary 
condition 


n  X  Ex  -  f.n  X  (n  X  Hi)  =  -f.(Hi  -  n-Hxn)  (1.49) 


Field  Singularities  at  an  Edge 

The  unique  solution  of  electromagnetic  boundary-value  problems  involving 
a  sharp  edge  requires  a  statement  of  the  nature  of  the  singularity  of  the  field 


Fig.  1.4  A  perfectly  conducting 
wedge. 


vectors  at  the  edge.  The  edge  conditions  have  been  examined  in  detail  by 
Bouwkamp,26  Meixner,27*28  Jones,29  Heins  and  Silver,30  and  others  (for  a  dis¬ 
cussion  see  Jones31) .  It  is  generally  agreed  that  the  maximum  rate  of  growth  of 
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the  fields  as  the  edge  is  approached  must  be  limited  by  the  condition  that  the 
energy  stored  in  the  field  in  a  small  volume  about  the  edge  should  remain  finite. 

Thus,  for  the  two-dimensional  perfectly  conducting  wedge  illustrated  in 
Fig.  1.4 

/r—0  r  r 

/  (eE-E*  -j-  yuH-H*)r  d<t>dr 

-7T  J  0 


must  remain  finite.  It  is  apparent  that  E-E*  and  H-H*  must  then  increase  no 
faster  than  r_(2“27?),  where  t]  is  an  arbitrary  small  positive  number.  Thus  the 
maximum  permissible  rate  of  growth  of  each  field  component  is 
Meixner  obtains  exact  results  for  the  rate  of  growth  of  each  field  component 
in  terms  of  the  wedge  angle  d  by  expanding  the  fields  and  Maxwell’s  equations 
in  a  power  series  in  r.  We  may  obtain  the  same  results  by  using  standard  solu¬ 
tions  for  the  fields  with  a  radial  dependence  given  in  terms  of  Bessel  functions. 

For  a  two-dimensional  wedge  the  fields  separate  into  TE  and  TM  fields  with 
respect  to  the  z  axis.  The  r  and  <j>  components  may  be  found  in  terms  of  Ez  and 
Hz.  Suitable  solutions  for  Ez  and  Hz  are 

Ez  =  Jv(-yjk2  —  fi2r)e±j$z  sin  v(<f>  +  i r) 

Hz  —  Jv  (-yjk2 —  {32r) e±j0z  cos  v(<t>  +  tt) 


where  k2  —  or  /xe  and  v  —  )nr/(2ir  —  6),  n  =  0,  1,  2, . . . ,  in  order  for  the 
boundary  conditions  to  hold  at  4>  =  —  7r,  tt  —  6.  For  r  very  small,  Jv(^k2  —  j32r) 
is  given  by  [(i k 2  -  j3 2Y2  r]/[2*T{v  +  1)],  where  T  is  the  gamma  function.  The 
r  and  <t>  components  of  the  fields  increase  by  a  factor  r~l  faster,  as  Maxwell’s 

equations  show.  Thus  the  field  components  normal  to  the  edge  will  increase  as 
r~a,  where 


n  tv 

2  7T  —  6 


(1.50) 


The  only  values  of  v  allowed,  i.e.,  integers  n,  are  those  that  keep  a  less  than 
1  -  Hence,  for  a  90°  wedge  (6  =  tt/2)  we  find  that  a  =  %,  while  for  a  flat, 
infinitely  thin  plate  (6  =  0)  we  obtain  a  =  3^-  In  both  cases  the  smallest 
value  of  n  allowed  is  n  =  1.  The  field  components  tangential  to  the  edge 
(EZ,HZ)  always  vanish  at  the  edge.  Likewise,  the  surface  current  directed 
normal  to  the  edge  vanishes,  since  this  is  related  to  Hz.  The  surface  current 
parallel  to  the  edge  will  increase  as  r~a  as  the  edge  is  approached.  These 
results  also  apply  to  edges  occurring  in  three-dimensional  problems,  since  the 
singular  behavior  of  the  fields  near  the  edge  is  determined  only  by  the  im¬ 
mediate  currents  and  charges  and  hence  a  short  segment  of  a  curved  edge 
behaves  like  the  edge  of  a  two-dimensional  structure.  The  requirement  that 
the  stored  energy  be  finite  excludes  the  use  of  the  second  kind  of  Bessel  func¬ 
tion  Yv  as  part  of  the  solution.  An  equivalent  statement  is  that  the  total  real 
power  across  a  surface  surrounding  the  tip  must  be  zero,  i.e.,  the  integral  of 
Re  E  X  H*  over  the  surface  S  in  Fig.  1.4  must  vanish,  since  no  active  sources 
are  included.  This  condition  also  will  exclude  Y „  as  part  of  the  solution. 
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Radiation  Condition f 

The  unique  solution  of  electromagnetic  radiation  problems  requires  a  specifi¬ 
cation  of  boundary  conditions  to  be  imposed  on  the  fields  at  infinity.  To 
illustrate  this  point  consider  the  scalar  Helmholtz  equation  with  a  unit  source 
at  the  origin,  that  is, 

VV(r)  +  *V(r)  -  -«(r)  (1.51) 

In  the  absence  of  all  finite  boundaries  and  assuming  a  homogeneous  isotropic 
medium,  the  two  solutions  for  ^  are 

p—jkr  pjkr 

ft  =  1 -  ft  -  — 

4tt  r  Iat 

Both  solutions  are  mathematically  valid,  but  only  the  first  is  physically 
possible,  because  it  corresponds  to  a  radially  outward  propagating  wave  and  ft 
is  a  radially  inward  propagating  wave.  Only  ft  gives  an  energy  flow  directed 
radially  outward  at  infinity.  Thus  in  addition  to  boundary  conditions  im¬ 
posed  over  finite  boundaries  it  is  necessary  to  specify  a  boundary  condition  or 
radiation  condition  at  infinity.  For  a  scalar  wave  Sommerfeld  stated  the  radia¬ 
tion  condition  in  the  form  (for  a  time  dependence  ejo>t) 

|rft  <  K  (1.52 a) 

lim  +  jk4 ^  =  0  (1.526) 

where  K  is  a  finite  constant.  It  is  readily  verified  that  ft  satisfies  (1.52),  while 
ft  does  not  satisfy  (1.526).  The  condition  (1.52a)  can  be  dropped,  since  it  will 
be  true  whenever  (1.526)  holds. 

For  the  electromagnetic  field  let  all  sources,  finite  boundaries,  inhomogene¬ 
ities,  etc.,  exist  entirely  within  a  sphere  of  radius  rm.  Let  the  medium  outside 
rm  be  homogeneous  and  isotropic.  Corresponding  to  (1.52),  the  mathematical 
statement  of  the  radiation  condition  at  infinity  for  the  electromagnetic  field  is 
(see  Jones32): 


|rE|  <  K 

(1.53a) 

|rB|  <  K 

(1.536) 

lim  r[ur  X  B  +  A;E]  =  0 

T — ►  «> 

(1.53c) 

lim  r[kr  X  E  -  coB]  —  0 

r — 

(1.53d) 

These  conditions  essentially  state  that,  as  r  tends  toward  infinity,  the  Poynting 
vector  E  X  H*  must  be  directed  radially  outward  and  be  decreasing  as  r~ 2 

tSee  also  Sec.  8.2. 
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while  the  radial  components  Er,  Hr  must  be  decreasing  faster  than  r~l.  In 
other  words,  the  field  solution  must  represent  an  outward  propagating  wave 
and  not  an  inward  propagating  wave  at  infinity.  As  a  simple  example  consider 
the  electric  field  arising  from  a  solenoidal  current  distribution  (V*J  =  0) 
located  in  a  finite  volume  V  in  an  isotropic  homogeneous  medium.  The 
governing  equation  is  (see  1.236) 

V2E(r)  +  fc* E(r)  = 

and  the  possible  solutions  are  (these  solutions  are  discussed  in  greater  detail  in 
Chap.  2) 

E(r)  =  -jm  jr  4T|r-r/|  J(r)'  dV> 

For  r  »  r'  we  can  approximate  |r  —  r'j  by  r  —  2?  •  r'  in  the  exponential  term 
and  by  r  in  the  denominator,  thus  as  r  — »  oo 

p±jkr  f 

E(r)  -  -jo#*  ~  Jv  dV' 

When  Maxwell’s  equations  are  used  to  determine  H,  it  is  readily  verified  that 
only  the  use  of  the  lower  sign  in  the  exponential  term  gives  a  solution  that 
satisfies  the  radiation  condition  (1.53).  The  outward  propagating  wave  is 
characterized  by  a  radial  dependence  of  the  form  e~^krr~1  at  infinity  in  the  case 
of  isotropic  media. 

In  an  isotropic  homogeneous  medium  d(coe)/da)  and  d  (cojjl)  /do)  are  positive, 
since  the  average  stored  energy  in  the  field  must  be  positive  (see  1.18).  Since 
k  =  o)(pte)h,  it  follows  that  dk/d co  is  also  positive.  Consequently,  when  k  is 
directed  radially  outward,  the  group  velocity  and  energy  flow  have  the  same 
direction  as  k. 

For  anisotropic  media  the  proper  radiation  condition  at  infinity  cannot  be 
stated  in  as  simple  a  form  as  (1.53),  which  holds  for  the  isotropic  case.  From  a 
physical  point  of  view  several  equivalent  statements  regarding  the  behavior  of 
the  field  at  infinity  can  be  made.  These  are  (1)  the  energy  flow  at  infinity  must 
be  radially  outward,  (2)  the  complex  Poynting  vector  must  be  directed  radially 
outward  at  infinity,  and  (3)  the  time  delay  must  be  positive  and  hence  the 
group  velocity  must  be  in  the  outward  radial  direction.  It  is  thus  apparent 
that  the  direction  of  Vkw  determines  whether  a  propagation  factor  e~~^‘T  or 
e*‘r  is  appropriate  rather  than  the  direction  of  k.  To  illustrate  these  features 
consider  a  two-dimensional  problem  for  which  the  index  surface  is  of  the  form 
shown  in  Fig.  1.5.  Energy  flow  at  infinity  is  in  the  direction  of  the  normal  to 
the  index  surface.  Thus  for  a  given  value  of  ky  the  waves  with  propagation 
vectors  ki  and  k3  in  Fig.  1.5  contribute  to  energy  flow  in  the  positive  x  and  y 
directions  and  the  waves  with  propagation  vectors  k2  and  k4  contribute  to 
energy  flow  in  the  negative  x  direction.  The  wave  with  propagation  vector 
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has  a  component  of  k3  in  the  negative  x  direction  and  hence  has  a  positive 
phase  velocity  in  the  negative  x  direction.  In  the  positive  x  direction  the  phase 
velocity  is  negative  but  the  group  velocity  is  positive.  It  is  the  requirement  of 
positive  group  velocity  that  dictates  the  choice  of  ki  and  k3  as  suitable  propaga¬ 
tion  vectors  for  waves  in  the  region  where  x  and  y  are  positive. 


Fig.  1.5  Index  surface  for  a  two-dimensional 
case.  Energy  flow  is  in  the  direction  of  the 
outward  normal  to  the  surface. 


1.8  Potential  Theory 

It  usually  proves  to  be  more  expedient  to  determine  the  electromagnetic 
field  radiated  by  a  given  distribution  of  sources  by  first  finding  suitable  vector 
and  scalar  potential  functions.  For  this  purpose  we  give  a  short  review  of 
potential  theory  in  this  section  (see  also  Sec.  8.1).  An  isotropic  homogeneous 
medium  is  assumed. 

The  divergence  of  B  is  identically  zero,  and  such  a  solenoidal  field  can  always 
be  expressed  in  terms  of  the  curl  of  a  suitable  vector  potential  A;  thus 

B  =  V  X  A  (1.54) 

We  are  tacitly  assuming  that  fictitious  magnetic  charges  and  currents  have  not 
been  introduced.  Suitable  potential  functions  for  evaluating  the  partial  field 
arising  from  equivalent  magnetic  sources  are  introduced  later.  From  (1.5a) 
we  obtain 

V  X  E  =  -joN  X  A 

upon  using  (1.54).  This  latter  equation  may  be  integrated  to  give 

E  =  — jcoA  -  V#  (1.55) 

where  V4>  is,  as  yet,  the  gradient  of  an  arbitrary  scalar  potential  function.  In 
order  that  the  remaining  two  Maxwell  equations  (1.56)  and  (l,5d)  will  hold, 
we  require  that 

V  x  V  X  A  —  j(A>ye E  +  p J  =  k2 A  —  +  pj 

V*eE  =  —  jojV*  A  —  eV2^  =  p 


(1.56a) 

(1.566) 
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Upon  expanding  V  X  V  X  A,  we  find  that 

V2A  +  /r'-’A  =  VV  •  A  +  jwfj.eV$  —  pj 

The  equation  for  A  will  simplify  considerably  if  we  choose  V  •  A  and  (I\  which  up 
to  this  point  are  unspecified,  such  that 


V-A  =  —joined  (1.57) 

This  particular  relationship  is  called  the  Lorentz  condition.  The  equation  for 
A  is  now  an  inhomogeneous  Helmholtz  equation,  that  is, 

V2A  +  fc2A  =  -pj  (1.58) 

Use  of  the  Lorentz  condition  in  (1.566)  shows  that  the  scalar  potential  $  also 
satisfies  an  inhomogeneous  Helmholtz  equation ;  namely, 


V2$  +  /c2$  =  -p- 

€ 


(1.59) 


The  use  of  the  Lorentz  condition  enables  the  field  to  be  expressed  in  terms  of 
the  vector  potential  A  alone,  thus 


B  =  V  X  A 


(1.60a) 


E  —  —  joiA  +  -r -  (1.606) 

June 

Since  A  is  completely  determined  by  the  current  J,  it  is  seen  that  knowledge  of 
the  charge  distribution  p  is  not  required.  The  latter  is  determined  by  V  •  J  from 
the  continuity  equation  and  is  not  an  independent  source;  for  this  reason,  it 

could  be  eliminated  from  the  equations  specifying  the  time-dependent  electro¬ 
magnetic  field. 

If  both  electric  and  magnetic  currents  are  present,  the  field  determined  by 
the  vector  potential  A  is  only  a  partial  field.  To  this  field  must  be  added  the 
partial  field  arising  from  magnetic  sources.  The  magnetic  currents  and  charges 
give  rise  to  a  field  that  may  be  evaluated  in  terms  of  a  magnetic  vector  poten¬ 


tial  Am  and  a  magnetic  scalar  potential  <!>,„. 

When  all  electric  sources  are  zero,  D  is  a  solenoidal  field,  so  we  may  put 

D  =  -V  X  Am  (1.61a) 

By  following  a  development  parallel  to  that  employed  to  derive  (1.58)  to  (1.60), 
we  find  that 

H  =  —juAm  —  V$OT  =  —juAm  — t — —  (1.616) 

junt 

where  WAm  +  fc2 Am  =  -ejm  (1.62a) 

V2$m  +  mm  =  (1.626) 
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and  a  Lorentz  condition 

V-A™  =  (1.63) 

has  been  invoked.  The  details  of  the  derivation  are  called  for  in  the  following: 

Exercise  1.5  Show  that  (1.616)  follows  from  (1.56)  when  (1.61a)  is  used.  Next  show 
that  (1.62a)  results  from  substituting  into  (1.5a)  and  using  the  Lorentz  condition 
(1.63).  Finally,  show  that  (1.626)  is  obtained  from  (1.5c). 

In  addition  to  the  electric-  and  magnetic-type  vector  potential  functions 
introduced  above,  a  similar  set  of  hertzian  vector  potentials  is  often  used  in 
practice  (see  Stratton8).  The  relevant  details  are  called  for  in  problems  given 
at  the  end  of  this  chapter. 


1.9  Reciprocity 

The  electromagnetic  field  satisfies  certain  reciprocity  relations  that  are  use¬ 
ful  in  deriving  a  number  of  different  properties  of  electromagnetic  devices.  Of 
particular  importance  to  antenna  theory  is  the  derivation  of  the  relationship 
between  the  receiving  and  transmitting  properties  of  an  antenna.  In  this 
section  we  present  the  reciprocity  theorems  and  postpone  the  application  to 
antennas  for  a  later  section. 

Consider  a  volume  V  bounded  by  a  surface  S  and  containing  two  possible 
sets  of  sources  Ji,  Jmi,  and  J2,  Jm2.  The  medium  in  V  is  assumed  characterized 
by  general  unsymmetrical  permeability  and  permittivity  tensors  y  and  e. 

Let  the  sources  Ji,  Jmi  produce  a  field  Ei,  Hi  in  V  and  on  S.  This  field  satis¬ 
fies  the  equations 

VXEx  =  -  Jml  (1.64a) 

V  x  Hi  =  icoe-Ei  +  Ji  (1.646) 


Let  E2,  H2  be  the  field  produced  in  V  and  on  S  by  J2,  Jm2  when  the  medium  in  V 
is  replaced  by  a  medium  characterized  by  permeability  and  permittivity 
tensors  which  are  the  transpose  of  those  considered  under  the  first  situation. 
The  field  E2,  H2  is  a  solution  of 

V  X  E2  =  —juyt  *  H2  —  J m2  (1.65a) 

V  X  H2  =  ja>£f*E2  -f-  J2  (1.656) 


where  the  subscript  t  denotes  the  transposed  tensor,  that  is,  nxy  replaced  by 

flyXy  etc. 

The  expansion  of  V*(Ei  X  H2  -  E2  X  Hi)  gives 

V*(Ei  X  H2  —  E2  X  Hi)  =  (E2*Ji  —  E*.J2)  —  (H2- Jmi  —  Hi*Jm2)  (1.66) 


since 


H2.rHi  =  Hi-yrH, 


and 


E2  •  e  ■  Ei  =  Ei'^’E; 


ELECTROMAGNETIC  FIELDS 


25 


The  integral  of  (1.66)  throughout  the  volume  V  gives 

&  (E,  x  H2  -  E2  x  HO-dS 

=  jv  (Et*Ji  -  ErJ*  -  H2 •  Jml  +  Hi  •  Jm2)  dV  (1.67) 

after  converting  the  volume  integral  of  the  divergence  term  to  a  surface  integral 
by  means  of  the  divergence  theorem.  Equation  (1.67)  is  the  general  form  of 
the  reciprocity  theorem  for  the  electromagnetic  field  (Harrington  and  Ville- 
neuve33) . 

If  the  surface  S  encloses  all  of  the  sources,  the  surface  integral  on  the  left- 
hand  side  in  (1.67)  vanishes.  To  show  this,  consider  the  application  of  (1.67) 
to  the  volume  bounded  by  S  and  the  surface  Sm  of  a  sphere  of  infinite  radius. 
Let  the  medium  have  small  but  finite  losses.  In  this  case  the  fields  will  decrease 
in  amplitude  faster  than  1/r,  and  hence  on  S the  surface  integral  vanishes. 
Since  there  are  no  sources  in  the  volume  bounded  by  S  and  Smy  the  surface 
integral  over  S  must  also  be  zero.  Now  it  seems  reasonable  to  assume  that  the 
fields  are  analytic  functions  of  the  loss  parameters.  Hence  the  surface  integral 

£ s  (Ei  X  H2  —  E2X  Hi)  -dS 

will  be  an  analytic  function  of  the  loss  parameters.  Since  the  integral  vanishes 
for  infinitely  small  but  finite  loss  parameters,  it  must  still  vanish  as  the  loss 
parameters  are  reduced  to  zero  in  view  of  the  analytic  properties  of  the  integral. 

In  the  case  of  isotropic  media  the  field  on  Sm  satisfies  the  relation  E  =  —  f  r  X  H 
and  the  integrand  (Ei  X  H2  —  E2  X  Hi)-f  vanishes  identically  at  infinity 
independently  of  any  loss  that  may  be  present. 

If  there  are  no  sources  in  V,  we  obtain  from  (1.67)  the  generalization  of  the 
Lorentz  form  of  the  reciprocity  theorem: 

fs  E,  X  H2 •  dS  =  <fs  E2  X  Hi-dS  (1.68) 

If  the  volume  V  contains  all  of  the  sources,  the  generalized  Rayleigh-Carson 
form  of  the  reciprocity  theorem  is  obtained  (Rayleigh,34  Carson35  36): 

jy  (Ei-J,  -  Hi*Jm2)  dV  =  jv  (E2 .  J,  -  H2-Jml)  dV  (1.69) 

These  relations  are  also  valid  in  isotropic  media,  in  which  case  the  fields  E2,  H2 
are  the  fields  produced  by  J2,  Jm2  in  the  actual  medium. 

It  is  also  possible  to  obtain  a  reciprocity  theorem  relating  two  different 
electromagnetic  fields  with  arbitrary  time  dependence  (Welch37).  The  deriva¬ 
tion  is  straightforward  and  similar  to  that  used  to  obtain  (1.69).  Since  no 
application  is  made  of  the  results  in  the  present  book,  the  details  are  not 
included. 
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PROBLEMS 

1 .1  A  uniaxial  dielectric  medium  is  characterized  by  permittivities  ei,  e2,  62  along  the 
principal  axes  which  coincide  with  the  x ,  ?/,  z  axes,  respectively;  i.e.,  the  permittivity 
dyadic  is  diagonal.  Show  that  for  plane  waves  the  dispersion  relations  are  given  by 

k2  =  o}2e2fx o  ordinary  wave 

kx2h2  +  (ky2  +  kz2)k22  —  ki2h2  =  0  extraordinary  wave 


where 

ki2  —  co2et}jLQ 

t  =  1,  2 

If 

co2  —  CO2 

co32  —  a)2 

^1  ~  if  *y  ^0 

e2  —  eo 

o)2  —  Cir 

W4  —  or 

where  c a,  i  —  1,  2,  3,  4,  are  constants,  obtain  an  expression  for  the  energy  flow  velocity 
for  the  extraordinary  wave. 

1.2  From  Maxwell's  equations  show  that  the  normal  components  of  D  and  B  are 
continuous  across  the  interface  between  two  different  media  when  the  tangential  com¬ 
ponents  of  E  and  H  are  continuous  across  the  boundary.  (Assume  that  there  are  no 
surface  currents  on  the  boundary.) 

1.3  Figure  P-1.3  illustrates  a  two-dimensional  conducting  wedge  with  a  line  charge 
source  at  x \  Find  the  electrostatic  potential  and  show  that  the  surface  charge  density 
ps  induced  on  the  wedge  varies  with  distance  r  from  the  edge  according  to  r"s,  where 


s  =  (tt  —  6)/(2tt  —  8 ).  Compare  with  the  relation  (1.50).  Hint:  Use  conformal 
mapping  (W  =  Zl~s ),  Z  =  x  +  jy- 

1.4  In  a  homogeneous  isotropic  medium  where  the  only  source  present  is  an  electric 
current,  H  may  be  expressed  in  the  form  H  =  jaieV  X  IL,  where  IIC  is  the  electric 
hertzian  potential.  Show  that  fle  is  a  solution  of  (V2  +  k2) IIe  =  —  J /jut  and  E  is 
given  by  E  =  (k2  +  VV*)IIe.  Use  a  Lorentz  condition  and  note  that  k2  —  o?2^ie. 

1.5  In  a  homogeneous  isotropic  medium  where  the  only  source  term  is  a  magnetic 
current  density  Jm,  the  electric  field  may  be  derived  from  a  magnetic-type  hertzian 
potential;  thus  E  =  —  jcopV  X  nm.  Show  that  Hm  is  a  solution  of 

(V2  +  fc2)nm  = 

and  that  H  is  given  by  H  =  (k2  +  W •)!!«. 
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1.6  In  a  source-free  isotropic  and  homogeneous  medium  show  that  the  hertzian  po¬ 
tentials  satisfy  the  relations 

(V2  +  A:02)Ile  =  --  (V2  +  fco2)nm  =  -M 

Co 

where  P  and  M  are  the  polarization  densities  in  the  material  and  ko2  =  a)2poeo.  Hint: 
Express  D  and  B  in  the  form  D  =  cqE  +  P,  B  =  ju0(H  +  M). 

1.7  Establish  the  uniqueness  theorem  for  a  time-harmonic  electromagnetic  field.  Let 
Ei,  Hi  be  a  solution  in  a  region  V  bounded  by  a  closed  surface  S.  Let  E2,  H2  be  a  second 
solution  that  has  the  same  sources  and  is  such  that  n  X  E2  =  n  X  Ei  on  S  or  for  which 
n  X  H2  =  n  X  Hi  on  S.  From  the  complex  Poynting  vector  theorem  show  that  the 
difference  field  E  =  Ei  —  E2,  H  =  Hi  —  H2  must  satisfy  the  condition 

fy  (e*E-E*  -  juH-H*)  dV  =  0 

If  6  is  complex,  verify  that  the  difference  field  must  be  identically  zero  in  V .  What 
happens  to  the  proof  if  e  and  ju  are  real?  The  uniqueness  theorem  shows  that  there  is 
only  one  unique  solution  to  Maxwell’s  equations. 
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CHAPTER  2 


RADIATION  FROM  SIMPLE  SOURCES 

R.  E.  Collin 


2.1  Introduction 

This  chapter  deals  with  the  problems  of  radiation  from  simple  sources  such 
as  infinitesimal  linear  current  elements,  current  loops  (magnetic  dipole 
radiation),  and  thin  linear  wire  antennas.  We  also  derive  general  expressions 
for  the  far-zone,  or  radiation,  field  from  arbitrary  current  distributions.  In 
addition,  this  chapter  has  another  purpose,  which  is  to  introduce  a  number  of 
parameters  such  as  radiation  pattern,  gain,  directivity,  radiation  resistance, 
etc.,  that  are  universally  used  to  describe  the  characteristics  of  an  antenna. 
The  subject  matter  is  well  developed  and  discussed  in  all  books  on  antennas, 
and  hence  an  exhaustive  treatment  is  not  given  here.  (For  further  details  see, 
for  example,  the  books  by  Aharoni,1  Kraus,2  Jordan,3  Moullin,4  Schelkunoff 
and  Friis,5  Silver,6  and  Williams.7)  A  very  extensive  treatment  of  the  linear 
antenna  is  given  by  King.8  We  shall  concentrate  on  the  basic  principles  in¬ 
volved,  with  little  or  no  reference  to  specific  antenna  structures.  Applications 
of  many  of  the  results  are  made  in  later  chapters. 


2.2  Radiation  from  a  Current  Element 

The  simplest  radiating  source  is  an  infinitesimal  linear  current  element.  A 
unit  source  of  this  type  may  be  expressed  as  a5(r  —  r'),  where  r'  gives  the 
location  of  the  source  and  a  is  a  unit  vector  in  the  direction  of  the  current.  To 
begin  with  we  shall  consider  the  unit  current  source  to  be  located  at  the  origin 
and  directed  along  the  z  axis  as  in  Fig.  2.1.  We  shall  also  assume  that  the 
source  radiates  into  free  space  and  that  the  time  dependence  is  given  by  eju>t. 

The  current  has  only  a  z  component,  and  consequently  the  vector  potential 
A  also  has  only  a  z  component  Az.  The  vector  potential  is  a  solution  of  the  in¬ 
homogeneous  Helmholtz  equation  (1.58),  which  in  the  present  case  simplifies  to 

(V2  +  k02)Azi  =  -Moz5(r) 

or  equivalently  (V2  +  k02)Az  =  (r)  (2.1) 

In  view  of  the  spherical  symmetry  involved,  Az  will  be  a  function  of  r  only. 
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Expressing  the  laplacian  operator  in  spherical  coordinates  and  retaining  only 
the  part  dependent  on  r,  we  obtain 

(?lr2l  +  h*)Az=  ~^(I)  (2-2) 


Fig.  2.1  The  unit  current  source. 


The  homogeneous  equation  corresponding  to  (2.2)  is  the  differential  equation 
which  defines  the  spherical  Bessel  functions  of  zero  order  (see,  for  example, 
Stratton9).  The  zero-order  spherical  Bessel  functions  of  the  first  and  second 
kind  are  given  by 


joihr) 


cos  ( hr  —  7r / 2) 
hr 


sin  k0r 
hr 


nQ(hr) 


sin  (hr  —  7r / 2) 
hr 


cos  hr 
hr 


In  order  to  satisfy  the  radiation  condition  at  infinity  a  linear  combination  of 
the  spherical  Bessel  functions  must  be  used.  The  two  following  linear  com¬ 
binations  are  called  the  spherical  Hankel  functions  of  the  first  and  second  kind. 

pjkor 

h0l(k0r)  —  j0(k0r)  +  jn0(k0r)  =  —j 

g— i&o  r 

h2(k0r)  =  jo(hr)  —  jnG(hr)  =  j  -^r 

Only  the  second  kind  of  spherical  Hankel  function  corresponds  to  an  out¬ 
ward  propagating  wave,  and  hence  the  solution  for  Az  must  be  of  the  form 
Az  =  C7io2(fc0r),  where  C  is  a  constant  to  be  determined  so  as  to  give  the  right 
singularity  at  the  origin. 

To  determine  the  constant  C  we  integrate  the  equation  for  Az  over  a  small 
sphere  of  radius  r  to  obtain 

jv  {V-VAZ  +  k02Az)  dV  =  -mo  jv  5(r)  dV  =  -mo 

because  of  the  property  of  the  three-dimensional  delta  function.  When  we  let 
the  volume  of  the  sphere  tend  to  zero,  the  integral  of  h2Az  will  vanish,  since  V 
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is  proportional  to  r3  and  Az  increases  only  as  r  h  Using  the  divergence  theorem 


now  gives 


lim  &  VA^dS  = 
v-~>oJ  s 


where  dS  =  rr2  di 2  and  dO  is  an  element  of  solid  angle.  When  we  substitute  for 
Az ,  we  obtain 

lim  [  c(re~ik(iT  —  dti  =  — ' =  —  mo 

V— K)  JO  \  ko  /  ho 


and  hence  C  =  noho/jAir.  Thus  the  solution  for  Az  is 


This  solution  may  be  immediately  generalized  to  give  the  vector  potential  from 
a  unit  current  element  a<5(r  —  r')  located  at  r'  and  having  the  direction  of  a. 
For  the  general  case  we  have 


47r|r  —  r' 


e-jfCQ\T~T'\ 


which  is  obtained  by  a  simple  change  in  the  origin  of  the  coordinate  system 
and  by  noting  that  A  has  the  same  direction  as  the  unit  vector  a. 

The  electromagnetic  field  may  be  found  from  Az  by  using  (1.60).  It  is  con¬ 
venient  to  express  the  results  in  spherical  coordinates,  for  which  purpose  A  is 
expressed  as 

A  =  zAz  =  (r  cos  6  —  0  sin  0)Az(r) 


We  readily  find  that  (see  Exercise  2.1) 


E 


jf  o  (jh 
2 1 rko\  r 2 


+  )  e_jX*°r  cos  6  i  + 


jfl  (k 

47t/l‘o\  ) 


0 


jk 


0 


e~jk°r  sin  0  0  (2.5a) 


H 


Ujh 

47t\  r 


+  sin  0  <f> 


(2.56) 


Exercise  2.1  Fill  in  the  details  in  the  derivation  of  (2.5).  Note  that  V  X  zAz  can 
be  written  as  -z  X  VAZ  =  (r  X  z)  dAz/dr  =  sin  0  dAJdr . 


If  the  expression  for  the  electric  field  is  examined,  it  will  be  seen  that  very 
close  to  the  unit  current  source  the  field  has  the  same  structure,  apart  from  the 
factor  e~3k*r,  as  the  electrostatic  field  produced  by  an  electric  dipole.  For  this 
reason  the  radiation  from  a  short  linear  current  element  is  often  referred  to  as 
electric  dipole  radiation.  The  terms  involving  r-2  and  r~3  in  the  expressions  for 
E  and  H  constitute  the  near-zone,  or  induction,  fields  and  do  not  contribute  to 
the  radiated  power.  The  portion  of  the  field  that  decreases  as  r”1  at  infinity  is 
called  the  far-zone,  or  radiation,  field,  since  only  this  part  of  the  field  con- 


32 


ANTENNA  THEORY 


tributes  to  the  radiated  power  at  infinity.  For  the  unit  current  source  the 
radiation  field  is  given  by 

E  =  e~jk*r  sin  6  0  (2.6a) 

47 rr 

H  =  e-**  sin  6  $  (2.66) 

4  irr 

and  satisfies  the  relation 

f0H  =  f  X  E  (2.6c) 

which  is  characteristic  of  an  outward  propagating  spherical  TEM  wave. 
The  time-average  radiated  power  per  unit  area  is  given  by 

HReEXH*  =  2-  "p"  i  (2.6d) 

The  power  density  decreases  as  r~ 2;  but  since  the  surface  area  of  a  sphere 
surrounding  the  source  increases  as  r2,  a  finite  amount  of  power  given  by 

P=^Re^BXH*-dS  =  ^  fj  j*  seeded*  =  ^  (2.6e) 

is  radiated. 


2.3  Basic  Antenna  Parameters 

We  shall  use  the  solution  for  the  radiation  from  a  unit  current  source  to 
introduce  a  number  of  basic  parameters  used  to  describe  antennas. 


Radiation  Pattern 

Antennas  do  not  radiate  uniformly  in  all  directions  in  space.  Consequently, 
it  is  of  interest  to  plot  the  relative  strength  of  the  radiation  field  as  a  function 
of  the  angles  0  and  <£  for  a  constant  value  of  r.  The  resultant  surface  describes 
the  radiation  pattern  of  the  antenna.  If  the  magnitude  of  the  field  is  plotted, 
we  obtain  the  field  strength  pattern,  while  if  the  power  density  is  plotted,  we 
obtain  the  power  radiation  pattern.  Usually  two-dimensional  plots  are  used  to 
show  the  relative  or  normalized  field  strength  and  radiated  power  in  selected 
planes.  For  the  unit  current  source  the  electric  field  is  given  by 

E,  =  er*'  sin  0 


in  the  far-zone  field.  The  maximum  field  strength  occurs  for  6  =  ir/2,  and 
hence  the  normalized  field  strength  is  given  by 


Ee(0,<t>) 

Ee(  7t/2,<£) 

(2.7) 
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The  radiated  power  is  proportional  to  IF*]2,  and  so  the  normalized  power  radia¬ 
tion  pattern  is  given  by  a  plot  of  sin2  6.  The  radiation  patterns  for  the  unit 
current  source  are  sketched  in  Fig.  2.2  for  <j>  =  0.  Actually,  the  patterns  are 


{&)  {6) 

Fig.  2.2  Radiation  patterns  from  a  unit  source,  (a)  Field  strength 
pattern;  (6)  power  radiation  pattern. 


independent  of  <j>  in  the  present  case  and  may  be  visualized  as  the  surfaces 
formed  by  revolving  the  given  plots  about  the  axis  of  the  unit  current  source 
(z  axis). 

The  radiation  patterns  of  most  antennas  exhibit  a  main  lobe  and  several 
minor  lobes  of  smaller  amplitude.  The  main  lobe  is  described  by  giving  its 
angular  width  in  the  two  principal  planes  (we  are  assuming  a  linearly  polarized 
field)  that  contain  the  electric  field  vector  and  magnetic  field  vector,  respec¬ 
tively.  Usually  the  beam  width  specified  is  that  between  the  half-power  points, 
although  sometimes  the  full  angular  width  of  the  main  lobe  between  adjacent 
nulls  is  given.  F or  the  unit  current  source  the  half-power  beam  width  in  the  E 
plane  is  90°  (see  Fig.  2.2),  while  in  the  H  plane  the  patterns  are  rotationally 
uniform. 


Directivity 

The  directivity  of  an  antenna  is  a  measure  of  the  directional  properties  or 
relative  concentration  of  radiated  power  in  different  directions.  Usually  the 
directivity  is  specified  with  reference  to  an  isotropic  radiator.  If  an  antenna 
radiated  a  total  power  P,  the  power  density  per  unit  solid  angle  would  be  P/4x 
if  the  antenna  radiated  isotropically.  In  general,  the  antenna  does  not  radiate 
isotropically.  Its  directivity  in  a  given  direction  6,  <j>  is  given  by  D  (6 ,</>),  where 


D  ($,<!>) 


^  PQwer  radiated  per  unit  solid  angle  in  direction  6}<f>  ,  . 

total  radiated  power  '  '  ' 


and  gives  the  power  density  in  that  direction  relative  to  that  which  an  isotropic 
radiator  would  produce. 

The  maximum  directivity  of  an  antenna  (for  brevity  often  called  simply  the 
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directivity)  occurs  in  the  direction  of  the  main-lobe  maximum  and  is  a  measure 
of  the  ability  of  an  antenna  to  concentrate  the  radiated  power  in  a  given  direc¬ 
tion.  A  rough  estimate  of  the  maximum  directivity  of  an  antenna  producing  a 
single  main  lobe  with  narrow  beam  widths  can  be  obtained  by  dividing  4:w  by 
the  solid  angle  subtended  by  the  main  lobe  between  half-power  points.  It  is 
apparent  that  a  highly  directive  antenna  will  have  a  very  sharp  (narrow  beam 
widths)  main  lobe. 

For  the  unit  current  source  the  directivity  is  given  by 


(fofc)2  sin2  d)/S2w2 

^  fofco2/l27T 


1.5  sin2  6 


upon  using  (2.6),  (2.7),  and  (2.8).  The  maximum  directivity  is  1.5. 


Gain 

The  gain  G(0,tf>)  of  an  antenna  differs  from  the  directivity  by  a  factor  which 
takes  into  account  the  efficiency  of  the  antenna.  Since  all  antennas  have  some 
dissipative  loss,  not  all  of  the  input  power  is  radiated.  The  gain  of  an  antenna 
is  defined  by 

^  power  density  per  unit  solid  angle  in  the  direction  dy<j>  0 
G{6,<f>)  =  4tt  total  input  power  to  antenna  1  ‘  } 

and  is  less  than  the  directivity  by  a  factor  equal  to  the  efficiency.  The  antenna 
gain  function  G(6, <j>)  is  obviously  a  more  useful  parameter  than  the  directivity 
in  describing  the  overall  performance  of  a  practical  antenna.  Both  gain  and 
directivity  may  be  referred  to  any  standard  antenna  such  as  a  half-wave  dipole 
antenna  instead  of  the  isotropic  radiator  used  above. 


Polarization 

The  unit  current  source  produces  a  linearly  polarized  field;  i.e.,  the  electric 
field  vector  is  always  in  the  0  direction.  A  more  complicated  antenna  may 
radiate  a  field  with  components  of  electric  field  in  both  the  0  and  $  directions. 
If  E$  and  E#  are  in  phase  everywhere,  the  electric  field  is  linearly  polarized, 
although  the  direction  of  polarization  (direction  of  total  E)  may  vary  with  the 
direction  in  space  as  specified  by  the  angles  8  and  <j> .  If  E$  and  E#  differ  in 
phase,  the  direction  of  the  resultant  electric  field  at  a  given  point  in  space  will 
change  periodically  at  an  average  angular  rate  o>.  The  tip  of  the  vector  repre¬ 
senting  the  total  electric  field  will  trace  out  an  ellipse  in  general,  and  the  field  is 
therefore  said  to  be  elliptically  polarized.  The  polarization  will  generally  also 
be  different  in  different  directions  in  space. 

To  illustrate  how  an  elliptically  polarized  field  arises,  let 

E$  =  Ei  cos  a? t  E#  =  E%  cos  (c d  +  \p) 
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at  a  given  point  in  space  and  where  Ex  and  E2  are  real  constants.  The  curve 
traced  out  by  the  resultant  electric  field  vector  may  be  determined  by  eliminat¬ 
ing  the  time  t .  We  have 


and  hence 


E+ 

E2 


COS  cot  COS  ip  = 


—  sin  cot  sin  \p  = 


Ee 

Ei 


COS  ^ 


=  sin2  cot  sin2  \p  = 


sin2  \p 


After  simplification  we  obtain 


fceEff, 

~EEE2 


cos  \p  =  sin2  \p 


(2.11) 


which  is  the  equation  of  an  ellipse.  In  the  special  case  when  E\  —  E2  and 
P  =  ±7r/2  the  field  becomes  circularly  polarized.  If  \p  =  dbx,  the  ellipse  de¬ 
generates  to  a  straight  line,  which  shows  that  the  field  is  then  linearly  polarized. 
Further  aspects  of  the  polarization  property  of  antennas  will  be  dealt  with 
later,  so  additional  details  will  not  be  given  in  this  section. 


Antenna  Impedance 

An  antenna  must  be  coupled  to  a  transmitter  by  means  of  a  transmission  line 
or  waveguide  in  order  to  be  excited  and  produce  radiation.  The  antenna  input 
impedance  presented  to  the  feed  line  is  consequently  an  important  parameter 
to  know  in  order  to  design  efficient  coupling  networks  that  will  give  maximum 
power  transfer.  The  antenna  input  impedance  will  generally  have  both  a 
resistive  and  a  reactive  part.  The  reactive  part  arises  from  the  near-zone  in¬ 
duction  fields,  because  these  fields  give  rise  to  a  reactive  energy  storage  in  the 
region  surrounding  the  antenna.  The  resistive  part  of  the  input  impedance  has 
contributions  from  all  physical  mechanisms  that  give  rise  to  a  loss  of  energy 
from  the  antenna.  The  radiated  power  is  the  desired  loss  mechanism,  but  other 
losses  are  also  unavoidably  present.  In  particular,  there  will  always  be  ohmic 
losses  present  because  of  the  finite  conductivity  of  the  antenna  structure. 
When  an  antenna  is  operated  near  a  lossy  ground,  additional  losses  arise  from 
the  currents  that  are  induced  in  the  ground.  It  is  very  desirable  to  have  the 
resistance  arising  from  radiated  power  (radiation  resistance)  be  much  greater 
than  that  arising  from  all  other  loss  mechanisms.  The  radiation  resistance  of 
an  antenna  is  defined  as  the  equivalent  resistance  that  would  dissipate  an 
amount  of  power  equal  to  the  total  radiated  power  when  the  current  through 
the  resistance  is  equal  to  the  current  at  the  antenna  input  terminals.  We  shall 
illustrate  the  evaluation  of  radiation  resistance  by  considering  a  short  linear 
current  radiator. 

An  antenna  that  approximates  the  unit  current  source  as  a  radiator  may  be 
constructed  by  capacitive  top  loading  of  a  short  dipole  antenna  as  illustrated 
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in  Fig.  2.3.  The  ends  of  the  dipole  illustrated  are  loaded  by  capacitive  disks  in 
order  to  obtain  essentially  a  uniform  current  along  the  antenna.  If  the  maxi¬ 
mum  dimensions  of  the  antenna  are  small  compared  to  the  wavelength,  the 


a* 


Fig.  2.3  A  short  dipole  with  capaci¬ 
tive  loading. 


antenna  will  radiate  as  a  unit  current  source.  For  an  antenna  length  l  and  a 
total  current  I  the  radiated  field  will  be  a  factor  II  greater  than  that  produced 
by  the  unit  current  source.  The  total  radiated  power  is  thus  given  by 
P  =  ko2{o\I\H2/l2Tr.  The  radiation  resistance  Rq  is 


(2.12) 


upon  replacing  f0  by  120tt  ohms.  As  a  typical  example,  if  l  =  0.0 1X0,  the  radia¬ 
tion  resistance  is  found  to  be  0.08  ohms.  This  particular  example  shows  that 
a  short  dipole  antenna  would  be  a  very  inefficient  radiator  because  of  the  low 
value  of  radiation  resistance.  Ohmic  losses  and  ground  losses  would  normally 
contribute  a  much  greater  resistive  component  to  the  input  impedance.  A 
short  dipole  antenna  also  has  a  large  capacitive  reactance,  which  further  com¬ 
pounds  the  difficulty  of  efficiently  feeding  power  to  the  antenna. 

The  above  discussion  should  have  made  it  apparent  that  the  evaluation  of 
antenna  input  impedance  is  an  important  problem.  It  will  be  dealt  with  briefly 
in  a  later  section  and  in  considerable  detail  in  later  chapters. 


2.4  Magnetic  Dipole  Radiation 

Figure  2.4  illustrates  a  small  circular  current  loop  with  a  diameter  much 
smaller  than  a  wavelength.  A  current  source  of  this  kind  may  be  regarded  as  a 
localized  magnetic  dipole  of  moment  M  =  SIz ,  where  S  is  the  area  of  the  loop 
and  I  is  the  current.  The  radiated  field  is  readily  found  by  using  the  magnetic 
hertzian  potential  Hm  (see  Probs.  1.5  and  1.6).  The  equations  to  be  solved  are 

V2nm  +  h2Um  =  — M  =  —  SIzbix) 

E  =  -jcomoV  x  nm 


H  =  (fc>2  +  w  •  )nm 


(2.13) 

(2.14a) 

(2.146) 
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Comparing  these  equations  with  the  corresponding  equations  for  electric  dipole 
radiation  shows  that  the  two  problems  are  duals.  For  magnetic  dipole  radia¬ 
tion  the  roles  of  the  electric  and  magnetic  fields  are  interchanged.  The  solution 
for  nm  is 

p—jk0r 

nm  =  S/z  —  (2.15) 


Fig.  2.4  The 
small  current 
loop,  or  mag¬ 
netic  dipole. 


as  comparison  with  (2.1)  and  (2.3)  shows.  A  straightforward  analysis  shows 
that  the  radiated  field  is  given  by 


+  l\  e-»,  si„  ,  S 

4?r  yr  rij 


e~jk° r  cos  6  r 


S//W 

4  V  r 


e~jk0r  g^n  Q  g 


(2.16a) 

(2.166) 


In  view  of  the  dual  nature  of  the  solution  it  is  apparent  that  the  radiation 
patterns  for  electric  and  magnetic  dipoles  are  identical.  The  total  power 
radiated  by  the  magnetic  dipole  is  readily  evaluated  and  is  given  by 


ko4US\i\y 

127 r 


(2.17) 


From  this  expression  the  radiation  resistance  of  the  small  loop  antenna  is 
found  to  be 


320tt4 


& 

X04 


(2.18) 


Exercise  2.2  Carry  out  the  detailed  analysis  leading  to  (2.16)  and  (2.17). 


2.5  Radiation  from  Arbitrary  Current  Distributions 

The  electromagnetic  field  radiated  by  an  arbitrary  current  distribution  may 
be  found  by  means  of  the  superposition  principle.  An  arbitrary  current  distri¬ 
bution  can  be  regarded  as  a  suitable  weighted  distribution  of  unit  current 
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sources,  and  the  vector  potential  that  results  is  the  linear  sum  of  all  the  con¬ 
tributions  from  each  current  element.  For  a  volume  distribution  of  current  as 
illustrated  in  Fig.  2.5  the  vector  potential  is  given  by 

<219> 


Fig.  2.5  An  arbitrary  current  source. 


where  R  =  |r  —  r'j.  This  result  is  obtained  by  using  (2.4)  for  the  vector 
potential  for  a  unit  current  element  and  integrating  over  the  total  current 
distribution. 

From  the  vector  potential  we  can  obtain  the  magnetic  and  electric  fields  by 
using  (1.60).  Thus  we  find  that  the  magnetic  field  is  given  by 


(2.20) 


where  the  curl  operator  has  been  brought  inside  the  integral  sign.  The  electric 
field  is  given  by 


E(r)  =  -  J —  V  X  V  X  A 
jo>e0juo 


=  A_v  X  H 

JMa 


If  we  use  the  vector  expansion  V  X  (A  X  B)  =  AV*B  —  BV-A  +  (B*V)A 
—  (A*V)B  and  note  that  J(r')  is  not  a  function  of  r,  we  find  that 

1  r  p  jkfiR  p  jk^R  "1 

E(r)  =  JZS  /,  F  Hr  +  m  -vv  HS  \ iv  <2  21) 

where  the  term  V2(e~jk°R/4:n rR)  has  been  replaced  by  —  k02  (. e~jkoR / 4:ttR),  since  this 
latter  function  is  a  solution  of  the  homogeneous  scalar  Helmholtz  equation  for 
R  0.  The  solution  (2.21)  holds  only  in  the  region  external  to  the  volume 
containing  the  current  source  J,  since  R  is  restricted  to  be  nonzero. 

In  the  general  case  the  evaluation  of  the  integrals  in  (2.20)  and  (2.21)  is 
difficult  to  carry  out.  In  radiation  problems  three  regions  of  physical  space  are 
usually  distinguished.  The  first  region  is  the  near-zone  field  region  for  which 
no  general  approximations  may  be  made  in  the  evaluation  of  (2.20)  and  (2.21) 


RADIATION  FROM  SIMPLE  SOURCES 


39 


for  the  fields.  The  second  region,  called  the  Fresnel  region,  is  the  region  of 
physical  space  between  the  near-zone  region  and  the  far-zone  or  Fraunhofer 
region.  The  Fresnel  and  Fraunhofer  regions  are  characterized  by  the  type  of 
approximations  that  may  be  made  in  the  integrands  in  (2.20)  and  (2.21). 
Since  the  far-zone  region  is  the  least  stringent,  we  shall  consider  it  in  detail  first. 

The  far-zone  region  corresponds  to  the  region  in  which  the  radiation  field 
predominates  and  hence  is  the  region  of  most  interest  in  connection  with 
antennas.  The  far-zone  region  is  characterized  by  the  conditions  that  r  is 
much  greater  than  the  maximum  value  of  rf  and  also  much  greater  than  the 
free-space  wavelength  X0,  that  is,  k%r  1.  Using  the  binomial  expansion,  we 
have 


(r2  +  r'2  —  2r*r')^ 


r  —  ?  *r'  =  r  —  r'  cos  \p 


where  ^  is  the  angle  between  r  and  r'  as  in  Fig.  2.5.  We  now  approximate 


-  exp  [-jk0(r 


and  then  find  that  by  including  terms  of  order  l/r  only 


Y  exp  [-jkQ(r  -  r-rQ] 

r 


rr- sin  *  4 


jk  o 


exp  [—jkQ(r  —  r-r')] 


exp  ( —jk0r)  exp  (jkQr*rf)  (2.22) 


where  ^  is  a  unit  vector  in  the  direction  of  ^  increasing.  When  we  use  this 
result  in  (2.20),  we  obtain 


e—jkar 

4  wr 


J(r')  X  r  exp  (jk 0f -r')  dV 


(2.23o) 


for  the  far-zone  magnetic  field.  To  the  same  order  of  approximation  it  may  be 
verified  that  for  the  far-zone  field  (2.21)  gives 


E  - 


-fof  X  H  =  [(f.J)f  -  J]  exp  (jkot •  r')  dV 


jk  ofoe 


jk  or 


47rr 


/  V*®  +  JS)  exp  OVt')  dV’  (2.23 b) 


Thus  it  is  seen  that  in  the  far-zone  field  the  relation  between  E  and  H  is  that 
which  is  characteristic  of  spherical  TEM  waves.  In  the  evaluation  of  (2.23 a, 6) 
it  is  useful  to  be  able  to  transform  the  components  in  a  spherical  coordinate 
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frame  to  a  rectangular  coordinate  frame,  and  vice  versa.  For  this  purpose  the 
following  relations  are  useful: 


x  =  f  sin  6  cos  <t>  +  0  cos  6  cos  <£  —  <f>  sin  0 
y  =  r  sin  6  sin  <f>  +  0  cos  6  sin  <t>  +  $  cos 
z  =  r  cos  0  —  0  sin  0  (2.24) 

?  =  x  sin  6  cos  <f>  +  y  sin  9  sin  <t>  +  z  cos  0 
0  =  x  cos  0  cos  <f>  +  y  cos  0  sin  <t>  —  z  sin  6 
$  =  —x  sin  <f>  +  y  cos  <t> 

We  now  return  to  a  consideration  of  the  Fresnel  region.  The  usual  approxi¬ 
mations  that  are  considered  in  defining  the  Fresnel  region  are  r  ^>>  rf ,  k0r^>  1, 
but  with  r,  r',  and  X0  such  that  terms  in  r/2  must  be  retained  in  the  phase  term 
in  the  exponential.  We  have 

R  =  r  -  r-r  +  ^-[r'2  -  (r-r')2] 


to  terms  of  order  (r'/r)2.  Thus  in  the  Fresnel  region  the  vector  potential  is 
given  by 


(2.25) 


In  the  evaluation  of  the  field  from  A,  terms  with  amplitudes  decreasing  faster 
than  1/r  are  neglected.  Thus  the  essential  difference  between  the  approxima¬ 
tions  involved  in  the  Fraunhofer  and  Fresnel  regions  is  only  in  the  phase  term 
in  the  exponential.  There  is  no  clearly  marked  boundary  between  the  three 
regions,  i.e.,  the  near-zone,  Fresnel,  and  far-zone  regions,  since  the  range  of  r  in 
which  the  approximations  outlined  above  may  be  made  is  dependent  on  the 
current  distribution  J(r').  In  the  case  of  radiation  from  a  plane  aperture  with  a 
maximum  linear  dimension  L  the  far-zone  or  Fraunhofer  region  is  commonly 
considered  to  begin  for  r  somewhere  between  T2/X0  and  2 L2/X0  (see  Silver10). 
The  significance  of  this  criterion  may  be  seen  by  referring  to  the  exponent 
fc0[f  * r'  +  (r  *r')2/2r  —  r'2/2r]  in  (2.25).  If  the  maximum  value  of  r'  is  L,  and  r 
is  equal  to  2 L2/X0,  the  two  last  terms  in  the  exponent  will  correspond  to  a  phase 
angle  not  exceeding  kr'2/2r  =  &0T2X0/4L2  =  r/2.  Thus  the  phase  angle  of  the 
various  contributions  to  the  field  from  the  current  distribution  will  be  given  by 
the  term  fcof  •  r'  alone  with  a  maximum  error  not  exceeding  tt/2.  The  additional 
terms  will  not  introduce  a  phase  angle  large  enough  to  cause  the  various  con¬ 
tributions  to  add  up  to  give  a  significantly  different  field  intensity  as  long  as  r  is 
greater  than  the  specified  minimum  value.  In  order  to  have  a  significant 
Fresnel  region,  the  term  hrn/r  should  assume  values  as  large  as  several  ir 
radi&ns.  Thus  the  condition  1  <<C  (r/rf)  <<C  (r'/X o)  holds  in  the  Fresnel  zone. 
For  a  current  distribution  that  is  small  compared  with  the  wavelength  it  is 
possible  to  distinguish  only  two  zones,  the  near-  and  far-field  zones. 
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When  measurements  to  determine  the  radiation  pattern  of  an  antenna  are 
made,  it  is  important  that  these  measurements  be  taken  in  the  far-zone,  or 
Fraunhofer,  region  in  order  that  they  will  be  truly  representative  of  the  radia¬ 
tion  pattern.  In  the  Fresnel  region  the  field  amplitude  will  vary  with  direction 
and  distance  from  the  source  in  a  manner  quite  different  from  the  behavior  in 
the  far-zone  region. 


2.6  Free  Space  Dyadic  Green’s  Functions 


The  evaluation  of  the  fields  produced  by  a  given  source  distribution  may  be 
systematized  by  the  use  of  dyadic  Green’s  functions.  An  introduction  to  this 
topic  is  presented  below.  (For  a  more  detailed  discussion  see  Morse  and 
Feshback11.) 

To  illustrate  certain  basic  properties  of  a  dyadic  Green’s  function  consider 
the  solution  (2.19)  for  the  vector  potential.  If  we  note  that  the  scalar  product 
of  the  unit  dyadic  I  =  xx  +  yy  +  zz  with  a  vector  source  J  gives  (•  J  =  J,  we 
see  that  the  solution  for  the  vector  potential  can  be  written  in  the  form 


/p-jk  oir—r'i 

,4T7 ^ 


The  quantity 


G(rlr')  = 


— jkQ\r-r' 


At  r  —  r' 


(2.26) 

(2.27) 


is  the  free  space  dyadic  Green’s  function  for  the  vector  potential.  If  the  solu¬ 
tion  for  A  is  substituted  into  the  inhomogeneous  Helmholtz  equation  and  the 
order  of  integration  and  differentiation  interchanged,  we  obtain 

fv  (V2  +  A-„2)G(r Jr') •  J(r')  dV'  =  - J(r)  (2.28) 


If  this  equation  is  to  be  valid,  it  is  necessary  that  G  be  a  solution  of 


(V2  +  io2)G(r|r')  =  —  l5(r  -  r')  (2.29) 

since  then  we  obtain 

Jy  3(r  -  r')l-J(r')  dV  =  J(r) 

The  following  two  properties  of  the  dyadic  Green’s  function  are  thus  apparent : 


1.  It  is  a  linear  dyadic  operator  that,  when  scalar-multiplied  by  a  vector 
current  source  element,  gives  the  required  vector  field  from  that  source  element. 

2.  It  satisfies  an  equation  of  the  same  form  as  that  for  the  field  to  be  deter¬ 
mined  but  with  a  source  term  [5(r  —  r').  When  the  dyadic  Green’s  function  is 
known,  the  field  from  an  arbitrary  source  distribution  may  be  found  by  means 
of  a  superposition  integral. 
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With  the  above  introductory  remarks  we  shall  now  consider  the  free  space 
dyadic  Green’s  function  for  the  electric  field.  The  electric  field  is  a  solution  of 
the  equation 

(V  X  V  X  -/c02)E(r)  =  -ja)/xoJ(r)  (2.30a) 

The  dyadic  Green’s  function  G(rir')  is  a  solution  of 

(V  X  V  X  -fc02)G(rJr')  =  |5(r  -  r')  (2.306) 

and  is  so  chosen  as  to  satisfy  the  radiation  condition  at  infinity.  To  find  the 
solution  for  the  free  space  dyadic  Green’s  function  we  shall  use  the  method 
introduced  by  Levine  and  Schwinger.12  The  divergence  of  (2.306)  gives 

-fco2V-G(r|r')  =  V*l5(r  -  r')  =  V5(r  -  r') 

since  the  divergence  of  the  curl  of  any  vector  is  zero.  If  we  also  take  the 
gradient  of  this  last  result,  we  obtain 

VV-G(r|r')  =  — r^VV5(r  -  r')  (2.31) 


which  we  shall  make  use  of  later.  We  may  rewrite  (2.306)  in  the  form 

(V2  +  /c02)G(r|r')  -  VV-G(r|r')  =  —  l5(r  -  r') 

by  using  the  identity  VXVXF  =  VV*F  —  V2F.  If  we  now  employ  (2.31), 
we  see  that 

(V2  +  fc02)G(r|r')  =  - (l  +  ^)«(r  -  r')  (2.32) 

which  shows  that  G  can  be  obtained  from  a  scalar  Green’s  function  (?o(r|r')  that 
satisfies  the  equation 

(V2  +  fc02)Go(rlrO  =  — -S(r  -  r')  (2.33) 

by  operating  on  Go  by  the  dyadic  operator  I  +  V V //c02,  since  this  operator  and 
the  V2  +  kQ2  operator  commute,  that  is, 

0 + S)(y2 + fc°2)G° = (v2 + fco2)(' + W)G° = _(l + S)3(r  - f,) 

The  solution  for  the  scalar  Green’s  function  is 

jTcolr-r'l 

G0(r|r')  =  ^ - -  (2.34) 

v  *  4x  r  —  r 


Hence  the  required  dyadic  Green’s  function  for  the  electric  field  is  given  by 


G(rlr') 


(\  ,  w\  e-^0 11-1,1 

V  +  u  )  47r|r  -  r' 


(2.35) 
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In  terms  of  this  Green’s  function  the  electric  field  produced  by  an  arbitrary 
current  distribution  is  given  byf 

E(r)  =  -jop o  f,  J(r')-G(r'|r)  dV’  r  not  in  V  (2.36) 

The  free  space  dyadic  Green’s  function  satisfies  the  reciprocity  relationship 

G(r|r')  =  G(r'|r)  (2.37a) 

and  the  symmetry  property 

G(r|r')  =  G*(r|r')  (2.376) 

as  may  be  seen  by  examining  the  specific  form  of  G  as  given  by  (2.35).  The 
modified  dyadic  Green’s  function  that  would  be  used  in  the  presence  of  finite 
boundaries  will  satisfy  the  reciprocity  relationship  (2.37a)  in  a  reciprocal 
medium,  but,  in  general,  it  does  not  satisfy  the  symmetry  property  (2.376)  (see 
for  example  Collin13). 

For  a  two-dimensional  source  (an  infinite  line  source)  the  scalar  Green’s 
function  is  a  solution  of 

(V2  +  fco2)(?0(r|r')  =  -5(x  -  x')d(y  -  yf)  (2.38) 

The  solution  for  Go  is  given  by 

0 

Go(x,y\x’ ,y’)  =  -l  H^(x  -  x')>  +  (y  -  y'Y]  (2.39) 

where  Ho 2  is  the  cylindrical  Hankel  function  of  the  second  kind  and  order  zero. 
The  corresponding  two-dimensional  dyadic  Green’s  function  is  a  solution  of 

(V  x  v  x  -WG  =  ltd(x  -  x')5(y  -  y')  (2.40) 

and  is  given  explicitly  by 

G(x,y\x',y')  =  (l(  +  JpjG„(x,y\x' ,y')  (2.41) 

where  I*  is  the  two-dimensional  unit  dyadic  xx  +  yy. 


2.7  Radiation  from  Thin  Wire  Antennas 

Since  an  antenna  must  be  of  the  order  of  a  wavelength  in  size  before  it  will 
radiate  efficiently,  practical  antennas  at  the  longer  wavelengths  (50  m  or  more) 
are  necessarily  of  simple  form  for  structural  reasons.  Long  straight  wires  of 
small  cross  section  are  commonly  used.  It  has  been  verified  both  theoretically 

fTo  obtain  the  correct  field  inside  the  source  region  a  term  —  (|/3&o2)5(r  —  r')  must  be 
added  to  the  Green’s  dyadic  and  the  principal  value  of  (2.36)  taken,  or  alternatively  VV 
should  be  replaced  by  —  VV’.32 
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and  experimentally  that  the  current  distribution  on  long  thin  wire  antennas 
may  be  approximated  by  a  simple  sinusoidal  standing  wave.  Much  of  the 
early  literature  on  antennas  deals  with  the  thin  wire  antenna.  Some  of  the 
relevant  early  papers  are  those  by  Abraham,14  Pocklington,18  and  Bechmann.16 
For  a  comprehensive  analysis  the  book  by  King  should  be  consulted.8  We  shall 
only  be  concerned  with  the  evaluation  of  the  far-zone  or  radiation  field  from 
long  thin  wire  antennas  for  the  purpose  of  illustrating  the  application  of  the 
superposition  principle  in  calculating  radiation  fields  from  known  current 
distributions 

Figure  2.6  illustrates  a  thin  long  wire  antenna  fed  at  the  center  by  a  trans¬ 
mission  line.  The  antenna  cross-sectional  dimensions  are  assumed  to  be  very 
small  compared  with  the  wavelength,  so  that  we  may  assume  the  current  to  be 


Fig.  2.6  A  long  thin 
wire  antenna. 


concentrated  at  the  center.  We  shall  evaluate  the  radiation  field  and  radiation 
resistance  under  the  assumption  that  the  current  distribution  is  sinusoidal  and 
of  the  form  I (z)  =  /0  sin  k0(l  —  \z\)y  where  21  is  the  total  antenna  length.  The 
far-zone  field  may  be  found  by  summing  up  the  contribution  from  each  ele¬ 
ment  of  current  70  sin  k0(l  —  \z\)  dz  according  to  expression  (2.23 b).  Thus  we 
have 

E  =  e~’kir  [  ‘  h  sin  k0(l  -  |z'|)(r -zr  -  z)  exp  (jk0r-r')  dz' 

47t  r  J  - 1 

—  e~jk°r  j  i  Iq  sin  k0(l  —  \zr\)  exp  ( jk0z f  cos  8)  0  sin  0  dz * 

=  jfco/o  _jkQr  f  cos  (kpl  cos  6)  —  cos  kQl 
2irr  6  sin  8 

The  magnetic  intensity  H$  is  given  by  Ee/fo 

The  radiation  pattern  is  independent  of  the  angle  <j>  because  of  the  rotational 
symmetry  of  the  antenna.  As  a  function  of  8  the  pattern  exhibits  a  single 


8  (2.42) 
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major  lobe  for  21  =  X0/2  and  21  —  X0.  For  greater  lengths  several  lobes  of 
unequal  amplitude  occur  depending  on  the  antenna  length.  As  the  antenna 
length  is  increased  the  lobes  become  sharper  (narrower  beam  width).  Typical 
patterns  that  are  obtained  for  several  different  values  of  2l/\0  are  illustrated 
in  Fig.  2.7. 


A* 


Fig.  2.7  Radiation  patterns  for  thin  center-fed  long  wire 
antennas  for  several  values  of  n  —  2 l/\Q. 


An  interesting  feature  of  the  expression  (2.42)  for  the  far-zone  electric  field 
from  a  line  source  is  that  it  may  be  regarded  as  a  F ourier  transform  of  a  finite- 
length  current  distribution.  If  we  have  a  current  distribution 


2 

z 


<  l 

>  l 


the  corresponding  far-zone  electric  field  is  given  by 


-T7  7fofco  sin  d 

Ee  =  - e~3k*f(k 0  cos  d) 


47TT 


where 


f(ko  cos  0)  =  f  F(z')e *' 


kn cos  B 


dz' 


The  inverse  Fourier  transform  relation  gives 


(2.43) 

(2.44) 


(2.45) 
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where  we  have  put  kQ  cos  6  =  kz.  The  usefulness  of  this  Fourier  transform 
relationship  stems  from  the  possibility  of  applying  well-known  results  about 
Fourier  transform  pairs  to  the  problem  of  designing  or  synthesizing  a  line 
source  distribution  F(z')  to  yield  a  desired  radiation-pattern  function  f(k0  cos  0). 
We  shall  have  a  good  deal  more  to  say  about  Fourier  transform  relationships 
of  the  above  type  in  the  next  chapter  and  shall,  therefore,  postpone  the  de¬ 
tailed  discussion  until  later. 


Radiation  Resistance 


The  radiation  resistance  of  a  long  wire  antenna  may  be  found  by  evaluating 
the  total  radiated  power  passing  through  a  large  spherical  surface  surrounding 
the  antenna.  For  a  sinusoidal  standing-wave  current  distribution  for  which 
the  electric  field  is  given  by  (2.42)  the  total  radiated  power  is 


P 


1 


2f0 


P  /  T  \Ee\2  r2  sin  6  d6  d<j> 


fp/o2  f  *  [cos  (kpl  cos  6)  —  cos  M]2 
47 r  Jo  sin  6 


(2.46) 


The  details  for  evaluating  the  integral  are  given  in  Exercise  2.3.  It  is 
found  that 


P  = 


47 r 


sin  2k0l  [Si(2 kj)  -  H  Si  (4 kj)] 

+  (1  +  cos  2A:0Z)[ln  2 kQly  —  Ci  (2 kQl)] 

cos  2 k0l 


[In  4Wy  —  Ci 


i  (4W)]  [ 


(2.47) 


where 


Si 


i  w  =  / 


*  sin  x 


x 


dx 


sine 


Ci 


i  (^)  =  -/ 


GO 


COS  X 
X 


dx  =  cosine  integral 


L 


x  1 


COS  X 


X 


dx  =  In  yx  —  Ci  (x)  In  y  =  0.5772 


Exercise  2.3  To  evaluate  the  integral  in  (2.46)  let  cos  6  =  u  to  obtain 


T  r  i  (cos  kju  —  cos  kd)2  , 

I  —  J  - t - 1 - du 


1  —  u2 


Next  note  that 


1 


-i - ~(— 

-  w2  2\1  - 


1 


- ^  T  i 

u  1  +  u 


and  that  the  integrals  involving  1  —  u  and  1  are  equal  so  that 


1  1  +  cos  2kdu 

i  2(1  —  u ) 


du  +  cos 


ul 


i  cos  kd  —  2  cos  kdu 
-1  1  —  u 


du 
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Now  replace  u  by  1  —  v,  expand  the  trigonometric  functions,  and  regroup  the  terms 
to  obtain 

r  .  ^7  7  f2  /sin2&o^  sin  kdv 

I  =  sm  2kol  /  (  — - - 

J  o  \  2v  v 

.  /I  1  07  A  f 2  1  —  C0S  j  f 2  1  -  COS 

+  (1  +  cos  2fcoO  /  - cfo  —  cos  2fe^  /  - cfo 

Jo  V  Jo  V 

The  result  given  by  (2.47)  now  follows. 

The  radiation  resistance  referred  to  the  antenna  input  terminals  is  obtained 
by  dividing  the  total  radiated  power  by  one-half  of  the  square  of  the  input 
current,  i.e.,  by  } /2  702  sin2  kQl.  Thus,  for  example,  for  the  half-wave  dipole 
antenna  we  obtain  (21  =  X0/2) 

Ro  =  [In  2wy  -  Ci  (2x)]  =  73  ohms  (2.48) 

The  integrals  involved  in  (2.47)  are  tabulated  in  Jahnke  and  Emde,17 

When  the  antenna  length  is  a  multiple  of  a  wavelength  X0,  our  results  predict 
an  infinite  radiation  resistance  referred  to  the  feed  point  because  the  input 
current  is  now  zero;  i.e.,  a  null  in  the  standing-wave  current  distribution  occurs 
at  the  feed  point.  An  infinite  radiation  resistance  is  not  observed  in  practice, 
although  values  of  1,000  ohms  or  more  may  occur.  The  theory  breaks  down 
because  the  assumed  current  distribution  is  not  sufficiently  accurate,  at  least 
in  the  vicinity  of  the  feed  point.  More  accurate  theories  are  presented  in 
Chaps.  8  to  10. 


2.8  Radiation  from  a  Traveling-wave  Source 


On  certain  practical  long  wire  antennas  the  current  distribution  may  be 
approximated  as  a  traveling  wave.  One  antenna  in  this  class  that  is  frequently 
used  is  the  rhombic  antenna.  Its  properties  are  discussed  in  detail  by  Laport 
in  the  “Antenna  Engineering  Handbook/'18  To  illustrate  the  features  of  radia¬ 
tion  from  a  traveling- wave  source  we  shall  consider  the  simple  case  of  a  linear 
antenna  of  total  length  21,  as  illustrated  in  Fig.  2.6,  on  which  a  current  distribu¬ 
tion  1  =  I$e~jk*z  has  been  excited. 

The  electric  field  from  a  traveling- wave  line  source  may  be  found  by  using 
the  Fourier  transform  relations  (2.43)  and  (2.44).  Thus  we  have 


E 


0 


Sin  fl  e-jk0r  f  j  g- jk0z  (1— cos  0) 

47 rr  J -I 


=  jU^o  sin  B 

2  7TT 


jkor 


sin  fcpZ(l  —  cos  6) 
l  —  cos  e 


(2.49) 
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for  the  far-zone  electric  field.  The  radiation  pattern,  illustrated  in  Fig.  2.8, 
consists  of  a  single  major  conical  lobe  tilted  in  the  direction  of  propagation  of 
the  current  wave,  together  with  one  or  more  minor  lobes  depending  on  antenna 
length.  The  most  distinguishing  difference  between  the  radiation  pattern  of  a 


Fig.  2.8  Radiation  patterns  from  a  traveling- wave  source. 


standing-wave  current  source  and  a  traveling- wave  source  is  the  forward  tilt  of 
the  pattern  in  the  latter  case.  The  amount  of  tilt  increases  with  the  length  of 
the  antenna,  and  at  the  same  time  the  major  lobe  becomes  sharper.  The  tilt 
in  the  pattern  can  also  be  increased  by  loading  the  antenna  wire,  e.g.,  coating 
it  with  a  dielectric  sleeve,  so  as  to  reduce  the  phase  velocity  of  the  current  wave. 
A  detailed  discussion  of  these  aspects  of  traveling-wave  sources  is  given  in  the 
text  by  Walter.19 


2.9  Antenna  Input  Impedance 

In  this  section  we  shall  present  two  approximate  methods  for  evaluating  the 
antenna  input  impedance.  More  exact  theories  are  given  in  Chaps.  8  to  10. 
The  classical  method  of  impedance  evaluation  for  cylindrical  antennas  is  the 
induced  electromotive  force  or,  briefly,  the  emf  method.  A  somewhat  more 
satisfactory  method  is  the  variational  method.  These  two  methods,  as  applied 
to  the  cylindrical  antenna,  are  discussed  below. 

EMF  Method  for  Antenna  Impedance 

The  integral  of  the  inward  component  of  the  complex  Poynting  vector  over  a 
closed  surface  S  gives 

H  fB  E  x  H*-dS  =  2 jw(Wm  -  W.)  +  P  (2.50) 

where  Wm  —  We  is  the  time-average  net  reactive  energy  stored  within  the 
volume  bounded  by  S  and  P  is  the  total  power  flow  through  S.  When  the 
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left-hand  side  of  this  equation  can  be  expressed  as  the  product  of  an  equivalent 
voltage  V  and  the  complex  conjugate  of  an  equivalent  current  /,  the  theorem 
gives  a  means  of  defining  the  input  impedance  seen  looking  into  the  enclosed 
volume.  The  application  of  (2.50)  to  the  evaluation  of  the  antenna  input  im¬ 
pedance  constitutes  the  classical  emf  method  for  evaluating  the  antenna  input 
impedance.20-24 

The  antenna  model  which  we  shall  consider  is  the  thin  cylindrical  antenna  of 
total  length  21  illustrated  in  Fig.  2.6.  The  current  on  the  antenna  is  assumed 
to  be  given  by  I  =  70  sin  ko(l  —  \z\)  and  to  be  uniformly  distributed  about  the 
center  with  density  Jz  =  //27ra,  where  a  is  the  antenna  radius.  To  apply  the 

emf  method,  the  near-zone  electric  field  component  Ez  is  required.  The  vector 
potential  is  given  by 


where  R  =  [p2  +  (z  —  z')2]h  and  p2  =  x2  +  y 2  and  the  current  has  been  as¬ 
sumed  concentrated  at  p  =  0  for  the  purpose  of  evaluating  the  vector  potential. 
The  field  Ez  is  given  by  the  expression 


1 

jufJL  0€0 


k02Az  + 


and  may  be  evaluated  to  give25 


where 


(2.51) 


r  =  (p2  +  z2)h  Ri  =  [p2  +  (z  —  |)2]* 


R2  =  [p2  +  (z  +  l)2f 


The  near-zone  electric  field  given  by  (2.51)  does  not  vanish  on  the  perfectly 
conducting  surface  of  the  antenna.  This  results  from  the  arbitrary  assumption 
of  a  sinusoidal  standing-wave  current  distribution  on  the  antenna  without  any 
reference  to  the  method  of  exciting  the  antenna.  A  possible  way  of  making  the 
resultant  near-zone  field  and  current  distribution  an  exact  solution  is  to  assume 
that  the  antenna  is  driven  by  a  magnetic  current  sheet  -nXE  placed  on  the 
surface  of  the  antenna.  The  extent  to  which  a  practical  method  of  exciting  the 
antenna  is  equivalent  to  this  magnetic  current  sheet  as  far  as  impedance  cal¬ 
culations  are  concerned  cannot  be  answered  within  the  framework  of  the 
classical  approach.  Recourse  to  more  exact  theories  or  experimental  results  is 
necessary  to  judge  the  validity  of  the  computed  values  of  impedance. 

If  (2.o0)  is  applied  to  the  immediate  surface  surrounding  the  antenna  and 
HI  is  replaced  by  and  end  effects  are  neglected,  we  obtain 

Vz  $8  E  X  H*»dS  =  -y2  j  i  Ez(a,z)J*  a  d<t>  dz 

=  -V2  jl_Ez{a,z)lUz  -  2MWm  -  We)  +  Pr  (2.52) 
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where  Pr  is  the  total  radiated  power.  Referred  to  the  current  at  the  antenna 
input,  the  input  impedance  is  given  by 

lA  hit  Zi n  sin2  hi  =  2jo)(Wm  ~  We)  +  Pr 

or  from  (2.52) 

1 


Z  in  —  — 


70/o  sin2  kd  J  -i 


EJ*  sin  h(  z\  —  l)  dz 


(2.53) 


Substituting  for  Ez  from  (2.51)  and  separating  (2.53)  into  real  and  imaginary 
parts  gives 

sin  hr  sin  hRi 


Rom  =  Ro  sin2  hi  =  / 


2  cos  hi 


r  Ri 

sin  hR* 


Xo m  —  Xn  sin2  kd 


0 


0' 


fb.  fl 

J  - 


2  cos  hi 


Ri 

cos  hr  cos  hRi 
r  Ri 

cos  k0R2 


sin  h  (\z\  —  l)  dz  (2.54 a) 


R 


sin  h  (\z\  —  l)  dz 


(2.545) 


where  Zin  =  R0  +  jX0  and  R0m,  XQm  are  the  resistance  and  reactance  referred 
to  the  current  antinode  value  /0. 

In  the  integral  for  RQm  the  antenna  radius  a  may  be  placed  equal  to  zero  with 
negligible  error  when  a  <<C  l  and  a  <5C  Xo.  This  is  readily  seen  to  be  the  case  by 
noting  that  a  affects  the  value  of  r,  Rh  and  R2  significantly  only  when  these 
radii  approach  zero.  But  in  this  region  hRi  is  very  small  and  (sin  hRi) /hRi  is 
approximately  equal  to  unity.  However,  in  the  integral  for  X0m  the  functions 
(cos  hRi) /Ri  become  very  large  when  Ri  becomes  small,  so  the  effect  of  antenna 
radius  must  be  retained  in  the  evaluation  of  the  reactance. 

Upon  placing  a  equal  to  zero,  (2.54a)  becomes 


R 


0  m 


To 

47 r 


/: 


2  cos  hi 


sin  h z  sin  kQ(l  —  z) 


l  —  2 

sin  h(l  +  z) 
l  +  2 


sin  ko(\z\  —  l)  dz  (2.55) 


The  evaluation  of  this  integral  yields  the  result  given  by  (2.47)  if  the  latter  is 
divided  by  A  7o2.  In  the  integral  for  X0m  the  antenna  radius  a  cannot  be  placed 
equal  to  zero.  The  two  terms  involving  Ri  and  R2  contribute  equal  amounts, 
so  we  have 

cos  koT  cos  koR]\  .  i  /i  \  i  /o 

- - j  sm  h(\z\  —  i)  dz  (2.56) 

r  Ki  J 


X 


0  m 


_£l  t'( 
2iri_A 


cos  hi 


The  evaluation  of  this  integral  is  straightforward  but  tedious.  The  details  may 
be  found  in  Ref.  25.  We  shall  give  only  the  final  results,  which  are 


Zom  =  si  (2W)  +  [2  si  (2W)  ~ Si  (4fcoZ)1  cos  2k°l 


In  ^  -  2.414 
o2 


Ci  (4 hi)  +  2  Ci  (2 W) 


sin  2 kA  (2.57) 
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By  a  suitable  choice  of  antenna  length  l  the  reactance  XQm  can  be  made  zero. 
Equating  (2.57)  for  X0m  to  zero  determines  the  antenna  resonant  length  for  a 
given  value  of  l /a2.  Note  that,  as  l/a 2  increases,  sin  2 kQl  must  approach  zero  in 
order  to  make  X0m  vanish.  Thus  the  resonant  length  of  an  infinitely  thin 
antenna  occurs  when  2k0l  =  mr ,  that  is,  21  =  nX0/2. 

The  input  resistances  R0  and  fib™  are  plotted  in  Fig.  2.9.  Experimental 


0  0.5  1.0  1.5  2.0  2.5 

2//\o 


Fig.  2.9  Input  resistance  of  a  thin  center-fed  antenna  as 
obtained  by  the  emf  method. 


measurements  show  that  for  a  thin  antenna  an  input  resistance  of  very  nearly 
73  ohms  is  obtained  for  21  =  X0/2  and  that  the  values  of  input  resistance  may 
exceed  a  few  thousand  ohms  for  21  =  X0.  The  classical  theory  predicts  an  in¬ 
finite  value  for  R0  when  21  =  X0,  but  this  is  not  achieved  in  practice.  A  plot  of 
Xq  is  given  in  Fig.  2.11. 


Variational  Method  for  Antenna  Impedance 

Storer  has  demonstrated  that  a  stationary  or  variational  expression  for  the 
cylindrical  antenna  input  impedance  can  be  formulated.26  The  technique  is 
similar  to  the  variational  methods  introduced  for  waveguide  discontinuity 
problems  by  Schwinger.  The  method  was  also  developed  and  applied  by  Tai 
to  both  the  cylindrical  and  biconical  antennas.27’28 

The  derivation  of  the  variational  principle  for  the  thin  cylindrical  antenna 
will  be  presented  here.  An  application  of  the  method  to  the  biconical  antenna 
is  discussed  in  Chap.  12.  The  antenna  model  to  be  considered  consists  of  a 
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thin  cylindrical  conductor  of  length  21  and  radius  a  and  driven  by  a  magnetic 
ring  source  at  the  center.  The  electric  field  satisfies  the  boundary  condition 


d 


<  z  <  l 


d  .  .  d 

2  -  2  -  2 


(2.58) 


where  d  is  the  width  of  the  magnetic  ring  source  and  Ea  is  a  cylindrically 
uniform  but  not  necessarily  constant  applied  electric  field,  that  is, 
Ea(z)  =  J m(z) ,  where  Jm  is  the  magnetic  surface  current  density  of  the  mag¬ 
netic  ring  source.  If  Jz(z)  is  the  current  flowing  on  the  antenna  and  end  effects 
are  neglected  (valid  for  a  «  Z),  the  electric  field  in  the  2  direction  is  given  by 


/2ir  f  l 

J  1  G(a}z'\p}z) Jz(z')a  d<j>'  dz ' 
=  j>s  G(a,z'\p,z)Jz(z')  dS’ 


(2.59) 


where  the  integration  is  over  the  surface  of  the  antenna  and  the  Green’s 
function  G  is  given  by 


A2  p  jkoR\ 


1 


where  R  =  [a2  +  p2  —  2 ap  cos  (<t>  —  <#/)  +  (z  —  z')2]h  and  p  =  (:r2  +  y2)h. 
Applying  the  boundary  condition  (2.58)  leads  to  the  following  integral  equa¬ 
tion  for  the  antenna  current  J z, 


j>  G(a,zf\a,z)J s(zf)  dS' 

0 


<  ^  < 


<  z  <  l 


(2.60) 


When  d  <<C  Z,  the  current  Jz  may  be  considered  constant  over  the  source 
region.  The  total  antenna  current  at  z  =  0  is  Ia  =  27raJz(0).  The  applied 
voltage  is 

/d/2  r  d/2 

Ezdz  —  /  Ea  dz  =  Vu 
-d/2  J  —d/2 


and  hence  the  input  impedance  is  given  by 


1  f  d /2 

7-  /  Ez  dz 

la  J  -d/2 


1 

2irala 


Ea  dS 


(2.61a) 


where  the  integration  may  be  extended  over  the  whole  antenna  surface  Sy  since 
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Ez  =  Ea  vanishes  for  d/2  <  \z\  <  l.  Since  the  current  density  is  assumed 
constant  over  the  region  \z\  <  d/2,  we  can  also  write 


Zm  =  ^  6  EJZ  dS  = 

la  J  S 

Using  (2.59)  for  Ea  gives 


(2.616) 


(2.61c) 


which  is  the  required  variational  expression  for  Zin.  Equation  (2.61c)  may  be 
derived  also  by  multiplying  both  sides  of  the  integral  equation  (2.60)  by  Jz(z) 
and  integrating  over  the  antenna  surface  and  then  using  the  relation  (2.616). 

To  show  that  (2.61c)  is  a  stationary  expression  for  Zin  let  the  functional  form 
of  J  Z(z)  be  varied  by  a  small  amount  8JZ  from  its  true  value.  Thus  Zin  will  vary 
by  a  small  amount  5Zin.  Carrying  out  the  variation  of  (2.61c)  gives 


j>s  EaJ .  dS 

<fs  EadS 


£  EaJ  zdS  r 

hZ in  +  2Z in  ~T~J - w i  f  Ea  8Jz  dS 

{j,E.dSy?° 

~j>s  $s  G(z'\z)[J z(z')8J Z(z)  +  Jz(z)  5Jz(z')}  dS  dS' 

=  -2  js  j>s  G{z'\z)Jz{z')  SJz(z)  dSdS' 


since  G  is  symmetric  in  2  and  2',  that  is,  G(z'|z)  =  G(z\z').  Since  Zin  has  been  so 
defined  that 

zin  js  EaJz  dS  =  (  j//  Ea  dzY 

we  find  that 


js  8Jz(z )  j>s  G(z'\z)J Z{z')  dS'  +  eA  dS  =  0 


(2.62) 


by  virtue  of  the  boundary  condition  (2.60).  We  now  see  that  a  small  variation 
in  the  current  J z  from  its  correct  value  gives  only  a  second-order  change  in  Zin 
when  Zin  is  computed  from  the  variational  expression  (2.61c). 

If  a  reasonably  accurate  expression  for  Jz  can  be  found  and  is  substituted 
into  (2.61c),  the  resultant  value  of  Zin  should  be  an  excellent  approximation  to 
the  correct  value  of  Zm. 
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The  above  variational  formulation  for  Zin  can  be  criticized  on  several  ac¬ 
counts.  First  of  all  it  requires  the  assumption  that  the  current  Jz  is  constant 
over  the  source  region  \z\  <  d/2  so  that  the  integral  EZJZ  dS  can,  in  some 
sense,  be  interpreted  to  give  — /a2Zin  =  —VaIa.  Thus,  for  the  cylindrical 
antenna  the  variational  expression  does  not  account  for  the  effect  of  the  gap 
width  d  or  the  details  of  a  practical  method  of  exciting  the  antenna.  In  addi¬ 
tion,  since  Zin  is  a  complex  quantity,  the  stationary  value  of  Zin  does  not 
correspond  to  an  absolute  minimum  or  maximum  for  \Zin\.  Hence  if  two  differ¬ 
ent  trial  functions  for  J z  are  employed,  there  is  no  direct  way  to  determine 
which  of  the  two  resultant  expressions  for  Zin  is  the  most  accurate. 

The  usual  way  of  employing  (2.61c)  is  to  assume  an  expression  for  Jz  that 
contains  a  number  of  variational  parameters  on,  i  =  1,  2,  .  . . ,  N,  by  which  the 
functional  form  of  Jz  can  be  varied.  The  input  impedance  may  then  be  com¬ 
puted  and  will  be  a  function  of  the  aL,  The  stationary  property  of  Zin  is  now 
invoked  and  the  determined  so  that  Zin  is  stationary.  The  equations  to  be 
solved  for  the  are 

^  =  0  t  =  1,2,  ...,2V  (2.63) 

together  with  (2.61c),  which  involves  Ia,  which  is  a  function  of  the  an  also.  The 
value  of  Zin  for  these  values  of  an  is  now  considered  to  be  the  best  value  of  in¬ 
put  impedance  that  can  be  obtained  with  the  assumed  trial  function.  If  the 
true  current  distribution  is  a  member  of  the  family  of  functions  used  to  repre¬ 
sent  Jz ,  then  the  above  procedure  leads  to  the  correct  value  of  Zin.  If,  however, 
the  true  current  is  not  a  member  of  the  family  of  functions  Jz(z,  ah  a2,  .  . . ,  aN)f 
then  there  is  no  real  reason  why  the  stationary  value  of  Zin  should  be  the  most 
accurate  one.  A  further  difficulty  arises  here  in  that  there  is  no  unique  way  of 
measuring  the  accuracy  of  Zin.  A  number  of  different  criteria  could  be  used. 
For  example,  if  Z  is  the  correct  value  and  Zin  an  approximate  value,  one  meas¬ 
ure  of  the  accuracy  of  Zm  would  be  | Z  —  Zinj2  =  (R  —  Rin )2  +  (X  ~  Xin)2. 
An  equally  valid  measure  might  be  the  geometric  mean  of  the  errors  in  Rm  and 
Xin,  that  is,  [(ft  -  ftin)2(X  -  Xin)2f  =  |ft  -  ft,n||X  -  Xin|. 

The  main  conclusion  to  be  drawn  from  the  above  discussion  is  that  the  sta¬ 
tionary  value  of  Zin,  found  from  (2.61c)  when  a  current  Jz  containing  several 
variational  parameters  is  used  as  a  trial  function,  can  be  expected  to  be  a  good 
estimate  or  approximation  to  the  true  value  of  input  impedance.  However,  no 
direct  estimate  of  the  accuracy  of  the  result  is  available. 

The  use  of  the  variational  formulation  (2.61c)  is  greatly  facilitated 
if  the  kernel  or  Green's  function  G  can  be  approximated  by  replacing  R  by 
[p2  +  (z  —  z')2]h.  Tai  has  shown  that  for  trial  functions  such  as 

Jz(z)  —  sinfcodzl  —  Z)  +  A[  1  —  cos  kQ(\z\  —  /)] 
or  Jz(z)  —  sin  k0(\z\  —  l)  +  A(\z\  —  l)  cos  /c0(|zl  —  l) 
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the  use  of  the  approximate  expression  for  R  yields  the  same  result  as  the  exact 
kernel  or  Green’s  function  yields  when  a  <<C  /. 29 

Storer  used  Iz  =  70{ sin  k0(\z\  -  l)  +  A[  1  -  cos  k0(\z\  —  l)]}  as  a  trial 
function  and  used  the  condition  dZin/dA  =  0  to  determine  the  constant  A. 
When  hi  =  nir,  n  =  l,  2,  .  . . ,  the  current  vanishes  at  z  =  0  and  the  varia¬ 
tional  expression  for  Zin  becomes  infinite.  Tai  overcame  this  difficulty  by 
using  Iz  =  To  {sin  h(l  —  \z\)  +  A (l  —  \z\)  cos  h(l  —  \z\) }  for  a  trial  function 
together  with  the  condition  dZin/dA  =  0  to  determine  A.  The  results  of  Tai’s 
evaluation  are 

Z0  vn  2^12^4  T  V22A 2 


Z in  ~ 


4?r  (sin  hi  +  Ak0l  cos  hi)2 


(2.64) 
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=  2  Ein  (2 hi)  + 
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In  2  —  -  -  Ein  (4M) 


+  2  Ein  (2 W) 


+  e  w  (  —  In  2  + 


*12  =  iW[2  -  0  +  Ein  (2W)]  +  +  jhl 


21„2-f 


2  Ein  (4 k0l)  +  3  Ein  (2k0l) 


-1A+jhl[2\n2- 


^22  —  Ein  (2/i'0/)  +  j7,'0/f- H  +  Ein  (2A’0/)]  +  k0!P[  —  A  +  Ein  (2A0/) 


+  e2j'fcoZ-^  ^[3^2  +  2  In  2 


0  -  2  Ein  (4fcoO  +  4  Ein  (2JW)] 


+  jkj[  1  +  In  2  -  Ein  (4A0/)  +  Ein  (2fc0/) 


+  fco2P 


2  In  2  +  |  +  2  Ein  (4 kj)  -  3  Ein  (2 k0l) 


/4(  \"'2  2  In  2  +  0)  4~  jhl(  1  +  In  2) 


+  M2(  H  +  2  In  2 


a 


and  0  =  2  In  21/ a  and  Ein  (x)  is  the  exponential  integral 


Ein  (x)  =  Ci  x  +  j  Si  x  =  [ 

J  o 


1  —  e~ju 


u 


du 


The  solution  obtained  for  A  is 


A  = 


and  hence 


vnhl  sin  hi  —  vn  sin  kQl 
V22  sin  hi  —  v  12  k0l  cos  k0l 


(2.65) 


Zin  — 


z 


o 


*>11^22  —  I'la2 


47 r  vnh2l2  cos2  hi  —  k0lvn  sin  2 kQl  +  ^22  sin2  kd 


(2.66) 


Chaney  has  obtained  similar  results  by  means  of  a  generalized  network 
approach.30 
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Fig.  2.10  Input  resistance  for  a  cylindrical  antenna,  12  —  10. 


If  A  is  chosen  equal  to  zero,  the  variational  formulation  gives  the  same 
result  for  Zin  as  the  classical  emf  method  does.  The  emf  or  zeroth-order  solu¬ 
tion  is  compared  with  the  first-order  solution  given  by  (2.66)  in  Figs.  2.10  and 
2.11.  The  first-order  solution  agrees  quite  well  with  the  more  exact  King- 


Fig.  2.11  Input  reactance  for  a  cylindrical  antenna,  12  =  10. 
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Middleton  second-order  theory,  as  we  show  in  Fig.  2.12.  The  King-Middleton 
theory  is  covered  in  Ref.  31.  In  Chap.  9  a  more  refined  theory  is  developed. 
The  curves  in  Figs.  2.10  to  2.12  are  based  on  calculations  made  by  Tai.27 
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Fig.  2.12  Input  impedance  of  a  cylindrical  antenna  according  to  different  theories, 

Q  =  10,  2 l/a  =  150. 

PROBLEMS 

2.1  Consider  a  short  dipole  antenna  as  illustrated  in  Fig.  P-2.1.  The  length  of  the 
antenna  is  l  «  X0,  and  the  antenna  current  is  uniform  with  an  amplitude  I.  Find  the 
radiated  fields  by  using  the  vector  and  scalar  potentials.  Hint:  The  scalar  potential 
will  arise  from  charges  ±Q  at  the  ends  of  the  dipole  z  =  ±.1/2.  The  rate  at  which 
charge  accumulates  at  the  ends  is  juQ  and  must  equal  the  current  at  the  end  (from 
continuity  equation). 
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Answer: 


Fig.  P-2. 1 


2.2  Consider  the  capacitive-loaded  dipole  antenna  in  Fig.  2.3.  The  antenna  length  is 
0.02A0.  The  circular  disks  have  a  diameter  d  equal  to  0.02Ao.  Evaluate  the  antenna 
input  capacitive  reactance  by  approximating  the  capacitance  of  the  antenna  as  that 
between  the  two  disks  and  neglecting  fringing  fields.  Compare  with  the  radiation 
resistance. 

Answer:  1/cjC  —  (2£Aofo)/Ord)2. 

2.3  For  the  single-turn  loop  antenna  described  below  evaluate  the  radiation  resistance, 
ohmic  resistance,  and  inductive  reactance  and  compare.  Loop  diameter  di  =  0.04  A0; 
wire  diameter  d2  =  0.001  A0;  a  =  conductivity  of  wire  =  5.8  X  107  mhos/m  (copper). 
Hint:  Use  the  low-frequency  formula 

L  =  Mo2d,(ln  ~  -  2 

\  di 

for  the  inductance  of  the  loop.  To  calculate  the  ohmic  resistance  the  current  should  be 
assumed  to  flow  in  a  thin  cylindrical  shell  of  thickness  equal  to  the  skin  depth  ds. 
Answer:  Ohmic  resistance  =  d\/ {vdtfls) . 

2.4  Find  the  far-zone  fields  radiated  bv  a  current  element 

%/ 

J  =  7(x  +  y)  h(x  -  1)  5(y  -  1)  6(z) 


y 


Fig.  P-2.5 
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2.5  A  rectangular  current  sheet  of  dimensions  2 a  by  2b  in  the  xy  plane  has  a  uniform 
current  distribution  Jx.  Find  the  far-zone  fields,  the  directions  in  which  maximum 
radiation  occurs,  and  the  half-power  E-  and  //-plane  beam  widths.  Assume  a  and  b 
large  compared  with  X0.  How  do  the  beam  widths  vary  with  a  and  5?  The  center  of  tho 
current  sheet  is  at  the  origin. 

2.6  Show  that  if  the  sources  of  an  electromagnetic  field  include  both  electric  and 
magnetic  currents,,  the  expressions  (2.43a, b)  for  the  far-zone  fields  require  the  additional 
terms  —(6 Jmg  -f  §Jm<p)  fcT1  and  f0Jm  X  r,  respectively,  under  the  integral  sign. 

2.7  Show  that  in  the  Fresnel  region  the  H  field  is  given  by 


a 

r 


r'  + 


by  neglecting  terms  of  order  r'/r.  For  the  current  sheet  in  Prob.  2.5  show  that  along  the 
z  axis  H  is  given  by 


e  jkoZ  (0  sin  <f>  cj)  cos  6  cos 


6  3ko[(x'2+y'2)lz)]  dx*  dyf 


2.8  By  using  the  equation  V  X  H  =  jcveoE  and  the  expression  given  for  H  in  Prob.  2.7, 
obtain  an  expression  for  E  in  the  Fresnel  region  that  is  valid  for  r  »  r';  that  is,  neglect 
terms  of  order  r'/r  and  higher. 

2.9  Show  that  the  radiation  resistance  of  the  traveling- wave  antenna  discussed  in 
Sec.  2.8  is  given  by 


60  [  1.415  +  In 


U 

Xo 


sin  Sir  l/\ o 
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CHAPTER  3 


\ 

RADIATION  FROM  APERTURES 

R,  E.  Collin 


3.1  Aperture-type  Antennas 

There  are  several  types  of  antennas  for  which  the  radiated  electromagnetic 
field  may  be  viewed  as  emanating  from  a  physical  aperture  or  opening.  Typical 
examples  of  antennas  in  this  class,  illustrated  in  Fig.  3.1,  include  the  horn,  lens, 
reflector,  and  some  surface-wave  antennas.  The  region  of  space  may  be  divided 
into  two  regions  by  an  infinite  plane  surface  (called  the  aperture  plane)  con- 


Fig.  3.1  Aperture- type  antennas,  Sa  =  aperture  surface,  (a)  Horn; 
(6)  lens;  (c)  reflector;  (d)  surface-wave  antenna. 


taining  the  antenna  aperture.  For  phyiscal  apertures  that  are  large  compared 
with  a  wavelength  the  electromagnetic  field  amplitude  will  be  small  every¬ 
where  on  the  aperture  plane  except  on  the  aperture  surface.  As  a  first  approxi¬ 
mation  the  far-zone  radiation  field  may  be  found  from  the  field  on  the  aperture 
surface  alone.  The  aperture  field  is  usually  determined  by  suitable  approxi¬ 
mate  methods  based  on  geometrical  optics  concepts  (see  Chaps.  16  to  18). 

If  the  exact  field  were  known  everywhere  on  the  aperture  surface,  the  radia¬ 
tion  field  could  be  calculated  exactly.  However,  for  most  antenna  structures 
of  practical  interest  exact  solutions  are  very  difficult  to  obtain,  so  approximate 
methods  must  be  used.  The  main  purpose  of  this  chapter  is  to  develop  the 
theory  leading  to  suitable  formulas  for  calculating  the  radiation  field  in  terms 
of  the  field  distribution  on  the  aperture  plane  and  to  examine  the  radiation 
patterns  resulting  from  different  types  of  aperture  field  distributions.  Results 
similar  to  those  included  in  this  chapter  have  also  been  given  by  Silver,1  and 
Fradin,2  as  well  as  many  others. 
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3.2  Aperture  in  an  Infinite  Conducting  Plane 

F or  an  aperture  in  an  infinite  perfectly  conducting  plane  a  number  of  exact 
results  for  the  field  radiated  into  space  on  one  side  of  the  screen  can  be  readily 
obtained.  These  results  will  illustrate  many  of  the  features  associated  with  the 
radiation  from  apertures  and  are  dealt  with  for  this  reason  in  this  section. 

Figure  3.2  illustrates  a  rectangular  aperture  of  dimensions  2 a  by  2b  in  an 


X 


Fig.  3.2  Rectangular  aperture  in  an  in¬ 
finite  conducting  plane. 


infinite  conducting  plane  coinciding  with  the  z  —  0  plane  in  a  rectangular  co¬ 
ordinate  system.  The  electric  and  magnetic  fields  in  the  aperture  are  assumed 
known  and  have  tangential  components  that  will  be  denoted  by  Ea  and  Ha. 
According  to  the  uniqueness  theorem  for  the  electromagnetic  field  the  field  in 
the  half  space  z  >  0  is  uniquely  determined  by  a  knowiedge  of  either  the  tan¬ 
gential  electric  field  or  tangential  magnetic  field  on  the  plane  z  —  0  together 
with  the  radiation  condition.  Since  n  X  E  =  0  on  the  infinitely  conducting 
plane  outside  the  aperture  opening  wrhereas  n  X  H  does  not,  it  is  more  con¬ 
venient  to  determine  the  radiated  field  in  terms  of  the  tangential  electric  field 
Ea  in  the  aperture  surface  Sa  corresponding  to  ix|  <  a  and  \y\  <  6. 

In  the  source-free  region  z  >  0  the  electric  field  is  a  solution  of  (V2  +  kQ 2) 
E (x,yfz)  =  0  and  is  solenoidal,  that  is,  V*E  =  0.  If  wre  Fourier  transorm  E 
w  ith  respect  to  x  and  y  and  let 

co 

E (kx,ky,z)  =  JJ  E(x,y,z)eikxX+jkyydx  dy  (3.1) 


wre  obtain 
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for  the  double  Fourier  transform  of  the  equation  satisfied  by  E (xfy,z).  We  may 
solve  (3.2)  to  obtain 

E  (kx,ky,z)  =  f  (kx,ky)e-jk*z  (3.3) 

where  f  is  a  vector  function  of  kx  and  ky  and  kz  =  (A'02  —  kx2  —  ky2)H.  The 
positive  real  root  is  chosen  when  kz  is  real,  and  the  root  with  a  negative  imagi¬ 
nary  part  is  chosen  when  kz  is  imaginary  so  as  to  satisfy  the  radiation  condition. 
W  e  now  see  that  the  electric  field  in  the  half  space  z  >  0  can  be  represented  in 
the  form 

CD 

E  (r,y,z)  =  //  f dkxdku  (3.4) 

—  CD 

where  k  =  kxx  +  ky y  +  kz z  and  |k|  =  k0.  This  expression  simply  states  that 
the  field  may  be  regarded  as  made  up  of  a  superposition  of  plane  waves  of  the 
form  fe~;k'r.  Those  waves  for  which  kz  is  real  are  propagating  waves  and  will 
contribute  to  the  energy  flow  at  infinity,  while  those  waves  for  which 
kx‘ 2  +  ky 2  >  k02  have  a  pure  imaginary  k2  and  are  evanescent.  It  is  apparent 
that  the  far-zone  radiation  field  must,  therefore,  arise  only  from  that  part  of 
the  kx,  ky  spectrum  for  which  kx 2  +  k2  <  k02.  The  components  kx  and  ky  of  the 
propagation  vector  k  are  sometimes  called  spatial  frequencies,  since  they  are 
the  variables  conjugate  to  the  spatial  variables  x  and  y. f 

fThe  following  comments  on  terminology  were  supplied  by  F.  J.  Zucker: 

In  network  theory  one  uses  the  Fourier  transform  relation 

V(t)  =  J y  F(co)e>"‘d«  (1) 

The  conjugate  variables  are  t,  the  time  variable,  and  oj,  which  is  called  the  angular  or  radian 
frequency. 

In  modal  analysis  one  uses 

F(x)  =  J  f{kx)e~ikxX  dkx  (2) 

The  conjugate  variables  are  x  and  kx ,  with  x  being  called  the  distance  in  the  source  plane 
while  kx  is  called  (a)  wave  number  along  x ,  (6)  spatial  frequency  or  periodicity  along  x,  or 
(c)  angular  frequency  along  x.  Booker  and  Clem  mow  introduced  the  terminology  (c)  in 
connection  with  aperture  analysis,  where  the  emphasis  is  on  angle  6  in  kx  =  kQ  sin  0.  In 
modal  analysis  the  emphasis  is  on  kx  as  the  spectral  variable  and  (c)  is  never  used. 

In  pattern  analysis  and  synthesis  the  relation 

f(u)  =  J_  ^  F(x')e*x'u  dxf  (3) 

is  used,  where  u  —  sin  0  is  called  the  angle  variable  and  x'  =  kax  is  called  the  normalized 
or  reduced  aperture  distance.  Now  x'  is  the  spectral  variable  with  respect  to  u  and  could 
be  called  angular,  radian,  or  spatial  frequency  (or  periodicity)  by  analogy  with  (1)  if  u  is 
considered  analogous  to  time  t. 

Since  a  common  terminology  does  not  exist  in  the  literature  and  it  appears  that  no  one 
single  terminology  could  be  made  universally  acceptable,  we  have  not  made  any  attempt 
to  standardize  on  this  point  in  this  book.  In  context  the  reader  should  find  it  relatively  easy 
to  follow  the  terminology  being  used  by  the  different  authors. 
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Since  E (x,y,z)  is  solenoidal,  the  divergence  of  (3.4)  shows  that,  since 
V.fe-jk-r  =  f.ye-A-r  =  we  must  have 

k-f  -  0  (3.5) 

and  hence  only  two  components  of  f  are  independent.  This  result  is  consistent 
with  the  requirement  that  E (x,y>z)  can  be  uniquely  determined  in  terms  of  the 
tangential  electric  field  on  the  aperture  plane.  When  2  =  0,  we  have 

oo 

Et(x,y,0)  =  E a(x,y)  =  —  Jj  ft(kx,ky)e-il-kl!X+k«y)  dkx  dky  (3.6a) 

—  oo 


where  t  denotes  the  x  and  y  components.  We  may  invert  (3.6a)  to  obtain 


(3.66) 


where  the  integration  is  over  the  aperture  only,  since  Ea  is  zero  on  the  con¬ 
ducting  screen.  The  2  component  of  f  may  be  found  from  (3.5)  in  terms  of  ft 
given  by  (3.66),  that  is, 


The  magnetic  field  H  may  be  found  from  the  electric  field  by  using  Maxwell's 
equation  V  X  E  =  —  jco^oH.  Employing  the  expression  (3.4)  for  E,  we  readily 
find  that 


since 


m,y,z)  =  If  k  x  dkx  dky  (3.8) 

-  CO 

V  X  fe~jVr  =  -f  X  Ve“yk*r  =  ji  X 


We  are  now  in  a  position  to  evaluate  a  number  of  quantities  of  physical 
interest  such  as  radiated  power,  average  stored  reactive  energy,  and  the  far- 
zone  radiation  field.  The  complex  radiated  power  may  be  found  by  integrating 
the  complex  Poynting  vector  over  the  aperture  plane.  Thus 


P  +  2jcx)(W  m 


We)  =  y2  ff  EX  H*-Z  dxdy 


m  f,.f*  + 


The  latter  expression  is  obtained  by  using  (3.4)  and  (3.8)  for  the  fields  as  indi¬ 
cated  in  Exercise  3.1.  For  A^2  <  A02  the  integrand  is  real,  since  in  this  region  of 
A*,  ky  space  kz  is  real.  For  kt2  >  A02  the  factor  kz  is  pure  imaginary.  Con¬ 
sequently,  the  real  radiated  power  comes  only  from  that  portion  of  the  plane 
wave  spectrum  for  which  A*  and  ky  are  located  inside  the  circle  A*2  <  A02.  This 
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portion  of  the  kx,  ky  space  is,  therefore,  called  the  visible  region.  The  average 
reactive  energy  Wm  —  We  stored  in  the  evanescent  waves  arises  from  values  of 
kx  and  ky  corresponding  to  the  invisible  portion  kt  >  kQ  of  the  kx,  ky  space. 

Exercise  3.1  Replace  E  by  (3.4)  and  H  by  (3.8)  in  the  complex  Poynting  vector  and 
derive  (3.9).  Use  for  the  transform  variable  in  the  expression  for  E,  and  use  kt  in  the 
expression  for  H.  Also  make  use  of  the  orthogonality  property 

/  e-}kxx+ikx x  —  2Trb{kx  —  kx) 

J  —CO 


to  reduce  the  sixfold  integral  that  is  obtained  for  the  complex  power.  Note  that  the 
integration  over  Sa  may  be  extended  over  the  whole  xy  plane,  since  z  X  E  =  0  outside 
the  aperture.  The  above  orthogonality  property  shows  that  the  plane  waves  do  not 
interact,  so  that  the  complex  power  is  the  integral  of  that  contributed  by  each  separate 
plane  wave. 

The  representation  of  an  arbitrary  electromagnetic  field  as  a  superposition 
of  propagating  and  evanescent  plane  waves  and  its  application  to  the  problem 
of  an  aperture  in  an  infinite  conducting  plane  were  first  given  by  Booker  and 
Clemmow.4  The  theory  has  also  been  extended  to  give  expressions  for  the 
energy  stored  in  the  electric  and  magnetic  fields  of  the  evanescent  waves  and 
the  aperture  Q  (see  Collin  and  Rothschild,5  also  Probs.  3.1  and  3.2).  This  plane 
wave  representation  has  also  been  discussed  by  Rhodes6  and  Borgiotti.7 

An  expression  for  the  far-zone  radiation  field  may  be  obtained  by  evaluating 
the  Fourier  transform  (3.4)  asymptotically  by  the  method  of  stationary  phase 
(for  a  discussion  of  the  method  see  Jeffreys  and  Jeffreys8).  The  method  of 
stationary  phase  is  based  on  the  observation  that,  when  r  is  very  large,  a 
function  such  as  e~3^'x  =  cos  k*r  —  j  sin  k*r  oscillates  very  rapidly  between 
equal  positive  and  negative  values  except  for  certain  values  of  kx  and  ky  for 
which  k-r  remains  stationary,  i.e.,  does  not  change  for  first-order  changes  in 
kx  and  ky.  When  a  slowly  varying  function  of  kx  and  ky  is  multiplied  by  e~Jk'r 
and  integrated  over  kx  and  ky,  the  contribution  to  the  integral  arises  pre¬ 
dominantly  only  from  those  values  of  kx  and  ky  for  which  the  phase  remains 
stationary.  For  those  values  of  kx  and  ky  that  make  the  phase  k-r  vary  rapidly 
the  integrand  oscillates  rapidly  between  plus  and  minus  values  and  the  contri¬ 
bution  to  the  value  of  the  integral  is  small.  In  the  limit  as  r  tends  to  infinity 
the  leading  term  in  the  asymptotic  expansion  of  the  integral  is  given  exactly  by 
the  contributions  arising  from  the  stationary  phase  points  only. 

The  integral  (3.4)  to  be  evaluated  is  repeated  here  for  reference: 

E(r)  =  j  j  i{kXyky)e~3k'1  dkx  dky 

We  may  express  k«r  as 

kxX  +  kyy  +  kzz  =  r  [kx  sin  6  cos  (j>  +  ky  sin  d  sin  <j>  +  (h2  —  kx 2  —  ky2)^  cos  6] 
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where  9  and  4>  are  the  usual  angle  variables  in  spherical  coordinates  (Fig.  3.2). 
The  stationary  phase  points  are  determined  by  a  solution  of 


dk«r 

dkx 


which  are  readily  found  to  give 


sin  9  cos  <j> 
cos  9 


sin  9  sin  <£ 
cos  9 


Since  kx 2  +  ky2  =  k0 2  —  /c*2,  we  see  that  we  must  have  kz  =  k0  cos  9 ,  so  that  the 
stationary  values  of  kx  and  ky  are  given  by 

kx  =  Ai  =  h  cos  <£  sin  9  =  k^u  (3.10a) 

ky  =  k2  =  /c0  sin  <£  sin  0  =  (3.106) 


The  new  angle  variables  w  =  sin  0  cos  <£  and  t>  =  sin  9  sin  <£  introduced  here 
will  be  used  in  later  chapters  as  an  abbreviated  notation.  In  the  vicinity  of  the 
stationary  phase  point  k*r  can  be  approximated  by  the  first  few  terms  in  a 
Taylor  series  expansion,  i.e.,  by 


k«r  =  k*r 


+ 


1  d2k*r 


kito 


2  dkJ 


kifa 


(kx- 


fcl)2  +  K 


2  dky 2 


(kv  —  k2y  + 

k i  *&2 

d2k-r 


dkr  dk 


=  k0r  —  (A  u2  +  Bv2  +  Guv) 


y 


*1  ,k  2 


(fc*  —  fa)  (My  —  /C2) 

(3.11) 


where  A,  B ,  and  C  are  suitable  constants  and  u  —  kx  —  kh  v  =  ky  —  fci  are  new 
variables  introduced  for  later  convenience.  (They  should  not  be  confused  with 
the  angle  variables  given  by  (3.10)  which  are  not  used  in  this  chapter.) 

In  the  vicinity  of  the  stationary  phase  point  f  (kx,ky)  is  slowly  varying,  so  it 
may  be  replaced  by  f(khk2).  Hence  the  asymptotic  value  of  the  integral  for 
E(r)  is  given  by 

E(r)  ~f(ko  cos  <t>  sin  9,  k0  sin  <j>  sin  d)e~jkQT  ^~r2  J j ^  eyUu2+Syl+Cut0  du  dv  (3.12) 


where  So  is  a  small  circle  centered  on  the  stationary  phase  point  from  which  the 
major  contribution  to  the  integral  comes.  However,  since  the  phase  factor  be¬ 
comes  large  for  large  r  as  soon  as  u  and  v  differ  slightly  from  zero,  the  integra¬ 
tion  may  be  extended  over  the  whole  uv  plane  with  little  error  because  of  the 
rapid  oscillation  of  the  integrand  for  nonzero  values  of  u  and  v.  When  this  is 
done  according  to  Exercise  3.2,  it  is  found  that 

g—jk<ir 

E(r)  — —  kQ  cos  9  f  (kQ  cos  4>  sin  9,  kQ  sin  <j>  sin  9)  (3.13) 

'Zttv 


I 


RADIATION  FROM  APERTURES 


67 


This  result  shows  that  the  far-zone  radiation  field  is  related  in  a  rather  direct 
way  to  the  Fourier  transform  of  the  aperture  field.  If  we  express  (3.13)  in 
terms  of  ft,  we  obtain 


E(r) 


0~jkor 

~  j  — —  k0  cos  0 


2ttt 


it(ko  cos  <j>  sin  0,  k0  sin  <f>  sin  6) 

sin  $ 
cos  6 


(/*  COS  <l>+fy  sin  0)z 


jk 


e 


—jkar 


0 


27rr 


cos  4>  —  fx  sin  0)  cos  0  +  0(/z  cos  <j>  +  fy  sin  <£)]  (3.14) 


Exercise  3.2  In  (3.12)  introduce  new  variables  x  =  'yAu,  y  =  y Bv  to  obtain 


co 


1 


y  d  b 


exp 


if  x2  +  ?y2  + 


Cxy 

^abJ  J 


dx  dy 


co 


Complete  the  square  for  the  x  variable  to  obtain 


oo 


00 


Integrate  over  x  first  and  then  over  y,  using  the  result 

f  eMz-zt)*  dx  =  \zeivli 
J  — OD  ^  (X 

to  obtain  —  C2.  If  the  coefficients  A,  B,  C,  are  evaluated  from  (3.11),  the 

result  given  by  (3.12)  will  now  be  obtained. 


The  functions  cos  $,  cos  <t> ,  and  sin  4>  are  slowly  varying,  so  that  the  radiation 
pattern  is  seen  to  depend  essentially  only  on  fx  and  fy,  which  are  the  F ourier 
transforms  of  the  x  and  y  components  of  the  electric  field  in  the  aperture.  The 
results  obtained  here  are  very  similar  to  those  obtained  in  Sec.  2.7  for  the 
radiation  from  an  electric  current  line  source.  The  Fourier  transform  relation¬ 
ship  between  the  aperture  field  and  the  far-zone  radiation  field  is  a  useful  one, 
since  it  makes  available  all  of  the  operational  properties  of  Fourier  transform 
pairs  for  the  analysis  of  the  radiation  from  given  aperture  fields.  A  detailed 
discussion  of  the  use  of  Fourier  transforms  in  antenna  theory  has  been  given  by 
Ramsay9  and  also  by  Spencer  (see  Silver10).  The  Fourier  transform  relation¬ 
ship  may  also  be  used  as  a  basis  for  a  synthesis  technique  to  synthesize  the 
aperture  field  required  to  give  a  desired  specified  radiation  pattern.  The 
synthesis  problem  is  dealt  with  in  Chap.  7  and  for  that  reason  will  not  be  dis¬ 
cussed  here. 

For  a  slit-type  aperture  of  infinite  width  along  y  and  an  aperture  field 


68 


ANTENNA  THEORY 


independent  of  y  the  relations  corresponding  to  (3.4),  (3.6),  (3.8),  (3.9),  and 
(3.13)  are 
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(3.15a) 

(3.156) 

(3.15c) 

(3.15d) 

(3.15c) 

(3.15/) 


where  k  =  frxx  +  fr*z  now  and  jkj  =  fr0  as  before.  Note  that  (3.15c)  gives  the 
complex  power  per  unit  width  of  the  slit  aperture. 

As  an  interesting  alternative  derivation  of  the  far-zone  radiation  field  from 
an  aperture  in  an  infinite  conducting  screen  we  note  that  if  the  aperture  is 
closed  by  a  perfectly  conducting  wall  and  a  magnetic  current  Jms  =  —  z  X  Ea 
is  placed  on  this  closed  aperture  surface,  the  tangential  electric  field  will  be 
zero  on  the  whole  z  =  0  plane  but  must  change  discontinuously  to  a  value  Ea 
as  the  magnetic  current  sheet  is  crossed.  Thus  the  radiated  field  can  be  found 
from  this  equivalent  magnetic  current  sheet  placed  an  infinitesimal  distance  in 
front  of  the  closed  aperture.  But  since  the  whole  2  =  0  plane  is  now  a  perfectly 
conducting  plane,  image  theory  tells  us  that  the  radiation  from  the  magnetic 
current  sheet  in  front  of  the  conducting  plane  is  the  same  as  that  from  a  current 
sheet  of  twice  the  amplitude  and  radiating  in  free  space.  We  may  determine 
the  radiated  field  in  terms  of  a  magnetic  vector  potential  Am  (see  Sec.  1.8).  If 
we  follow  the  same  type  of  analysis  as  used  in  Sec.  2.5  to  find  the  far-zone  field 
radiated  by  an  arbitrary  electric  current  distribution,  we  obtain 

1  r  r  p—jkoR 

W)  =  -4-  V  X  //,_  2J„(,')  -jj-  *'  dy' 

^  ~ 4^r  e~‘k°r  / fs  *  *  exP  0*of-r')  dx'  dy' 

for  the  far-zone  electric  field.  Replacing 

Jms  X  r  by  r  X  (z  X  E„)  =  (r-Ea)z  -  (?-z)Ea 
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and  using  the  Fourier  transform  relation  (3.6)  to  evaluate  the  integral,  we  find 
that 


E(r) 


e—jk0r 

jk o  7^—7  [r  •ft(k0  sin  6  cos  <p,  k0  sin  8  sin  <t>) z  —  cos  6  ft 


—  jk0  cos  6 


2m 

e-jkQr 


2  m' 


£  sin  ,  1  r  • 

ft  -  ^-0  Ox  cos  <t>  +  fy  sin  4>)z 


which  is  the  same  result  as  given  by  (3.14). 

The  above  example  has  demonstrated  for  a  particular  case  that  the  aperture 
field  can  be  replaced  by  an  equivalent  current  source  and  the  field  determined 
from  the  latter.  The  theory  of  equivalent  sources,  usually  called  field  equiva¬ 
lence  principles,  is  developed  in  a  more  general  way  in  the  next  section. 


3.3  Field  Equivalence  Principles 

A  field  equivalence  principle  refers  to  the  replacement  of  the  actual  sources 
of  an  electromagnetic  field  by  a  set  of  equivalent  sources.  Field  equivalence 
principles  are  very  useful  in  formulating  scattering  and  diffraction  problems 
even  though  they  generally  do  not  make  the  exact  solution  of  the  problem  any 
easier  to  obtain.  On  the  other  hand,  field  equivalence  principles  often  suggest 
approximate  methods  of  obtaining  solutions  and  for  this  reason  are  of  im¬ 
portance  in  antenna  theory. 

In  order  to  establish  the  basic  concepts  involved,  consider  a  set  of  current 
sources  Ji  and  Jmi  located  in  a  region  of  space  \\  as  shown  in  Fig.  3.3.  Let  S  be 


Fig.  3.3  Illustration  of  a  field  equivalence  principle,  (a)  Original  problem; 
(6)  equivalent  problem  for  region  F2. 


a  closed  surface  enclosing  all  of  the  sources.  The  given  sources  will  radiate  a 
field  Ei,  Hi.  In  the  region  F2  outside  S  the  field  Ei,  Hi  is  source-free.  Let  us 
now  remove  the  sources  in  Fi  and  postulate  the  existence  of  an  arbitrary 
source-free  field  E,  H  inside  Fi  and  keep  the  original  field  Ex,  Hi  outside  S , 
that  is,  in  F2.  In  order  that  the  total  field  throughout  Fi  and  F2  be  a  valid 
solution  of  Maxwell’s  equations  it  is  necessary  to  postulate  also  the  existence 
of  equivalent  sources  on  the  surface  S  which  separates  F 1  and  F2  in  order  to 
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properly  join  the  two  solutions  together.  The  equivalent  sources  on  S  must  be 
so  chosen  as  to  provide  for  the  discontinuous  change  in  the  tangential  com¬ 
ponents  of  the  electric  and  magnetic  fields  across  S .  Thus  we  require  surface 
sources 

J.  =  n  X  (Hi  -  H)  (3.16a) 

Jms  =  -n  X  (Ei  -  E)  (3.166) 

The  sources  given  by  (3.16)  may  be  viewed  as  those  sources  which  will  radiate 
a  field  Ei,  Hi  in  the  region  V2  and  a  field  E,  H  in  V\.  Since  these  fields  are 
solutions  of  Maxwell’s  equations  and  satisfy  proper  boundary  conditions  at  the 
surface  S  and  the  radiation  condition  at  infinity,  the  uniqueness  theorem  shows 
that  they  represent  the  unique  solution  to  the  problem. 

It  is  clear  that  the  above  procedure  has  led  to  the  identification  of  a  set  of 
equivalent  sources  that,  placed  on  the  closed  surface  S ,  will  produce  the  same 
field  Ei,  Hi  external  to  S  that  the  original  sources  J\  and  Jmi  in  V\  produced. 
However,  internal  to  S  the  new  sources  produce  a  field  E,  H  which  is  different 
from  the  original  field,  and  consequently  the  equivalent  sources  are  equivalent 
only  for  some  given  region  that  is  external  to  the  region  in  which  the  original 
sources  had  been  located. 

Several  variations  of  the  above  basic  field  equivalence  principle  may  be 
constructed.  For  example,  we  could  postulate  a  null  field  inside  S,  in  which 
case  the  required  sources  to  be  placed  on  S  in  order  to  maintain  the  original 
field  Ei,  Hi  outside  S  would  be 

Js  =  n  X  Hi  (3.17a) 

Jms  =  —  n  X  Ei  (3.176) 

In  this  form  the  field  equivalence  principle  is  known  as  Love’s  equivalence 
principle.11 

Two  modifications  of  Love’s  equivalence  principle  of  importance  for  the 
aperture  antenna  problem  are  given  below.  Since  the  field  inside  S  is  chosen  as 
a  null  field,  we  can  place  a  perfectly  conducting  surface  just  inside  S.  In  this 
case  the  electric  surface  current  J,  =  nXH,  is  short-circuited  and  does  not 
radiate.  Thus  the  field  Ei,  Hi  can  be  found  from  the  magnetic  current 
Jms  =  —  n  X  Ei  alone  placed  on  a  perfectly  conducting  surface  S.  This  is  the 
field  equivalence  principle  that  was  employed  in  the  last  part  of  Sec.  3.2  for  the 
aperture  in  a  conducting  screen. 

The  dual  of  the  above  problem  is  obtained  by  replacing  S  by  a  perfect  mag¬ 
netic  conductor,  i.e.,  a  fictitious  surface  on  which  the  tangential  magnetic  field 
must  vanish.  In  this  case  the  magnetic  current  is  short-circuited  and  the  field 
may  be  found  from  the  electric  current  Js  =  n  X  Hi  alone  on  S.  In  both  of 
these  two  variations  of  Love’s  equivalence  principle  it  is  important  to  note  that 
the  equivalent  sources  radiate  in  the  presence  of  the  perfect  electric  or  mag¬ 
netic  conducting  surface  S,  respectively. 
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Schelkunoff  has  developed  a  number  of  other  field  equivalence  principles 
also.  For  a  discussion  of  these  we  refer  the  reader  to  the  papers  by  Schelkun¬ 
off12'13  and  the  book  by  Harrington.14 


3.4  Radiation  from  Aperture  Fields 

In  this  section  we  shall  use  the  field  equivalence  principles  discussed  in  the 
preceding  section  to  obtain  solutions  for  the  far-zone  radiation  field  arising 
from  assumed  known  aperture  fields.  The  problem  of  determining  the  aperture 
field  is  taken  up  in  considerable  detail  in  Chaps.  16  to  18. 

Typical  aperture  antenna  problems  are  illustrated  in  Fig.  3.4.  We  place  in 
front  of  the  antenna  an  aperture  plane  coinciding  with  the  2  =  0  plane.  The 
aperture  plane  divides  all  of  space  into  two  regions,  that  for  2  <  0  containing 


( b) 

(a)  Horn;  ( b )  reflector. 


the  antenna  and  impressed  sources  and  that  for  2  >  0  being  source-free.  For  a 
typical  aperture-type  antenna  such  as  a  horn  or  parabolic  reflector  the  field  on 
the  aperture  plane  will  usually  be  small  outside  the  surface  Sa  corresponding  to 
the  physical  aperture.  However,  for  the  purpose  of  this  section  we  shall  as¬ 
sume  that  the  tangential  electric  field  Ea  and  tangential  magnetic  field  Ha  are 
known  on  the  whole  aperture  plane  2  =  0. 

According  to  the  field  equivalence  principles  discussed  earlier,  it  is  apparent 
that  we  can  determine  the  field  in  the  half  space  2  >  0  in  terms  of  electric  and 
magnetic  currents  Js  =  z  X  Ha,  J ms  =  —  z  X  located  on  the  aperture  plane, 
or  in  terms  of  electric  currents  Js  placed  on  a  perfect  magnetic  conducting 
surface  coinciding  with  the  aperture  plane,  or  in  terms  of  magnetic  currents 
Jms  with  the  aperture  plane  replaced  by  a  perfect  electric  conductor.  In  the 
latter  two  cases  we  may  use  image  theory  to  remove  the  conducting  plane  and 
calculate  the  same  field  for  2  >  0  by  doubling  the  current  strengths  and  treat¬ 
ing  them  as  radiating  into  a  free  space  environment. 
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In  all  three  formulations  the  fields  may  be  conveniently  evaluated  by  first 
finding  the  vector  potentials  A  and  Am.  We  are  primarily  interested  in  the  far- 
zone  radiation  field,  for  which  the  solutions  for  the  potentials  for  the  three 
different  formulations  are  as  follows: 

A(jr)  =  ^  e~jk«r  J js  J.(r')  exp  (jk0i -r')  dx'  dy'  (3.18a) 

Am(r)  =  e-jk«r  J js  Jms(r')  exp  (jk0i-i')  dx'  dy'  (3.186) 

A(r)  =  (rik“T  ff  2J.,(r')  exp  (jk0T-i')  dx'  dy'  (3.19) 

Am(r)  =  £r  e~}k°'  Hs  exP  OV-r')  dx'  dy  (3.20) 

where  r'  =  x.r'  +  y y',  S  is  the  aperture  plane  surface,  and 

J5  =  z  x  Ha  (3.21a) 

Jms  =  -z  X  Ea  (3.216) 

These  solutions  are  obtained  by  approximating 

p — jk  &R  p — jk(,r 

by  — p-  ex  j)  07, '0f  •  r' ) 

in  the  exact  integrals  for  the  potentials. 

In  the  far-zone  field,  E  and  H  are  related  as  in  a  spherical  TEM  wave,  i.e.,  by 

E  =  -for  X  H  (3.22) 

The  far-zone  fields  are  given  in  terms  of  the  potentials  by  the  expressions 

Ee  —  jccAe  (3.23a) 

E<i>  —  —jioA^  +  j£oAme  (3.23  b) 

If  electric  currents  alone  or  magnetic  currents  alone  are  used,  then  E  is  deter¬ 
mined  by  A  or  Am  alone,  respectively.  Equations  (3.23)  still  apply,  with  the 
appropriate  potential  equated  to  zero.  The  solution  (3.23)  is  obtained  by  using 
the  formulas  giving  the  field  from  the  potentials  and  retaining  only  those  terms 
that  decrease  as  r-1. 

It  is  convenient  to  have  the  far-zone  electric  field  expressed  directly  in  terms 
of  the  aperture  fields.  For  this  purpose  let  us  introduce  the  following  Fourier 
transforms  of  the  aperture  fields: 

f t(k0  sin  6  cos  <£,  k0  sin  6  sin  <£) 

=  ff  E a(x,y)eik«{x  Bin  6  co<  *  1  " Bin  9  Bin  dx  dy  (3.24a) 
gt(k0  sin  8  cos  <j>,  k0  sin  8  sin  <j>) 

=  JJs  Ha(x,y)eik,l(*  Bin  *“**  +  » Bin  9  Bi“  dx  dy  (3.246) 
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where  we  have  used  the  result 

f  =  x  sin  6  cos  <t>  +  y  sin  6  sin  <f>  +  z  cos  6 

and  dropped  the  prime  on  the  aperture  coordinates  x,  y.  By  making  use  of 
these  Fourier  transform  relations  in  (3.18)  to  (3.20)  and  (3.23),  a  straight¬ 
forward  evaluation  shows  that  the  far-zone  electric  field  is  given  by  the  follow¬ 
ing  expressions  for  the  three  formulations  being  considered  (the  equivalent 
two-dimensional  form  is  given  in  Prob.  3.9): 
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Ee  =  (/x  cos  *  +  /,  sin  4>) 

c°s  ^ e. - (fy  cos  <t>—  fx  sin  <£) 


(3.25o) 

(3.256) 

(3.26a) 

(3.266) 

(3.27a) 

(3.276) 


For  a  typical  aperture  antenna  the  aperture  dimensions  are  large  in  terms  of 
wavelength,  and  hence  the  Fourier  transforms  of  the  aperture  field  are  highly 
peaked  in  the  spatial  frequency  domain,  i.e.,  in  kx,  ky  space.  Consequently,  the 
radiation  patterns  are  essentially  determined  by  it  and  g*,  since  the  trigono¬ 
metric  functions  cos  6 ,  sin  <£,  and  cos  4>  are  slowly  varying  functions  of  the 
angles.  A  number  of  examples  that  illustrate  these  remarks  are  discussed  in 
the  next  section. 

The  equations  (3.25)  to  (3.27)  are  exact  and  will  yield  identical  results  pro¬ 
vided  the  exact  aperture  fields  over  the  whole  aperture  plane  are  used  to 
compute  the  Fourier  transforms. f  The  results  given  by  (3. 25a, b)  are  the 
average  of  (3.26)  and  (3.27)  and  suffer  from  the  disadvantage  that  they  re¬ 
quire  a  knowledge  of  both  the  tangential  electric  and  magnetic  field  on  the 
aperture  plane.  In  practice  the  far-zone  electric  field  is  calculated  by  using  one 
of  the  three  formulations  given  together  with  only  an  approximate  knowledge 

fWhen  the  correct  aperture  fields  are  used  in  (3.25),  the  separate  parts  involving  the 
functions  f  and  g  are  equal,  as  comparison  with  (3.26)  and  (3.27)  shows.  Thus  for  z  <  0, 
where  tt/2  <  0  <  t  and  cos  6  is  negative,  the  fields  given  by  (3.25)  vanish,  which  is  in  accord 
with  the  field  equivalence  principle. 
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of  the  fields  on  the  aperture  plane.  In  this  case  the  three  formulations  yield 
only  approximate  results  which  in  general  do  not  agree  with  each  other.  It  is 
difficult  to  say  a  priori  which  formulation  would  yield  the  most  accurate  re¬ 
sults,  since  this  depends  on  the  degree  of  approximation  involved  in  specifying 
the  aperture  fields.  It  is  usually  more  convenient  to  use  either  (3.26)  or  (3.27), 
since  these  require  a  knowledge  of  only  the  tangential  magnetic  field  or  tan¬ 
gential  electric  field,  respectively,  on  the  aperture  plane. 

If  the  formulation  based  on  the  use  of  an  equivalent  magnetic  current  sheet 
alone  is  used,  all  of  the  results  derived  in  Sec.  3.2  for  an  aperture  in  a  conduct¬ 
ing  screen  are  applicable.  In  particular,  note  that  (3.14)  and  (3.27)  are 
identical. 

3.5  Radiation  Patterns  from  Typical  Aperture  Fields 

In  this  section  we  shall  illustrate  the  theory  developed  in  the  preceding 
sections  by  evaluating  the  radiation  patterns  from  a  number  of  typical  aperture 
field  distributions.  All  of  the  significant  features  occur  for  an  aperture  electric 
field  that  is  linearly  polarized  along  a  single  coordinate  axis.  Therefore,  for 
simplicity  we  shall  assume  that  the  aperture  tangential  electric  field  has  only 
an  x  component. 


Uniform  Aperture  Field 


As  a  first  example  consider  an  aperture  electric  field  Ea  =  E0x  that  is  equal 
to  a  constant  Efx  over  a  rectangular  aperture  surface  \x\  <  a,  \y\  <  6  and  equal 
to  zero  outside  this  region.  The  Fourier  transform  of  this  aperture  field  gives 
the  function  ft  as 


it  =  x4:dbEo 


sin  ( k0a  sin  6  cos  0)  sin  (k0b  sin  6  sin  0) 
(A’0a  sin  B  cos  0)(A,O6  sin  B  sin  0) 


(3.28) 


The  electric  field  in  the 
(3.27)  and  is 

Ee  = 


two  principal  planes  0  =  0  and  <t>  =  7r/2  is  given  by 


jkoabEp 
2i rr 

j2k0abE 
7r  r 


e~jk°rfx(0,  0  =  0) 

0  e_jkor  sin  (fc0q  sin  0) 

k0a  sin  6 


(3.29  a) 


jkodbEo  cos  6 
2i rr 


j2k0abE0  cos  B  r 

- - —  £  3K  O' 

7 rr 


sin  (kob  sin  6) 
k0b  sin  6 


(3.296) 


When  k0d  and  kob  are  large,  a  sharp  main  lobe  is  produced.  The  first  null  occurs 
when  kQa  sin  0  =  it  and  k0b  sin  6  =  t.  For  k0d  and  k0b  large  the  corresponding 
values  of  B  are  given  to  good  accuracy  by  i r/k0d  =  X0/2a  and  X0/26,  respectively. 
To  the  same  order  of  approximation  the  half-power  beam  widths  in  the  princi- 
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pal  planes  are  given  by  0.88  X0/2 a  and  0.88  X0/26.  It  is  thus  apparent  that  the 
main-lobe  angular  width  is  inversely  proportional  to  the  aperture  dimensions 
measured  in  wavelengths.  For  this  reason  the  directivity  is  proportional  to 
the  aperture  area  measured  in  wavelengths  squared.  The  pattern  function 

sin  (k0a  sin  6) 
k0a  sin  6 

is  illustrated  in  Fig.  3.5.  The  side  lobes  decrease  in  amplitude  as  the  point  of 
observation  moves  away  from  the  direction  of  the  main  lobe.  The  first  side 
lobe  has  an  amplitude  which  is  a  factor  of  4.6  (or  13.3  db)  below  the  main-lobe 


Fig.  3.5  Radiation  pattern  for  a  uniform  aperture  distribution  (<f>  =  0). 


peak.  The  portion  of  the  pattern  shown  in  Fig.  3.5  that  corresponds  to 
physical  space  —  t/2  <  6  <  t/2  occurs  for  values  of  y  =  k0a  sin  6  between 
—  kQa  and  k0a  and  represents  the  visible  portion  of  the  pattern. 

In  order  to  determine  the  directivity  it  is  necessary  to  evaluate  the  total 
radiated  power.  An  expression  for  the  radiated  power  may  be  obtained  from 
the  expressions  for  the  far-zone  electric  field.  However,  there  is  no  simple  way 
to  evaluate  the  integral  of  (l/2f0)(| Eelr  +  I E^f)  over  the  surface  of  a  sphere 
0  <  0  <  7T.  As  an  alternative,  a  uniform  aperture  field  such  as  Ea  =  E0x, 
Ha  =  fo_1F0y  over  a  finite  aperture  \x\  <  a,  \y\  <  b  and  zero  outside  could  be 
assumed.  In  this  case  the  radiated  power  may  be  obtained  by  a  simple  integra¬ 
tion  of  the  complex  Poynting  vector  over  the  aperture  and  gives  P  =  4a&2?o2/2f0. 
The  far-zone  electric  field  can  be  obtained  from  (3.25),  where  £0gy  would  be 
equal  to  fx  in  the  present  case.  It  can  readily  be  verified  that  the  maximum 
power  density  per  unit  solid  angle  is  2(Aroafe)2jF02/(7r2fo)  in  the  direction  6  =  0. 
Thus  the  maximum  directivity  is 


4a6 
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or  4w  times  the  aqerture  area  measured  in  wavelengths  squared.  An  alternative 
estimate  of  the  directivity  may  be  obtained  by  assuming  that  all  of  the  radiated 
energy  flows  into  an  angular  region  bounded  by  the  half-power  beam  widths. 
On  this  basis  the  directivity  comes  out  to  be 

n  _  47ra6  _  5.2 ab 

D  “  (0.44)2Ao2  ”  47F  "  X02 

which  is  only  1.15  db  larger.  These  expressions  for  directivity  should  be  re¬ 
garded  as  only  indicating  the  dependence  of  the  directivity  on  the  aperture 
area,  since  a  uniform  aperture  field  of  the  kind  that  was  assumed  is  not  physi¬ 
cally  realizable. 


Tapered  Aperture  Fields 

It  can  be  anticipated  that  tapering  the  amplitude  of  the  aperture  field  down 
to  a  smaller  value  at  the  edges  of  the  aperture  is  equivalent  to  an  effective 
reduction  in  the  aperture  area  and  will  result  in  a  broader  main  lobe  and  a 
lower  directivity.  Both  theory  and  experimental  measurements  verify  these 
conclusions.  However,  tapering  the  aperture  field  distribution  has  the  great 
advantage  of  giving  a  large  reduction  in  the  side-lobe  amplitude,  as  the  ex¬ 
amples  below  will  illustrate. 

If  the  aperture  field  Eax(xyy)  is  separable,  it  can  be  expressed  as  a  product 
Ei(x)E2(y),  and  the  corresponding  Fourier  transform  is  then  the  product  of  the 
transforms  of  E\(x)  and  E2{y).  We  can,  therefore,  examine  the  effect  of 
aperture  field  tapering  by  considering  the  one-dimensional  problem  only.  That 
is,  Ei(x)  determines  the  pattern  in  the  principal  plane  <t>  =  0,  while  E2(y) 
determines  the  pattern  in  the  plane  <t>  =  7r/2. 

As  a  first  example  consider  a  cosine  distribution  E%(x)  =  E0  cos  (wx/2 a). 
The  Fourier  transform  of  Ex(x)  is  readily  evaluated,  and  we  find  that  in  the 
#  =  0  plane  the  pattern  will  be  proportional  to 


cos 


7 rx 
2  a 


ox  sin  8  y 


E0ra  cos  (kQa  sin  0) 
(tt/2)2  —  (kQa  sin  0)2 


(3.30) 


The  normalized  pattern  is  illustrated  in  Fig.  3.6a.  The  angular  width  of  the 
main  lobe  is  3X0/2a  and  the  half-power  beam  width  is  1.2X0/2a.  The  first  side 
lobe  has  an  amplitude  23  db  below  the  main-lobe  maximum.  This  is  approxi¬ 
mately  10  db  smaller  than  for  the  case  of  the  uniform  aperture  field,  but  it  is 
obtained  at  the  expense  of  increased  beam  width  and  a  smaller  directivity. 

As  a  second  example  consider  a  triangular  distribution  E0(  1  —  \x\ /a).  The 
Fourier  transform  of  this  aperture  field  is 


‘  K 


1 


a 


\ejkoX  sin  9  dx  =  aE 


o 


sin  Q/^kya  sin  0) 
(\A  kna  sin  0) 


(3.31) 


The  triangular  distribution  gives  a  pattern  with  double  zeros  at  each  null,  as 
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illustrated  in  Fig.  3.66.  The  first  nulls  occur  when  6  —  2X0/2 a,  the  half-power 
beam  width  is  1.28\0/2a,  and  the  first  side  lobe  is  26.4  db  below  the  main-lobe 
peak. 


(^) 


(6) 


Fig.  3.6  Radiation  patterns  from  tapered  aperture  distributions. 
(a)  Cosine  distribution;  (6)  triangular  distribution. 


Aperture  Field  with  Linear  Phase  Variation 

The  preceding  examples  dealt  with  aperture  fields  having  a  constant  uniform 
phase  for  which  maximum  radiation  occurred  in  a  direction  normal  to  the 
aperture.  If  the  aperture  field  has  a  linear  phase  variation,  the  main  lobe  will 
be  swung  away  from  the  aperture  normal.  For  specific  results  let  us  consider 
an  aperture  field  of  the  form 

Eax(x)  =  E!(x)e~jk«x  sin6«  (3.32) 

The  Fourier  transform  of  this  field  is 


f  Ei(x)ejkoX  isin  e~sin  0n)  dx  =  fx[ko(sin  6  —  sin  0O)] 

J  —a 


(3.33) 


where  fx  is  the  Fourier  transform  of  E\{x).  The  effect  of  the  linear  phase  varia¬ 
tion  is  simply  to  replace  sin  6  by  sin  6  —  sin  do  in  the  Fourier  transform  of  the 
constant-phase  aperture  field.  For  the  uniform  aperture  field  with  a  linear 
phase  variation  the  pattern  is  therefore  proportional  to 

sin  [A'0a  (sin  6  —  sin  0O)] 
koa  (sin  0  —  sin  do) 


The  main-lobe  peak  now  occurs  when  d  =  dQior  this  pattern.  Another  effect  of 
a  linear  phase  variation  is  to  increase  the  width  of  the  main  lobe,  since  the 
projected  width  of  the  aperture  in  the  direction  dQ  is  a  factor  cos  dQ  smaller  than 
the  physical  width.  We  can  demonstrate  this  effect  analytically.  The  half- 
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power  beam  width  occurs  for  k0a( sin  0  —  sin  0O)  =  0.44 x.  If  we  expand  the 
quantity  k0a( sin  0  —  sin  0O)  in  a  Taylor  series  about  0O,  we  obtain 

/v0«(sin  0  —  sin  0O)  =  k0a  cos  0O  (0  —  0O) 

for  small  values  of  0  —  0O.  When  we  solve  for  the  value  of  0  —  0O  at  the  half¬ 
power  point,  we  find  that  0  —  0O  =  0.44  X0/ (2a  cos  0O),  which  gives  a  half-power 
beam  width  of  O.88X0/ (2a  cos  0O).  Thus  the  beam  width  is  increased  by  a  factor 
(cos  0o)~\  which  may  be  viewed  as  the  result  of  having  reduced  the  projected 
width  of  the  aperture  in  the  direction  0O  by  the  factor  cos  0O. 


Directivity 

In  order  to  find  the  maximum  directivity  of  an  aperture  antenna  it  is  neces¬ 
sary  to  evaluate  the  total  radiated  power.  The  latter  may  be  found  by 
integrating  the  flux  of  the  real  part  of  the  complex  Poynting  vector  through  the 
spherical  surface  0  <  w  at  infinity.  The  complex  Poynting  vector  may  be 
found  in  terms  of  the  far-zone  electric  field  given  by  (3.25),  (3.26),  or  (3.27). 
Alternatively,  the  radiated  power  may  be  found  in  terms  of  the  Fourier  trans¬ 
form  of  the  electric  field  on  the  aperture  plane  by  using  the  general  formula 
(3.9)  or  (3.15e)  for  a  slit  aperture.  As  a  general  rule  the  integrals  involved 
cannot  be  evaluated  except  by  numerical  methods. 

An  approximate  method  of  obtaining  the  directivity  can  be  obtained  for  the 
case  when  the  tangential  electric  and  magnetic  fields  in  the  aperture  can  be 
assumed  to  be  related  as  in  a  plane  TEM  wave.  This  assumption  is  approxi¬ 
mately  correct  when  the  aperture  fields  are  slowly  varying  over  distances  com¬ 
parable  with  a  wavelength  and  are  nearly  of  uniform  phase  over  the  aperture, 
i.e.,  maximum  radiation  in  a  direction  along  the  normal  to  the  aperture.  In 
this  case  =  z  X  it  and  (3.25)  for  the  far-zone  electric  field  becomes 

7  knf~^  °r 

Ee  =  — (1  +  cos  $)(fx  cos  <j>  +  fv  sin  <j>)  (3.34 a) 

7  knf~~jk  °r 

E^  =  — - (1  +  cos  0)  (fy  cos  <j>  —  fx  sin  <£)  (3.345) 

47IT 


The  power  per  unit  solid  angle  is  given  by 


1-2 

AQ 


^  (|£#|2  +  \E,\>)  =  3^7  (1  +  cos  0)2(| /,|*  +  \W 


(3.35) 


This  expression  is  usually  of  form  such  that,  after  multiplication  by  sin  0  dd  d<f>} 
the  integration  cannot  be  performed.  Instead  of  using  the  above  formulation, 
the  radiated  power  is  obtained  by  integrating  |EG|2/2f0  over  the  aperture;  thus 

F  -  W.  fh. IEJ’  * 


(3.36)' 
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This  expression  can  often  be  evaluated  but  must  be  regarded  as  only  an  ap¬ 
proximate  result,  since  it  does  not  agree  in  general  with  the  results  obtained  by 
using  (3.35).  The  inconsistency  between  the  two  stems  from  the  fact  that  the 
assumptions  made  about  the  field  on  the  aperture  plane  are  not,  in  accord  with 
Maxwell’s  equations.  For  example,  the  far-zone  field  E#  will  generally  not 
vanish  on  the  aperture  plane,  which  contradicts  the  assumption  made  earlier 
that  the  tangential  electric  field  on  the  aperture  plane  was  zero  outside  the 
aperture  surface.  The  field  is  uniquely  determined  by  either  the  tangential 
electric  or  magnetic  field  on  the  aperture  plane,  so  we  are  not  at  liberty  to 
arbitrarily  specify  both.  In  spite  of  these  objections,  the  formula  (3.36)  is 
commonly  used  and  does  give  a  useful  estimate  of  the  directivity  from  the 


expression 


In  formulating  (3.37)  we  have  used  (3.35)  with  6  =  0  for  the  maximum  power 
per  unit  solid  angle  and  replaced  ft  by  its  Fourier  transform  representation  in 
terms  of  the  aperture  electric  field. 


3.6  General  Formulas  for  Scattering  and  Diffraction 

The  theory  developed  in  the  preceding  sections  has  shown  that  the  far-zone 
radiation  field  can  be  evaluated  in  a  straightforward  manner  provided  either 
the  tangential  electric  or  magnetic  field  (or  both)  is  known  everywhere  on  the 
infinite  aperture  plane.  However,  in  general  it  is  not  possible  to  evaluate 
exactly  the  tangential  fields  produced  on  an  aperture  plane  by  a  given  antenna 
system.  Consequently,  approximate  techniques  must  be  employed  in  order 
to  readily  obtain  reasonably  accurate  estimates  of  the  field  on  the  aperture 
plane.  Suitable  methods  based  on  geometrical  optics  concepts  are  discussed  in 
later  chapters.  In  this  section  we  shall  present  some  general  formulas  for  the 
field  radiated  by  a  current  source,  in  the  presence  of  one  or  more  obstacles  such 
as  a  reflector,  that  can  be  used  as  a  basis  for  finding  approximate  values  of  the 
fields  on  the  aperture  plane  or  for  determining  the  radiation  field  directly. 
When  the  far-zone  radiation  field  is  found  from  an  aperture  field,  with  the 
latter  determined  by  a  separate  analysis,  the  procedure  is  sometimes  called  the 
aperture  field  method .  The  other  basic  procedure  for  treating  reflector-type 
antennas  is  based  on  an  approximate  determination  of  the  induced  currents  on 
the  reflector  and  the  evaluation  of  the  radiation  field  directly  in  terms  of  these 
currents.  The  latter  procedure,  called  the  induced-current  method ,  has  its  basis 
in  the  general  formulas  developed  below. 

The  literature  on  electromagnetic  scattering  and  diffraction  is  very  extensive 
and  cannot  be  reviewed  in  detail  here.  Many  of  the  results  that  have  been 
obtained  are  of  interest  in  connection  with  antennas  even  though  they  are 
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most  often  not  directly  applicable.  The  interested  reader  is  referred  to  a  very 
extensive  review  that  has  been  given  by  Bouwkamp.15 

Consider  current  sources  J(r'),  Jm(r')  radiating  in  the  presence  of  one  or 
more  scattering  obstacles  as  illustrated  in  Fig.  3.7.  Let  each  obstacle  be  sur- 


Fig.  3.7  A  current  source  in  the  presence  of  scattering 
obstacles. 


rounded  by  a  closed  surface  Si  for  the  ith  obstacle  and  let  Sm  denote  the  surface 
of  a  sphere  of  infinite  radius.  In  the  volume  V  bounded  by  the  surface 
S  ~  Si  +  S2  +  •  *  *  +  Si  +  *  •  •  +  Sm  the  electric  and  magnetic  fields  E(r)  and 
H(r)  are  solutions  of  [see  (1.5)  and  (1.23)  with  magnetic  sources  added] 


(V2  +  fc02)E  =  jmoJ  +  V  £  +  V  x  Jm  (3.38 a) 

Co 

(V2  +  fc02)H  =  -  V  X  J  +  jwejm  +  V  ^  (3.386) 

Mo 


The  field  must  also  satisfy  the  boundary  conditions  on  the  surfaces  of  all 
scattering  obstacles  and  the  radiation  condition  on  Sm. 

We  may  regard  the  field  as  made  up  from  a  linear  sum  of  the  primary  or 
incident  field  radiated  directly  by  the  sources  into  unbounded  free  space  plus 
the  field  scattered  by  the  various  obstacles  that  are  present.  The  primary  field 
is  obtained  by  multiplying  the  source  terms  in  (3.38)  by  the  negative  of  the 
free  space  scalar  Green’s  function 


e~jk  o|r— r'| 

4dr  -  r7 


(3.39) 


and  integrating  over  the  source  coordinates.  Thus  we  have 


E.«  -  -  t 


j<w J(rO  +  -  V'p(r')  +  v'  x  Jm(r') 

«o 

1 


G0(r  r')  dV 


(3.40a) 


H,(r)  =  -  f  -V'  X  J(r')  +  +  -  V'Pm(r') 

Jv  L  po 


Go(r|rO  dV'  (3.406) 


for  the  incident  field. 


RADIATION  FROM  APERTURES 


81 


The  scattered  field  may  be  viewed  as  arising  from  the  induced  conduction 
and  polarization  currents  that  flow  in  and  on  the  various  scattering  obstacles 
which  are  present.  These  secondary  sources  are  external  to  the  volume  V 
bounded  by  the  surfaces  S,  in  Fig.  3.7.  Consequently,  by  Love’s  field  equiva¬ 
lence  principle  the  scattered  field  E.,,  H*  in  V  can  be  determined  from  equivalent 
current  sources  J,  =  n  X  H„  Jm,  =  -n  X  B,  placed  on  the  surfaces  &  sur¬ 
rounding  the  scattering  obstacles.  If  we  note  that  Love’s  field  equivalence 
principle  also  states  that  equivalent  sources  — n  X  Ht  and  n  X  E*  placed  on 
the  surfaces  Si  reproduce  the  incident  field  inside  but  radiate  a  null  field 
outside  Sif  then  it  is  clear  that  reversing  the  sign  of  these  latter  equivalent 
sources  will  still  result  in  a  null  field  radiated  into  the  region  V.  Thus  we  can 
equally  well  use  equivalent  sources 

Js  =  nX  (H,  +  Hi)  =  n  X  H  (3.41a) 

Jm.  =  -n  X  (E.  +  EO  =-nXE  (3.416) 

where  E  and  H  are  the  total  fields  in  V,  to  reproduce  the  scattered  field  in  V. 
These  equivalent  sources  will  now  produce  a  field  —  E*,  —  H,  inside  the  surfaces 

Si  instead  of  a  null  field.  However,  this  does  not  affect  the  field  in  the  region  of 
interest  V. 

Before  proceeding  further  with  the  derivation  of  expressions  for  the  total 
field  in  T  it  will  be  convenient  to  manipulate  (3.40)  into  an  alternative  form. 
If  we  use  the  results 

V'(pGo)  =  GoV'p  +  pV'Go  r  x  (JmGo)  =  GoV  X  Jm  ~  Jm  X  V'G0 
and  the  integral  transformations 

fvV'(pG0)dV'  =  j>s  pG0  dS'  =  0 

Jy  V'  X  (JmGo)  dV'  =  ~js  Gojm  X  dS'  =  0 
because  p  and  Jm  are  zero  on  S,  we  can  express  the  incident  fields  in  the  form 

E  ,(r)  =  L  \-j^oJ(T')Go  +  v'6'o  -  Jm(j')  X  V'6'ol  dV'  (3.42a) 

M* 

H*(r)  =  /  J(r')  X  V'Go  -  jo>e0]m(i')Go  +  ^  V'Gol  dV'  (3.42 b) 

Jv  L  po 

e  can  evaluate  the  scattered  field  in  V  from  the  equivalent  surface  currents 
given  by  (3.41)  if  we  introduce  vector  potential  functions  A  and  Am  and  invoke 
a  Lorentz  condition.  If  we  use  both  the  vector  and  scalar  potentials,  we  re¬ 
quire  a  knowledge  of  both  the  currents  and  the  associated  charge  distributions. 
The  formulas  (3.42)  are  equivalent  to  the  results  which  would  have  been  ob¬ 
tained  by  introducing  the  vector  and  scalar  potentials  first.  If  we  wish  to  use 
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these  expressions  to  evaluate  the  scattered  field  by  introducing  the  equivalent 
surface  sources  in  place  of  the  volume  sources,  we  must  determine  the  equiva¬ 
lent  surface  charge  distributions.  This  latter  source  is  readily  found  in  terms  of 
the  discontinuity  in  the  normal  components  of  the  fields  across  the  surface  &. 
Since  the  equivalent  currents  given  by  (3.41)  produce  the  field  Es,  Hs  outside 
the  Si  and  —  E,,  —  H*  inside  the  Si,  it  is  clear  that  the  equivalent  surface  charge 
distributions  are  given  by 


ps  =  e0[n  •  Es  —  n-(  —  E<)]  =  e0n-E  (3.43a) 

Pms  =  Mo[n-Hs  -  n* (— Ht)]  =  Mon-H  (3.436) 

When  we  make  use  of  the  equivalent  sources  given  by  (3.41)  and  (3.43)  to¬ 
gether  with  an  adaptation  of  (3.42)  to  surface  sources,  we  readily  find  that  the 
scattered  field  is  given  by 

E.(r)  =  <fs  [-jam n  X  HG0  +  n-EV'G0  +  (n  X  E)  X  V'G0]  dS'  (3.44a) 
H,(r)  =  js  [(n  X  H)  X  V'G0  +  jut* n  X  EG„  +  n-HV'G0]  dS'  (3.446) 

In  these  expressions  for  the  scattered  field  the  integration  is  taken  over  the 
surfaces  Si  surrounding  each  obstacle.  The  surface  S ^  at  infinity  does  not  con¬ 
tribute,  because  the  equivalent  sources  on  this  surface  would  reproduce  the 
total  field  outside  this  surface  but  contribute  only  a  null  field  to  the  region  V 
(Love’s  principle  again). 

The  results  given  by  (3.42)  and  (3.44)  were  first  developed  by  Larmor  and 
Tedone  (see  Baker  and  Copson16  for  details)  and  rederived  by  Stratton  and 
Chu17,18  by  using  a  vector  form  of  Green’s  theorem.  The  derivation  based  on 
Green’s  theorem  is  outlined  in  Exercise  3.3. 

In  practice  it  is  often  desirable  to  find  an  approximate  expression  for  the 
scattered  field  in  terms  of  approximate  equivalent  sources  located  on  an  open 
surface  with  a  boundary  C.  Formulas  (3.44)  are  not  directly  applicable,  since 
they  hold  only  for  the  case  of  sources  distributed  over  a  closed  surface.  When 
we  have  an  open  surface  and  postulate  equivalent  current  distributions  that 
have  a  nonvanishing  normal  component  at  the  boundary  C,  the  continuity 
equation  requires  that  line  charges  of  density  given  by  (in  an  exact  solution 
these  line  charges  would  be  zero  because  the  edge  condition  requires  the  normal 
component  of  current  to  vanish  at  the  edge;  see  Sec.  1.7) 

jospi  =  t  *  Js  (3.45a) 

jupml  =  Z'Jms  (3.456) 

be  placed  on  the  contour  C.  In  (3.45a, 6)  t  is  a  unit  vector  perpendicular  to  C 
and  directed  outward  from  the  boundary  but  in  the  tangent  plane  to  the  open 
surface  S  at  the  edge  C .  Equations  (3.45)  simply  state  that  the  rate  at  which 
charge  accumulates  on  the  boundary  C  is  equal  to  the  component  of  the  surface 
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current  directed  toward  the  edge.  If  the  line  charges  are  added,  then  (3.44a, 6) 
taken  over  an  open  surface  together  with  the  line  integrals 


C  jut0 


V'Gd  dl 


’f 


m  .  T 

b  J  ms 
C  juno 


VGdl 


(3.46) 


will  be  exact  expressions  for  the  fields  radiated  from  specified  sources  located 
on  an  open  surface.  If  instead  the  vector  potential  functions  A  and  Am  are 
evaluated  first,  we  can  dispense  with  the  line  integrals,  since  these  potentials 
are  determined  by  the  currents  alone.  A  Loren tz  condition  must  then,  of 
course,  be  used  to  eliminate  the  scalar  potentials  so  the  fields  can  be  found  in 
terms  of  A  and  Am  alone.  The  choice  of  method  to  be  used  is  one  of  individual 
preference.  The  necessary  line  charges  and  contour  integrals  were  first  intro¬ 
duced  by  Kottler  (see  Baker  and  Copson16).  The  need  for  these  line  sources  is 
also  discussed  in  an  illuminating  way  in  a  recent  paper  by  Sancer,30 


Exercise  3.3  Let  G(r|r')  be  the  dyadic  Green’s  function  for  Helmholtz’s  equation  as 
given  by  (2.27)  in  Sec.  2.6.  By  direct  expansion  verify  that 

— V'* [E  X  (V'  X  G)  +  (V'  X  E)  X  G  +  EV'-G  -  GV'-E] 

=  (V'2E)*G  -  E-V,2G 

By  substituting  for  the  right-hand  side  from  the  equations  satisfied  by  G  and  E, 
show  that 


-  V'  X  J  * 


•GdV' 


+  MEX  (V’  X  G)  +  (V'X  E)  XG  +  EV'-G  -  GV'-EfindS' 


by  using  the  divergence  theorem.  Next  show  that  V'(p/  e0)  *  G  =  V'-(Gp/e0)  —  (p/e0)V'-G, 
V'-G  =  V'Cro,  V'XG  =  V'Go  X  I  =  I  X  V'G0  and  that  n*E*  (V'  X  G)  =  n  X  E« 
(i  X  V'Go)  =  (n  X  E)  X  V'G0.  Note  also  that  V'X  E  can  be  replaced  by  —jcojj.  0H  on 
S.  When  these  results  are  used  in  the  expression  for  E(r)  and  the  volume  integral  of 
V'-  (Gp/ €o)  is  converted  to  a  surface  integral  to  cancel  the  contribution  from  the  term 
GV'-E,  the  result  given  by  the  sum  of  (3.42a)  and  (3.44a)  is  obtained.  A  similar  method 
may  be  used  to  derive  the  expression  for  H(r). 


If  the  surface  S  consists  of  an  open  conducting  surface,  then  on  S  we  have 

n  X  E  =  0  and  n*E  =  p.s/e0.  The  term  n*EV'(?o  in  (3.44a)  can  now  be 
written  as 

V'Go 

— jwe0 


where  is  the  surface  del  operator.  We  can  also  write 


vM. 

—jut  o 


t  L-v^v'Co 

jut0 


The  surface  integral  of  the  divergence  may  be  converted  to  a  line  integral 
around  the  boundary  of  the  open  surface  by  using  the  divergence  theorem. 
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The  line  integral  is  easily  seen  to  be  the  negative  of  that  given  by  (3.46);  and 
since  the  latter  must  be  added  to  (3.44a)  for  an  open  surface,  we  finally  get, 
after  replacing  n  X  H  by  Js, 

E,(r)  -  f  4S- 

J  s  \  Jtoeo  ) 


since  V*  =  Js  •  V'.  This  expression  is  readily  evaluated  for  the  far-zone  radi¬ 
ation  field,  i.e.,  to  order  1/r,  by  noting  that  in  the  far  zone  V'G0  =  —jk0  R Go  = 
—jk0iGo  to  terms  of  order  1/r.  Note  that  R  and  r  are  essentially  parallel  unit 
vectors  whenever  r  r'.  We  thus  find  that  the  radiation  field  is  given  by 


E*(r)  = 


jco^oe 


—jkQr 


AttT 


s 


(Js  -  f .  J,r)e**v  dSf 


(3.47) 


This  result  is  similar  to  that  obtained  in  Chap.  2  for  the  far-zone  field  radiated 
by  a  volume  distribution  of  current  [see  Eq.  (2.236)]. 

To  illustrate  how  (3.44a)  is  used  in  practice  consider  a  reflector  illuminated 
by  a  dipole  source  as  in  Fig.  3.8.  If  we  assume  that  the  primary  field  E^,  H * 
from  the  dipole  is  known,  we  can  obtain  an  approximate  expression  for  the 


Fig.  3.8  A  reflector-type 
antenna. 


induced  currents  on  the  reflector  as  follows.  On  the  shadow  side  of  the  reflector 
we  may  assume  that  the  primary  field  is  zero.  (Because  of  diffraction  this  is 
only  approximately  true.)  On  the  illuminated  side  n  X  E  is  zero  and  n  X  H  can 
be  approximated  by  2n  X  H2  by  considering  that  each  point  of  the  reflector 
behaves  locally  as  though  it  were  part  of  an  infinite  conducting  plane.  The 
radiation  field  may  now  be  found  from  this  induced  current  alone  by  using  the 
vector  potential  A.  If  (3.44a)  is  to  be  used,  we  must  add  the  line  charge  contri¬ 
bution  given  by  the  contour  integral  involving  Js  =  2n  X  Ht  in  (3.46),  since 
the  reflector  surface  is  an  open  surface.  The  surface  charge  density  ps  may  be 
approximated  by  2e0n*Et,  the  exact  result  for  reflection  from  an  infinite  plane, 
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and  replaces  the  term  n-E  in  (3.44a).  Alternatively,  (3.47)  involving  only  the 
current  Js  may  be  used.  Thus,  the  scattered  field  is  approximated  in  terms  of 
integrals  involving  only  the  known  incident  field.  The  total  radiated  field  is  the 
sum  of  the  scattered  field  Es  and  the  direct  radiated  field  E,.  It  should  be  noted 
that,  because  the  assumed  current  is  not  exact,  the  fields  calculated  from 
(3.44a)  and  (3.47)  do  not,  in  general,  agree  exactly. 

Kirchhoff’s  Formula 

In  optical  diffraction  a  scalar  formulation  based  on  Kirchhoff’s  formula  is 
commonly  used.  Since  the  same  method  is  also  frequently  used  for  large 
aperture-type  antennas,  a  brief  discussion  of  this  formulation  is  given  here. 

Consider  a  region  V  bounded  by  a  closed  surface  S  in  which  the  electric  field 
is  source-free.  Thus  in  V,  E  is  a  solution  of 

(v2  +  AvOE  =  o 

The  scalar  Green’s  function 

p—jk.%  |r— r'| 


is  a  solution  of  (V2  +  A,o2)(?o  —  — S(r  —  r')  in  V.  If  we  form  the  quantity 

EiV*G0  -  GaV2Ei  =  V  •  (EiVGo  -  GaVEi) 

where  E,  is  one  of  the  components  of  E  in  a  rectangular  coordinate  system,  we 
find  that 

V'.[£,(r')V'Go  -  b'oV'A.(r')]  =  -£,(r')5(r  -  r') 

by  interchanging  the  primed  and  unprimed  variables.  Let  us  now  integrate 
over  the  volume  V  to  obtain 

Ei(t)  =  h  (Ei  Jn  ~  G°  I if)  dS'  (3‘48a) 

where  the  normal  derivative  is  taken  with  respect  to  the  primed  variables  and 
the  normal  n  is  directed  into  the  region  V.  By  combining  the  results  for  each 
component  of  E,  we  can  write 

E<r)  -  f,  (E  -  a‘  fn )  dS  <3'48i>) 

The  equation  given  above  is  Kirchhoff’s  formula.  If  both  E  and  dE/dn  are 
known  everywhere  on  the  closed  surface  S,  then  the  field  inside  V  is  deter¬ 
mined  exactly.  In  practice  the  formula  is  often  applied  with  only  an  approxi¬ 
mate  knowledge  of  the  tangential  electric  field  on  an  aperture  plane.  The  term 
involving  dE/dn  and  the  normal  component  of  E  would  then  be  neglected. 
These  approximations  are  quite  drastic  in  nature,  and  it  is  difficult  to  estimate 
the  magnitude  of  the  error  that  results.  In  general,  the  use  of  (3.48)  when  the 
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surface  S  is  taken  as  an  open  surface  does  not  yield  a  solution  for  E  that  satis¬ 
fies  Maxwell's  equations  in  the  region  V.  The  vector  formulas  (3.44)  together 
with  the  contour  integrals  (3.46)  do  not  suffer  from  this  deficiency. 

In  spite  of  the  objections  made  above  as  regards  the  manner  in  which 
KirchhofT  s  formula  (3.48)  is  used  in  practice,  it  is  still  possible  to  formulate  a 
satisfactory  scalar  or  geometric  optics  theory  on  the  basis  of  (3.48)  for  electro¬ 
magnetic  diffraction  by  large  apertures. 

3.7  The  Focused  Aperture 

An  aperture-type  antenna  with  an  aperture  distribution  having  a  constant 
or  linearly  varying  phase  is  an  aperture  focused  at  infinity.  In  this  section  we 
shall  consider  radiation  from  an  aperture  which  has  a  field  with  a  phase  varia¬ 
tion  corresponding  to  that  of  a  converging  spherical  wave.  This  type  of  phase 
variation  results  in  the  radiated  field  being  focused  at  a  finite  distance  in  front 
of  the  aperture.  The  characteristics  of  a  focused  aperture  are  of  considerable 
interest  in  connection  with  the  receiving  properties  of  parabolic  reflectors  and 
lenses,  since  both  are  used  to  focus  the  incoming  plane  wave  to  a  point  at  the 
location  of  the  primary  feed  or  receiving  antenna  located  at  the  focus.  Some¬ 
times  it  is  also  desirable  to  focus  an  antenna  at  a  finite  distance  for  the  purpose 
of  measuring  the  radiation  pattern  at  a  much  closer  range  to  the  antenna  than 
is  possible  for  an  antenna  focused  at  infinity.  This  is  particularly  true  for  large 
antennas,  where  the  far-zone  field  could  easily  begin  a  distance  of  several  miles 
from  the  antenna.  This  latter  application  has  been  discussed  by  Bickmore,19 
Cheng,20  and  also  Jull.21 

As  may  be  surmised,  the  properties  of  focused  apertures  have  been  of  interest 
in  optics  for  many  years,  and  a  large  number  of  relevant  papers  are  available. 
A  notable  early  contribution  was  made  by  Lommel,  who  studied  the  properties 
of  a  focused  circular  aperture.22  Much  more  recent  work,  along  with  many 
references,  has  been  published  by  Bachynski  and  Bekefi,23  Matthews  and 
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Cullen,24  and  Boivin  and  Wolf.25  The  above  authors  present  several  plots  of 
the  field  amplitude  and  phase  in  the  region  around  the  focus.  Bachynski  and 
Bekefi,  and  also  Matthews  and  Cullen,  give  in  addition  measured  results  ob¬ 
tained  at  microwave  frequencies.  Focused  apertures  have  also  been  studied  by 
Bickmore26  and  Sherman.27  (See  too  the  discussion  given  by  Hansen.28) 

As  an  illustration  of  a  typical  analysis  we  shall  consider  a  rectangular  aper¬ 
ture  of  size  2 a  by  26  in  an  infinite  perfectly  conducting  screen  as  shown  in 
Fig.  3.9.  The  aperture  field  is  taken  as  linearly  polarized  in  the  x  direction  and 
having  a  phase  variation  corresponding  to  that  of  a  spherical  wave  converging 
on  the  focus  at  0  at  a  distance  F  from  the  aperture  plane  (see  Fig.  3.9).  We 
shall  call  F  the  focal  length.  The  aperture  field  can  be  expressed  as 

E  =  xA(x,y)ejk»R 0  (3.49) 

where  A  is  real.  According  to  the  discussion  in  Sec.  2.5,  we  approximate  Ry  the 
distance  from  a  source  point  to  a  field  point,  by 


R  =  r  —  r*r'  + 


(r-r')2] 


(3.50) 


since  we  are  interested  in  the  field  in  the  Fresnel  zone.  For  the  amplitude 
variation  of  the  field  we  replace  R  by  r.  The  radiated  field  is  given  by  (3.27) 
along  with  (3.24a),  except  that  now  we  must  use  the  more  accurate  expression 
(3.50)  for  R ,  thus 


E(P)  =  (e  cos*-<i>  sin  <$>) 

f  f  A(x'yy')ejkoR°  exp  (jkQi  *r')  exp 

J  —b  J  —a 


(3.51) 


To  facilitate  an  evaluation  of  the  integral  we  shall  assume  that  F  is  large  com¬ 
pared  with  both  a  and  6,  so  that  we  may  approximate  R0  =  [F2  +  r'2]^  by 
Ro  —  F  +  r'2/2F.  Hence  the  integral  to  be  evaluated  is 


dx'  dyf 


(3.52) 


If  we  are  interested  in  the  field  near  the  focus  where  r  «  F  and  x2  +  y2  < 
a2  +  62,  then  the  term  involving  the  factor  r  «r'  in  the  exponential  is  of  order 
r'4/Fz,  But  terms  of  this  order  were  dropped  in  approximating  R0)  and  hence 
this  term  in  (3.52)  should  be  dropped  for  consistency.  For  r  =  F  and  x  and  y 
small  relative  to  F  we  see  from  (3.52)  that  in  the  focal  plane  z  =  F  the  radia¬ 
tion  field  has  a  pattern  which  is  essentially  the  same  as  the  far-zonq  pattern, 
since  the  factor  multiplying  r/2  is  zero  to  the  order  of  approximation  being 
made  here.  As  a  typical  example  illustrating  the  order  of  approximation  in¬ 
volved,  let  a  =  b  =  50  cm,  X0  =  3  cm,  and  F  —  200  cm.  Then  the  maximum 
value  of  rf  is  70.7  cm  and  for  r  —  Fy  x  —  x'  —  y  —  y'  —  a  the  maximum  value 
of  fc0(?*r')2/2r  is  7rr'4/(3r3)  =  1.04^.  If  we  keep  x  and  y  to  less  than  a/2,  the 
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surface  S  is  taken  as  an  open  surface  does  not  yield  a  solution  for  E  that  satis¬ 
fies  Maxwell’s  equations  in  the  region  F.  The  vector  formulas  (3.44)  together 
with  the  contour  integrals  (3.46)  do  not  suffer  from  this  deficiency. 

In  spite  of  the  objections  made  above  as  regards  the  manner  in  which 
Kirchhoff  s  formula  (3.48)  is  used  in  practice,  it  is  still  possible  to  formulate  a 
satisfactory  scalar  or  geometric  optics  theory  on  the  basis  of  (3.48)  for  electro¬ 
magnetic  diffraction  by  large  apertures. 

3.7  The  Focused  Aperture 

An  aperture-type  antenna  with  an  aperture  distribution  having  a  constant 
or  linearly  varying  phase  is  an  aperture  focused  at  infinity.  In  this  section  we 
shall  consider  radiation  from  an  aperture  which  has  a  field  with  a  phase  varia¬ 
tion  corresponding  to  that  of  a  converging  spherical  wave.  This  type  of  phase 
variation  results  in  the  radiated  field  being  focused  at  a  finite  distance  in  front 
of  the  aperture.  The  characteristics  of  a  focused  aperture  are  of  considerable 
interest  in  connection  with  the  receiving  properties  of  parabolic  reflectors  and 
lenses,  since  both  are  used  to  focus  the  incoming  plane  wave  to  a  point  at  the 
location  of  the  primary  feed  or  receiving  antenna  located  at  the  focus.  Some¬ 
times  it  is  also  desirable  to  focus  an  antenna  at  a  finite  distance  for  the  purpose 
of  measuring  the  radiation  pattern  at  a  much  closer  range  to  the  antenna  than 
is  possible  for  an  antenna  focused  at  infinity.  This  is  particularly  true  for  large 
antennas,  where  the  far-zone  field  could  easily  begin  a  distance  of  several  miles 
from  the  antenna.  This  latter  application  has  been  discussed  by  Bickmore,19 
Cheng,20  and  also  Jull.21 

As  may  be  surmised,  the  properties  of  focused  apertures  have  been  of  interest 
in  optics  for  many  years,  and  a  large  number  of  relevant  papers  are  available. 
A  notable  early  contribution  was  made  by  Lommel,  who  studied  the  properties 
of  a  focused  circular  aperture.22  Much  more  recent  work,  along  with  many 
references,  has  been  published  by  Bachynski  and  Bekefi,23  Matthews  and 


Fig.  3.9  The  focused  aperture. 
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Cullen,24  and  Boivin  and  Wolf.25  The  above  authors  present  several  plots  of 
the  field  amplitude  and  phase  in  the  region  around  the  focus.  Bachynski  and 
Bekefi,  and  also  Matthews  and  Cullen,  give  in  addition  measured  results  ob¬ 
tained  at  microwave  frequencies.  Focused  apertures  have  also  been  studied  by 
Bickmore26  and  Sherman.27  (See  too  the  discussion  given  by  Hansen.28) 

As  an  illustration  of  a  typical  analysis  we  shall  consider  a  rectangular  aper¬ 
ture  of  size  2 a  by  2b  in  an  infinite  perfectly  conducting  screen  as  shown  in 
Fig.  3.9.  The  aperture  field  is  taken  as  linearly  polarized  in  the  x  direction  and 
having  a  phase  variation  corresponding  to  that  of  a  spherical  wave  converging 
on  the  focus  at  0  at  a  distance  F  from  the  aperture  plane  (see  Fig.  3.9).  We 
shall  call  F  the  focal  length.  The  aperture  field  can  be  expressed  as 

E  =  xA(x,y)ejk°R°  (3.49) 

where  A  is  real.  According  to  the  discussion  in  Sec.  2.5,  we  approximate  R,  the 
distance  from  a  source  point  to  a  field  point,  by 


(3.50) 


since  we  are  interested  in  the  field  in  the  Fresnel  zone.  For  the  amplitude 
variation  of  the  field  we  replace  R  by  r.  The  radiated  field  is  given  by  (3.27) 
along  with  (3.24a),  except  that  now  we  must  use  the  more  accurate  expression 
(3.50)  for  Rj  thus 


E(P)  =  (e  cos  *  -  $  sin  <j>) 

f  f  A(xf,yf) ejk ^ 0  exp  (j. fc0r  •  r' )  exp 

J  — b  J  — a 


(3.51) 


To  facilitate  an  evaluation  of  the  integral  we  shall  assume  that  F  is  large  com¬ 
pared  with  both  a  and  6,  so  that  we  may  approximate  R0  =  [F2  +  r'2]^  by 
Rq  —  F  +  r'2/2F .  Hence  the  integral  to  be  evaluated  is 


j_b  j_a  A  (x',yr)  exp 


dxf  dyf 


(3.52) 


If  we  are  interested  in  the  field  near  the  focus  where  r  ~  F  and  x2  +  y2  < 
a2  +  b2,  then  the  term  involving  the  factor  ?  *r'  in  the  exponential  is  of  order 
r/4/F3.  But  terms  of  this  order  were  dropped  in  approximating  R0)  and  hence 
this  term  in  (3.52)  should  be  dropped  for  consistency.  For  r  —  F  and  x  and  y 
small  relative  to  F  we  see  from  (3.52)  that  in  the  focal  plane  z  =  F  the  radia¬ 
tion  field  has  a  pattern  which  is  essentially  the  same  as  the  far-zone  pattern, 
since  the  factor  multiplying  r'2  is  zero  to  the  order  of  approximation  being 
made  here.  As  a  typical  example  illustrating  the  order  of  approximation  in¬ 
volved,  let  a  —  b  =  50  cm,  X0  =  3  cm,  and  F  =  200  cm.  Then  the  maximum 
value  of  r'  is  70.7  cm  and  for  r  =  F,  x  —  xf  =  y  =  y'  =  a  the  maximum  value 
of  ko(i»T')2/2r  is  7rr/4/(3r3)  =  1.047t.  If  we  keep  x  and  y  to  less  than  a/2,  the 
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maximum  value  of  this  term  will  be  t/4,  for  which  the  value  of  the  integral  I  is 
not  significantly  changed  if  the  above  term  is  dropped. 

For  large  values  of  x  and  y  the  term  (r*r')2/2r  may  not  be  negligible. 
Since  this  term  involves  a  cross-product  term  in  x'y'  because  (if  *  r')2  = 
(xxf  +  yy'Y/r2,  the  integral  I  becomes  difficult  to  evaluate.  However,  if  we 
consider  only  the  field  variations  in  the  principal  planes  x  =  0  and  y  —  0,  the 
cross-product  term  vanishes.  For  a  separable  aperture  field  amplitude  of  the 
form 


N  M 

A(x,y)  =  EIC 


n  =  0  m  =  0 


nirx  miry 

nm  COS  -  COS  — r 

a  o 


the  integral  I  can  be  evaluated  in  terms  of  Fresnel  integrals.  For  simplicity  we 
shall  evaluate  only  the  constant  term  in  the  aperture  field  expansion.  A 
similar  integral  occurs  in  the  theory  of  horn  antennas,  and  the  integral  in¬ 
volving  an  aperture  field  with  cosinusoidal  variation  is  evaluated  in  Chap.  14 
in  connection  with  the  analysis  of  the  H-plane  sectoral  horn. 

For  the  case  when  x  and  y  are  small  we  have 


xxf  +  yyf  +  O'2  +  y'2) 


dxf  dyf 


By  completing  the  square  in  the  exponential,  it  is  readily  found  that 


/ 


■wrF 


Ur  -  F) 


[CW  ±jS(u2)  -  CM  =F  jS(ui)][C(v2)  ±jS(v2) 


—  CM  =F  jS(v i)]  exp 


3 


?  h  Q x 2  +  y2)F 1 

r  2(r  —  F)  J 


x2  +  y2«a2  +  b2  (3.53) 


where  the  Fresnel  integrals  are  given  by 


cos 


and 


Ui  =  (— 1){  a 

Vi  =  (~l)i  b 


x 

r 

y 

r 


with  i  =  1,  2.  The  upper  signs  are  used  for  r  >  F  and  the  lower  signs  for 
r  <  F.  Tables  of  the  Fresnel  integrals  may  be  found  in  Jahnke  and  Emde.29 
For  r  —  F  very  small  we  can  use  the  results  of  Prob.  3.7  to  obtain  an  alterna¬ 
tive  solution. 

The  labor  involved  in  calculating  the  amplitude  of  the  electric  field  is  reduced 
if  it  is  noted  that  (1)  the  field  strength  is  proportional  to  \I\/ry  (2)  the  function 
r  —  F\/rF  has  the  same  value  at  two  points  given  by  r  =  F/(l  ±  7),  where  7 
is  a  variable  constant,  (3)  the  functions  ui}  Vi  are  equal  at  the  two  values  of  r 
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specified  in  (2)  provided  the  field  is  plotted  as  functions  of  x/r  and  y/r,  (4)  the 
functions  C(u)  and  S(u)  are  odd  functions  of  u ,  and  hence  \I\  has  the  same 
value  at  the  two  values  of  r  given  in  (2)  when  plotted  as  a  function  of  x/r  and 
y/r,  that  is,  when  plotted  as  a  function  of  sin  6  cos  <t>  and  sin  d  sin  <£. 

In  Fig.  3.10  we  give  the  pattern  in  the  y  =  0  plane  as  a  function  of  .r/X0  for  a 


Fig.  3.10  Normalized  electric  field  from  a  focused  aperture  in  the 
y  =  0  plane  (a  =  b  =  50  cm,  F  =  200  cm,  X0  =  3  cm). 


square  aperture  with  a  =  b  =  50  cm,  F  =  200  cm,  X0  =  3  cm.  The  patterns 
given  correspond  to  z  =  0.834F,  F,  and  1.25F  and  are  normalized  relative  to 
the  field  strength  at  the  focus.  For  the  small  values  of  x  involved  r  has  been 
replaced  by  z.  Note  that  the  main  lobe  decreases  rapidly  in  height  and  gets 
much  broader  with  increasing  distance  away  from  the  focal  plane.  Sherman 
gives  similar  plots  of  the  pattern  for  a  focused  aperture.27 

The  above  analysis  is  also  applicable  for  determining  the  Fresnel  zone  field 
from  an  aperture  focused  at  infinity,  i.e.,  as  F  tends  to  infinity. 


PROBLEMS 

3.1  Show  that  the  time-average  energies  stored  in  the  evanescent  electric  and  magnetic 
fields  arising  from  an  aperture  in  a  conducting  screen  are  given  by 


Wm  = 


€0 


327r2A"o: 


m  -  mu* t  +  -  2if,-k« 


kt  >ko 


hi 2  -  AV2 


dkx  dky 


J  (kt2  -  ko2)1/2 


W.  = 


€0 


S2w2k02 


I V 


kt>  ko 


frit  + 


krh|2 
kt 2  —  ko 2 


dkx  dky 


(h2  -  h2)1/2 
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The  following  relations  will  be  useful: 

k-k*  -  2 k?  -  h2  k-f  =  0  f-k*  -  2krf<  for  ht  >  h 


3.2  In  the  visible  region  of  kx  —  ky  space  where  k  is  pure  real  show  that  the  integrands 
for  Wm  and  We  in  Prob.  3.1  are  equal.  This  expresses  the  well-known  property  that  the 
electric  and  magnetic  energy  density  in  a  propagating  plane  wave  are  equal. 

3.3  Derive  the  relations  (3.156)  to  (3.15/). 

3.4  Use  the  Schwartz  inequality 


< 


fjpdxdy  II  g2dxdy 


to  show  that  of  all  constant-phase  aperture  fields  the  uniform  field  gives  maximum 
directivity.  Use  (3.37)  for  the  directivity  and  put  g  =  1  and  /  equal  to  the  aperture 
field  (assume  a  linearly  polarized  field) . 

3.5  Show  that  the  radiation  pattern  of  a  circular  aperture  of  radius  a  with  a  uniform 
linearly  polarized  aperture  field  is  proportional  to  Ji(koa  sin  6)/  ( koa  sin  6 ),  where  Ji  is 
the  Bessel  function  of  order  1.  Show  that  the  half-power  beam  width  is  equal  to 
1.02\0/2a  and  that  the  first  side  lobe  is  17.5  db  below  the  main-lobe  peak. 

3.6  For  an  aperture  distribution  given  by  cos2  (ttx/2 a)  show  that  the  half-power  beam 
width  is  given  by  1.45Xo/2a,  that  the  side-lobe  level  is  32  db  below  the  main-lobe  peak, 
and  that  the  directivity  is  smaller  by  a  factor  of  0.667  relative  to  that  for  a  uniform 
aperture  distribution. 

3.7  Investigate  the  effect  of  a  small  quadratic  phase  error  in  the  aperture  field  distribu¬ 
tion.  Assume  an  aperture  field  distribution  eriax%  cos  (ttx/2 a),  where  a  is  a  small 
parameter. 

Hint:  Expand  e~iaxi  and  note  that  integrals  of  the  type 


TTX 

x2ne)kox  Bind  cog 

2  a 


are  equal  to 


d2n  f ° 
d(jko  sin  6)n  j  — d 


gjknx  sin  0 


By  using  a  two-term  approximation  for  e~jax\  obtain  an  expression  for  the  power 
radiation  pattern.  Estimate  the  increase  in  the  half-power  beam  width  and  the  decrease 
in  directivity  when  ad1  =  x/2. 

3.8  Derive  an  expression  for  H  by  using  Green’s  second  identity  and  a  procedure 
similar  to  that  outlined  in  Exercise  3.3  and  thus  verify  (3.446). 

3.9  Let  the  tangential  aperture  fields  be  Ha?  Ea  on  the  aperture  plane  z  ~  0  over  the 
region  |x|  <  o,  —  o°  <  y  <  <»,  and  zero  outside  this  region.  Show  that  the  two- 
dimensional  form  of  (3.25)  is 

—  I5  k  X  g(k<s  sin  6) 

Kq  _ 


E 


nr 

\  Sir  kQr 


e  ik°r  h  cos  6 


f  ( h  sin  6) 


H 


&ofo 


kXE 


where  k-f  =  k-g  =  0,  k  =  A~0(x  sin  6  -f  z  cos  6) 


and 


g t  =  /  Ha(x)eikxX  dx 
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Hint:  Use  (3.15)  and  a  similar  procedure  to  find  the  magnetic  field  contributed  by  Ha. 
Note  that,  because  the  equivalent  currents  Js  =  zX  Ha  and  Jms  =  —  z  X  Ea  radiate 
into  free  space,  (3.15)  must  be  multiplied  by  x/i. 

3.10  Use  (2.39),  the  relation  Ey  =  —ju)Ay  —  —  (aj/io/4)//02(A*0i?)  for  the  electric  field 
from  a  unit  line  current  along  y ,  and  the  asymptotic  form  of  the  Hankel  function  to 
show  that  an  aperture  magnetic  field  Ha(x)x  over  —  a  <  x  <  a,  —  oo  <y<  oo?  pro¬ 
duces  a  far-zone  electric  field  given  by 


Ey  =  -  e~jk*r  J  a  d**' 3in  *  Ila(x’)  dxf 

where  R  =  [(x  —  x')2  -f  z2]^.  Thus  verify  the  result  obtained  in  Prob.  3.9  by  a  differ¬ 
ent  method  for  this  special  case. 
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CHAPTER  4 


THE  RECEIVING  ANTENNA 

R.  E.  Collin 


4.1  Introduction 

In  this  chapter  we  shall  examine  the  general  properties  of  an  antenna  from 
the  point  of  view  that  the  antenna  is  used  for  the  reception  of  electromagnetic 
radiation.  We  shall  show  that,  when  the  antenna  is  located  in  a  reciprocal 
medium,  the  directivity  and  pattern  of  an  antenna  used  for  the  reception  of 
electromagnetic  radiation  are  the  same  as  when  the  antenna  is  used  to  radiate 
energy.  We  shall  also  show  that  the  antenna  effective  receiving  cross  section  is 
related  to  the  gain  G  by  a  universal  constant  X02/47r.  In  addition,  the  equiva¬ 
lent  circuit  of  a  receiving  and  transmitting  antenna  system,  together  with 
formulas  for  calculating  the  received  power  and  the  effects  of  noise,  will  be 
developed.  The  effects  of  varying  polarization  of  the  electromagnetic  field  on 
the  performance  of  an  antenna  will  also  be  dealt  with. 

The  most  general  source  of  radiation  that  an  antenna  could  be  called  upon  to 
receive  would  have  the  following  features: 

1.  Polychromatic,  i.e.,  consist  of  a  spectrum  of  frequencies 

2.  Spatial  extent 

3.  Spatial  and  temporal  variation  of  amplitude,  phase,  and  polarization  with 
varying  degrees  of  spatial  and  temporal  correlation  between  these  quantities 

The  special  case  of  monochromatic  and  nonrandomly  polarized  waves  emanat¬ 
ing  from  a  point  source  has  received  the  most  extensive  treatment  in  the  litera¬ 
ture  and  will  be  given  major  emphasis  in  this  chapter.  We  shall,  however,  also 
discuss  to  some  extent  the  reception  of  radiation  with  more  general  features. 

When  an  antenna  is  used  for  radiating  electromagnetic  energy,  the  power 
output  from  the  transmitter  is  fed  to  the  antenna  input  terminals  through  a 
coaxial  line,  waveguide,  or  other  suitable  waveguiding  structure.  If  the 
antenna  input  impedance  is  not  equal  to  the  characteristic  impedance  of  the 
feed  line,  a  portion  of  the  incident  power  is  reflected.  This  is  an  undesirable 
feature,  since  the  maximum  transmitter  power  output  is  not  radiated  and  the 
resultant  standing  wave  in  the  feed  line  yields  a  higher  electric  field  strength 
than  for  a  matched  system,  and  hence  a  reduction  of  the  power-handling 
capability  before  dielectric  breakdown  occurs.  To  overcome  these  undesirable 
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features  a  matching  network  is  usually  inserted  between  the  antenna  and  the 
feed  line  in  order  to  transform  the  antenna  input  impedance  into  an  impedance 
equal  to  the  characteristic  impedance  of  the  feed  line.  The  transmitter  must 
also  be  matched  to  the  feed  line  in  order  to  obtain  maximum  power  transfer. 

When  an  antenna  is  used  to  receive  electromagnetic  radiation,  it  is  likewise 
desirable  to  have  the  antenna  matched  to  the  feed  line  and  to  have  the  load  at 
the  other  end  also  matched  to  the  feed  line  in  order  to  maximize  the  received 
power.  The  matching  networks  should  have  as  low  a  loss  as  possible  in  order  to 
obtain  a  high  efficiency,  i.e.,  useful  signal  power  output. 

From  an  equivalent  circuit  point  of  view  it  makes  no  difference  whether  the 
feed  line  is  a  conventional  TEM  wave  transmission  line  or  a  waveguide.  If  a 
transmission  line  is  used,  the  TEM  mode  of  propagation  is  uniquely  described 
in  terms  of  the  voltage  and  current  waves  on  the  line  and  the  characteristic 
impedance  of  the  transmission  line.  If  energy  is  coupled  to  and  from  the  an¬ 
tenna  by  a  waveguide,  we  can  introduce  equivalent  transmission  line  voltage 
and  current  amplitudes  proportional  respectively  to  the  transverse  electric 
and  magnetic  fields  in  the  waveguide.  These  equivalent  voltage  and  current 
amplitudes  may  always  be  so  chosen  that  the  energy  flow  along  the  waveguide 
is  given  by  } A  Re  VI*  —  3*2  Re  II*ZC,  where  Zc  is  an  equivalent  characteristic 
impedance  which  can  be  arbitrarily  chosen  provided  V  and  I  are  so  defined 
that  V  =  IZC  for  a  mode  propagating  in  a  single  direction.  In  view  of  this 
equivalence  between  a  waveguide  and  a  transmission  line  we  shall  always 
assume  a  coaxial  transmission  line  for  the  feed  line  whenever  the  analysis  re¬ 
quires  the  use  of  a  specific  feed  line.  The  theory  will  nevertheless  be  general, 
since  the  voltage,  current,  and  characteristic  impedance  may  always  be 
interpreted  as  the  equivalent  parameters  for  a  waveguide.  For  a  detailed 
treatment  of  waveguide  equivalent  circuit  theory,  the  reader  is  referred  to  the 
texts  by  Montgomery,  Dicke,  and  Purcell1  and  Collin.2 


4.2  Reciprocity  for  Antennas 


Consider  two  arbitrary  antennas  fed  from  shielded  sources  by  means  of 
coaxial  lines  as  in  Fig.  4.1.  The  generators  are  denoted  by  ga  and  gb  for 
antennas  a  and  b,  respectively.  It  is  assumed  that  the  antennas  are  located  in 
an  isotropic  lossless  medium  and  are  separated  by  a  distance  sufficiently  large 
that  each  antenna  is  located  in  the  far-zone  region  of  the  other  antenna.  Let 
the  impedance  at  reference  plane  Si  looking  toward  ga  be  Zn,  the  impedance  at 
reference  plane  Si  looking  toward  the  antenna  be  Zin, i,  the  impedance  at  refer¬ 
ence  plane  So  looking  toward  the  antenna  be  Zin, and  the  impedance  at 
reference  plane  S2  looking  toward  gb  be  Z&.  With  ga  on  and  gb  off  the  field  pro¬ 
duced  by  ga  is  Ea,  Ha  with  components 
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With  ga  off  and  (jb  on  the  field  produced  by  gb  is  E&,  H&  with  components 


Fig.  4.1  A  two-antenna  system. 


Note  that  the  subscripts  1  and  2  refer  to  terminal  planes  Si  and  S2  and  sub¬ 
scripts  a  and  b  refer  to  which  antenna  is  transmitting.  The  positive  directions 
for  /ia  and  I2b  are  toward  the  antennas,  while  the  positive  directions  of  hb  and 
I2a  are  away  from  the  antennas. 

If  we  use  the  fields  Ea,  Ha  and  E6,  H&  in  the  Lorentz  reciprocity  theorem 
given  by  (1.68)  in  Sec.  1.9,  we  obtain 

js  (Ea  X  Hj  -  Ei,  X  H„) -</S  =  0  (4.2) 

where  S  consists  of  the  surface  Sc  around  the  conductors  making  up  each  an¬ 
tenna  system,  the  terminal  planes  Si  and  S2f  and  the  surface  of  a  sphere  at 
infinity  as  shown  in  Fig.  4.1.  Now  at  infinity  f0H a,b  =  r  X  E 0f6,  while  on  the 
conducting  surface  Sc  we  have  fmH(„,&)f  =  n  X  E0>fe,  where  H(a,6)t  denotes  the 
tangential  component.  These  relations  show  immediately  that  on  the  surface 
at  infinity  and  on  the  imperfectly  conducting  surface  Sc  characterized  by  a 
surface  impedance  the  integrand  is  identically  zero  in  (4.2).  Thus  we  have 

fSi  (E0  X  H*  —  E6  X  H.) -dS  =  (E»  XH.-E.XH)  -dS  (4.3) 

When  we  substitute  from  (4.1)  for  the  fields  and  carry  out  the  integration,  we 
find  that 

Vlallb  +  V Ibl la  =  k  2b ha  +  V 2ahb 


(4.4) 
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From  this  expression  we  can  obtain  a  relation  giving  the  received  signal  voltage 
1  2a  at  the  terminal  plane  S2j  when  gb  is  short-circuited  but  ga  is  on,  in  terms  of 
the  voltage  \\ b  that  gb  would  produce  at  Si  when  ga  is  short-circuited.  Replac¬ 
ing  hb  by  Yib/Zn  and  I2a  bv  V2a/Zi2  in  (4.4)  gives 


r  la  +  IlaZu  .  . 

|  2a  r/  t  t  |  j  rjr  *16 

&i\  »  26  “T 


(4.5) 


If  we  replace  VXa  and  V2b  in  terms  of  the  generator  open-circuit  voltages  by 
using  the  relations  given  in  Fig.  4.2,  we  obtain 


Fig.  4.2 

a  result  which  relates  the  received  voltages  at  terminals  Si  and  S2  to  each  other 
in  terms  of  the  generator  voltages  and  the  internal  impedances  of  the  generators 
as  seen  from  the  terminal  planes.  Note  that  no  assumptions  about  matched 
antennas  or  generators  have  been  made. 

If  we  replace  T72a  by  Zi2  I2a  and  VXb  by  Za  hb,  we  obtain 

€bha  €ahb  (4*7) 

This  is  a  commonly  quoted  result  for  antennas  and  states  that  the  generator 
voltage  eb  times  the  current  flowing  at  S2  due  only  to  ea  equals  the  genera¬ 
tor  voltage  ea  times  the  current  at  Si  as  produced  by  eb . 

In  deriving  (4.6)  and  (4.7)  it  has  been  assumed  that  the  terminal  planes  Si 
and  >S2  are  located  just  in  front  of  the  generators,  so  that  the  circuit  between  the 
generator  terminals  and  the  reference  planes  can  be  considered  to  be  a  simple 
series  impedance.  If  this  is  not  done,  then  an  equivalent  T  network  must  be 
used  to  represent  the  structure  between  the  generator  terminals  and  the 
reference  terminal  plane.  In  this  case  V\a  is  given  by  (see  Fig.  4.3) 

Via  =  ir^br  e“  - 

/j^a  -p  Z/2a 
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where  Zn 


Z*a  +  v .  ln  place  of  (4.6)  we  have 

6  la  — P  6  2 a 


r2„  =  Vu 


Uya  Z /I )  [Z2g  '  (Z la  4~  Z2g). 

(?b.  Zi»)[Z-2b  {Z\b  +  Z2b)  ] 


=  1 


ej  6  a 


€u  Zip. 


(4.8) 


Fig.  4.3 

where  the  subscript  a  refers  to  antenna  a  and  6  refers  to  antenna  b .  The 
quantities  ea  =  eaZ2a/(Zla  +  Z2a )  and  e'b  are  the  Thevenin  equivalent  voltages 
as  seen  from  the  terminal  planes  Si  and  S2,  respectively. 

We  may  specify  an  equivalent  circuit  to  represent  conditions  between  the 
terminals  Si  and  S2  also.  The  field  at  Si  will  be  linearly  proportional  to  ea  and 
eb,  and  hence  the  total  voltage  at  Si,  and  also  at  S2,  will  be  linearly  proportional 
to  any  linear  combination  of  Iu,  I2a  and  Iib,  I2b .  Thus  we  can  write 

hi  =  Via  +  Vib  =  (ha  —  hb)Zn  +  (— 1 2a  +  hb)Zi2  (4.9a) 

V2—  4  2a  T  4  26  —  (ha  I\b)Z2i  +  (  I2a  T  I2b)Z 22  (4.96) 

The  relation  (4.4)  will  enable  us  to  show  that  Zi2  =  Z2U  When  ea  =  0,  eb  ^  0, 

we  have 

4  16  —  hbZll  T  1 2bZ 12  4  26  “  hbZ 21  T  1 2bZ 22 

while  if  ca  ^  0,  eb  =  0,  we  have 

f  la  ~  haZ u  haZ 12  4  2a  “  haZ2l  —  I2aZ22 

Eliminating  all  voltages  in  (4.4)  by  means  of  these  relations  reduces  (4.4)  to 
(hbha  “  hahb)(Z  12  —  Z2i)  =  0.  Since  conditions  a  and  6,  that  is,  ea  and  eb) 


S\  $7 

Fig.  4.4  Equivalent  circuit  for  a  two- antenna  system. 
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are  independent,  this  can  hold  in  general  only  if  ZX2  —  Z 2X,  that  is,  reciprocity 
holds.  The  overall  general  circuit  of  a  two-antenna  system  is  thus  as  illus¬ 
trated  in  Fig.  4.4.  The  mutual  impedance  ZX2  represents  the  coupling  between 
the  two  antennas  and  will  be  a  function  of  the  distance  separating  the  two 
antennas,  the  relative  antenna  orientation,  and  their  polarization  properties 
(see  Probs.  4.3  and  4.4). 

Exercise  4.1  Derive  the  result  ( hbha  —  haT<ib){Z\2  —  Z2i)  =  0. 


4.3  Directional  Properties  of  a  Receiving  Antenna 

We  shall  show  in  this  section  that  the  receiving  and  transmitting  directional 
characteristics  of  an  antenna  are  identical.  Consider  two  antennas  a  and  b 
that  are  matched  to  their  respective  feed  lines,  and  with  matched  generators 
(or  loads).  Let  the  input  resistance  (reactance  assumed  zero)  be  Ra)  Rb ,  re¬ 
spectively.  Let  antenna  a  be  fixed  in  space  and  let  antenna  b  be  moved  on  the 
surface  of  a  sphere  with  antenna  a  at  the  center  as  in  Fig.  4.5.  Let  the  orient a- 


\ 

\ 

\ 

\ 


Fig.  4.5  Arrangement  to  measure  the  directional  properties 
of  a  receiving  antenna. 


tion  of  the  axis  of  antenna  b  be  specified  by  the  angles  6by  <j>b  with  the  radius 
vector  from  antenna  a  to  antenna  b  as  the  polar  axis.  As  antenna  b  moves  on 
the  sphere  let  db ,  <t> b  be  kept  constant.  Let  6a ,  <t>a  specify  the  orientation  of  the 
axis  of  antenna  b  relative  to  antenna  a .  Let  antenna  a  transmit  and  antenna  b 
receive.  As  antenna  b  moves  on  the  sphere  around  antenna  a  its  received 
power  is  a  measure  of  the  directional  properties  of  antenna  a,  provided  the 
antennas  are  far  enough  apart  that  ZX2  is  so  small  that  it  does  not  change  the 
power  transmitted  by  antenna  a  to  any  appreciable  extent.  If  this  were  not 
the  case,  the  variation  in  Zi2  with  the  angles  6a,  <t>a  would  result  in  an  inaccurate 
relative  measure  of  the  gain  Ga(Oa,<t>a )•  The  coupling  parameter  ZX2  is  also  a 
function  of  the  polarization  properties  of  the  two  antennas,  a  detailed  discus¬ 
sion  of  which  is  given  in  a  later  section.  For  simplicity  it  is  assumed  here  that 
both  antennas  transmit  linearly  polarized  radiation  and  are  always  rotated 
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about  their  respective  axis  for  maximum  received  power.  (Rotation  about  the 
axis  does  not  change  the  orientation  angles  9  and  <j>.) 

Under  the  assumed  conditions  the  power  received  by  antenna  b  is  readily 
computed  from  the  equivalent  circuit  in  Fig.  4.4,  which  is  shown  in  Fig.  4.6  for 


Fig.  4.6  Receiving  circuit  for  an¬ 
tenna  b. 


the  special  conditions  presently  imposed.  We  find  that  the  received  power  Pb 
is  given  by 


1 

2 


32  Ra2Rb 


ZniOarfa)]2 


(4.10) 


Note  that  we  have  approximated  Z n  —  Z12  and  Z22  —  Zn  by  Zn  =  Ra  and 
Z22  =  Ra,  since  Z i2  is  very  small  when  the  antennas  are  far  apart.  Since  the 
power  received  by  antenna  b  will  be  proportional  to  the  power  density  incident 
on  this  antenna,  and  the  latter  is  proportional  to  the  gain  Ga(Oa,<t>a)  of  antenna  a 
in  the  direction  of  antenna  b ,  |Z12(0a,<#>a)  |2  is  proportional  to  Ga{9a,<t>a ). 

If  antenna  b  is  transmitting  and  antenna  a  is  used  for  reception,  similar  con¬ 
siderations  show  that  the  power  received  by  antenna  a  will  be  given  by 


* 


€b 


32  RPRa 


z2i(ea,<t>a) 


(4.11) 


However,  since  Zu  =  Z2i,  the  directional  properties  of  antenna  a  under  receiv¬ 
ing  conditions  are  the  same  as  for  transmitting  conditions  and  in  both  cases 
are  proportional  to  the  gain  Ga(9a,<t>a ).  Since  antenna  a  is  arbitrary,  this 
property  is  true  for  all  antennas.  Note  that  this  result  depends  on  reciprocity 
and  would  not  be  true  for  antennas  located  in  a  nonreciprocal  medium  such  as 
a  plasma  with  a  static  magnetic  field  present,  e.g.,  the  ionosphere  in  the 
presence  of  the  earth’s  magnetic  field,  or  if  nonreciprocal  devices  were  in¬ 
corporated  in  the  antenna  structure  or  feed  line.  The  former  is  strictly  an  en¬ 
vironmental  effect  and  not  an  intrinsic  characteristic  of  the  antenna  itself 
(see  discussion  by  Tai3). 

Results  similar  to  the  above  are  obtained  even  if  the  antennas  are  not 
matched  to  their  respective  feed  lines  as  long  as  the  antenna  separation  is 
great  enough  that  |Zi2|  is  much  smaller  than  \Zn\  or  |Z22|  (see  Prob.  4.1).  For 
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closely  spaced  antennas  such  that  j Z  %%  I  is  comparable  to  \^Zw  j  and  I Z22  >  the 
input  impedance  at  the  antenna  terminals  is  modified  by  the  presence  of  a 
second  antenna  with  a  resultant  change  in  radiated  power  (or  received  power). 


4.4  Antenna  Receiving  Cross  Section 

A  receiving  antenna  located  in  the  far-zone  region  of  a  transmitting  antenna 
has  incident  upon  it  a  spherical  TEM  wave.  This  incident  wave  reacts  with 
the  receiving  antenna  to  produce  the  received  power  in  the  terminating  load. 
Clearly,  the  received  power  will  be  dependent  only  on  the  nature  of  the  incident 
radiation  and  not  on  the  specific  properties  of  the  transmitting  antenna  except 
insofar  as  they  affect  the  amplitude,  phase,  and  polarization  of  the  incident 
radiation.  Thus  it  is  possible  to  express  the  received  power  in  terms  of  a 
product  of  the  incident  power  density  per  unit  area  and  an  effective  receiving 
cross  section  or  area  Ar  which  is  a  characteristic  of  the  receiving  antenna  alone. 
In  this  section  we  shall  show  that  the  effective  area  Ar  for  any  antenna  is  re¬ 
lated  to  its  gain  G(d,<t>)  by  a  universal  constant  X02/47r,  that  is, 

Ar(e,t)  =  ^  G(d,4>)  (4.12) 

47 r 

Note  that  Ar  is  a  function  of  the  angles  6  and  <f>  which  specify  the  direction  of 
incidence  relative  to  the  antenna  axis.  In  addition,  (4.12)  assumes  that  the 
polarization  of  the  incoming  radiation  is  that  which  gives  maximum  received 
power  and  that  the  antenna  is  matched  to  the  terminating  load.  The  effect  of 
unmatched  polarization  is  treated  in  detail  in  a  later  section. 

With  reference  to  Fig.  4.7  let  antenna  a  be  fed  from  a  shielded  source  and  let 


Antenna  a 

Fig.  4.7  An  antenna  excited  by  a  current  element. 

antenna  b  be  a  short  linear  current  element.  When  antenna  a  is  transmitting, 
let  E0,  Ha  be  the  fields  produced.  Similarly,  let  E&,  be  the  fields  radiated  by 


THE  RECEIVING  ANTENNA 


101 


the  current  element.  An  application  of  the  Lorentz  reciprocity  theorem  (1.67) 
as  in  Sec.  4.2  gives 

f8i  (E„  XHi-EtX  Ha)  -dS  =  -jy  Ea-J  bdV 

~  ViaIib  +  1  lbl\a  ~  —Ea-flb/b  Al  (4.13) 

where  the  current  element  (antenna  6)  has  been  included  in  the  volume  of 
integration.  The  current  element  is  of  length  A /,  with  total  current  /&,  and  n6  is 
a  unit  vector  along  the  current  element. 


Exercise  4.2  Derive  (4.13). 


We  may  express  the  power  received  by  antenna  a  in  two  alternative  ways. 
Under  receiving  conditions  the  voltage  at  the  terminal  plane  S\  is  1  \b  and  the 
received  power  is 


Pa  =  y2  Re  VlbIfb  = 


V 


ib 


Re  (Z^)"1  = 


\ 


7  2 

lb 


2  Z, 


Re  Z 


il 


(4.14  a) 


a 


where  Z a  is  the  impedance  seen  looking  toward  the  generator  from  the  terminal 
plane.  Note  that  under  receiving  conditions  the  generator  internal  impedance 
is  replaced  by  an  equivalent  load  impedance.  We  can  also  express  the  received 
power  in  terms  of  the  receiving  cross  section  Ar;  thus 


Pa  = 


VlU  1 


Efc  2  Ar  ~ 


A  rfo^O' 


(h  Al) 


2  sin2  81 


32t r2r2 


(4.146) 


where  we  have  used  (2.6a)  for  the  field  from  a  current  element.  The  angle 
measures  the  angle  between  the  radius  vector  from  antenna  a  and  the  axis  of 
the  current  element,  while  r  is  the  distance  between  the  antenna  and  the  cur¬ 
rent  element. 

In  order  to  obtain  an  expression  for  Ar  we  equate  (4.14a)  and  (4.146)  and 
eliminate  Fx&  by  means  of  (4.13).  First  note  that,  according  to  the  definitions 
given  in  Sec.  4.2,  we  can  express  (4.13)  as  follows: 


16 


Flo  Fu 

Zin.! 


-  VlaVlb 


Z  in,l  +  Zn 

Z  in,lZn 


—  EaIb  Al  cos  \p 


where  cos  \p  is  the  direction  cosine  between  the  current  element  and  the  electric 
field  Ea  radiated  by  antenna  a  (assumed  to  be  linearly  polarized) .  The  squared 
magnitude  of  this  expression  is 


Z  in,l  +  Z 


il 


Z  ixi, \Zi\ 


=  Ea\2(Ib  Al)2  cos2  ^ 


(4.15) 


where  we  have  assumed  Ib  to  be  real.  To  eliminate  the  voltage  ITa  note  that 
the  power  input  to  antenna  a  may  be  expressed  as 


Re  VlaIt  =  y2  jUla|2  Re  (Z*  .i)-1 


1  V 


la 


2  z, 


Re  Z  i 


in,l 


in,l 
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and  hence  the  quantity  \EJ2  is  given  by 

Ga(da,<t>a)  1  |  Fla  2 


Ea  2  =  2f 


0 


4tt  r2  2lZin(1i2 


Re  Z, 


in,l 


(4.16) 


We  can  substitute  (4.16)  into  (4.15)  and  thus  eliminate  Vu  and  obtain  an  ex¬ 
pression  for  Fife.  This  expression  is  then  used  in  (4.14o),  which  is  subsequently 
equated  to  (4.146)  and  solved  for  Ar.  The  details  are  omitted,  but  the  reader 
can  easily  verify  that  the  result  is 


X02  cos2  \p  4  Re  Zin,i  Re  Zn 
4 t r  sin2  6b  Zin, i  +  Zn  2 


(4.17) 


Let  us  now  assume  that  the  current  element  is  rotated  for  maximum  received 
power  (cos  \p  =  sin  6b  =  1)  and  that  we  are  dealing  with  a  matched  antenna 
system.  Under  matched  conditions  Za  —  Zfn,i,  and  if  we  let  Re  Zin,i  =  Ra,  we 
find  that 

Ar(8a,<t>a)  =  ^Ga(0a,<t>a)  (4.18) 


which  is  the  desired  result  relating  the  maximum  receiving  cross  section  to  the 
antenna  gain  under  matched  conditions.  Since  antenna  a  is  arbitrary,  this 
result  is  true  for  any  matched  antenna.  (It  is  also  implied  here  that  the 
polarization  of  the  antenna  matches  that  of  the  incoming  radiation.) 


Exercise  4.3  Fill  in  the  details  in  the  derivation  of  (4.17)  and  (4.18). 


The  general  expression  (4.17)  can  also  be  used  to  examine  the  effect  of 
antenna  mismatch  on  the  receiving  cross  section.  Let  the  transmission  line  be 
terminated  in  a  pure  resistive  load  impedance  Rl  equal  to  the  characteristic 
impedance  Zc;  then  ZlX  —  Zc  —  R L.  In  addition,  let  Zin,i  =  Ra  +  jXa  be  the 
input  impedance  to  the  antenna.  For  a  given  antenna  Zin,i  is  fixed,  so  that  a 
matched  condition  must  be  obtained  by  means  of  a  separate  network  which 
transforms  Zin, i  at  the  terminal  plane  Si  into  an  impedance  Zc  at  the  generator 
terminals.  This  network  will  transform  the  impedance  Zc  into  Zfn, i  at  the 
terminal  plane  Si  when  looking  toward  the  generator  or  load  (see  Prob.  4.2). 
Under  matched  conditions  the  receiving  cross  section  is  given  by  (4.18),  but 
for  the  unmatched  case  as  described  above  we  obtain 


X02  p  4 RuRl 

Itt  a\Ra+jXa  +  Rl\2 


(4.19) 


by  using  (4.17)  with  cos  \p  =  sin  db  =  1.  The  reflection  coefficient  T  at  the 
generator  terminals  is  given  by 


Zing  -  Zc 

Z  in,l  +  Zc 


and  thus  the  fraction  of  the  available  power  supplied  to  the  antenna  is 

,  4  RqRl 


1 


(Ra  +  Rl)2  +  Xa2 
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Consequently,  for  a  mismatched  receiving  antenna  the  receiving  cross  section 
can  be  expressed  as 


Ar(6ai<t>a)  =  (1  “ 


Oa(Oa,<t>a) 


(4.20) 


For  a  mismatched  antenna  the  loss  in  received  power  is  the  same  as  the  loss  in 
transmitted  power.  If  G  is  taken  to  be  the  gain  of  the  mismatched  antenna, 
then  we  can  still  write  Ar  =  (X02/47 r)G.  This  requires  that  we  define  the 
gain  as 


G(d,<t>)  = 


^  power  radiated  per  steradian  in  direction  0,  4> 
maximum  available  power  from  generator 

power  radiated  per  steradian  in  direction  0,  <j> 


(i  -  r 2) 


power  input  to  antenna 


(4.21) 


In  (4.21)  the  maximum  available  power  from  the  generator  is  the  power  input 
to  the  antenna  when  a  lossless  matching  network  is  used  to  transform  the 
antenna  impedance  into  the  conjugate  of  the  generator  impedance. 


4.5  Reception  of  Completely  Polarized  Waves 


An  electromagnetic  wave  may  be  elliptically,  circularly,  or  linearly  polarized, 
and  as  long  as  the  state  of  polarization  does  not  change  with  time  it  is  said  to 
be  completely  polarized.  At  the  opposite  extreme  is  the  randomly  polarized 
wave  whose  polarization  varies  continuously  in  a  random  fashion  with  a  zero 
time-average  value  of  polarization  in  any  one  state.  In  between  these  two 
extremes  comes  the  partially  polarized  radiation  which  consists  of  two  parts, 
namely,  a  randomly  polarized  component  and  a  completely  polarized  com¬ 
ponent  which  can  be  elliptically,  circularly,  or  linearly  polarized.  Randomly 
and  partially  polarized  radiation  is  of  particular  interest  to  the  radio  astrono¬ 
mer.  In  this  section  we  shall  discuss  the  reception  of  completely  polarized 
radiation,  and  in  the  following  section  partially  polarized  radiation  will  be 
dealt  with. 

The  power  received  by  an  antenna  depends  on  its  polarization  properties 
and  also  on  the  polarization  of  the  incident  radiation.  In  order  to  illustrate 
this  effect  in  a  simple  situation,  consider  (4.13),  which  gives  the  received 
voltage  Fife.  If  we  assume  that  the  antenna  is  not  terminated  in  a  load,  i.e., 
is  open-circuited  at  the  terminals,  then  Iib  =  0  and 


Voc  =  (Vu)oc  = 


Ea'fife 

I 


/fe  At 


la 


(4.22) 


is  the  open-circuit  received  voltage. 

Let  the  current  element  be  oriented  in  a  plane  perpendicular  to  the  radius 
vector  from  the  receiving  antenna  so  that  sin  6b  —  1.  When  the  antenna  is 
transmitting,  it  will  in  general  radiate  an  elliptical  polarized  wave  for  which 
(see  Sec.  2.3) 


Ea  —  E$$  +  Ejfa 


(4.23) 
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where  Ee  and  are  the  complex  phasor  components  at  the  position  of  the 
current  element.  The  received  voltage  is  thus 

hoc  =  C (Eerie  E$n$) 

where  C  is  a  suitable  proportionality  constant  and  ne,  are  the  components 
of  n&.  The  received  power  PT  will  be  proportional  to  F0f'2,  and  hence 

Pr  oc  |  Eerie  +  E^n#  |2 

For  simplicity  let  Ee  be  real  and  positive  and  let  E $  =  re&Ee,  where  r  and  0  are 
positive  real  constants.  We  can  now  write 

Pr  oc  Ee2[(ne  +  m#  cos  0 )2  +  (rn0  sin  0)2] 

=  Ee2(ne2  +  t2%2  +  2 rn^i*  cos  0)  (4.24) 

Exercise  4.4  Show  that  the  received  power  is  given  by 

I  Foc|2  Re  Zq 
2|Zin,i  +  Ztl|2 

Hint:  By  The  veilin' s  theorem  the  antenna  is  equivalent  to  a  generator  with  voltage  Voc 
and  internal  impedance  Zin, x. 


The  polarization  property  of  the  antenna  is  completely  specified  by  the 
polarization  of  the  field  that  it  radiates,  i.e.,  by  Ea.  The  polarization  of  the 
incident  radiation,  which  in  this  case  is  that  from  a  linear  current  element,  is 
determined  by  the  unit  vector  ri&  and  corresponds  to  linear  polarization  in  the 
plane  of  nb  and  the  unit  radius  vector  r.  It  is  readily  shown  from  (4.24)  that 
for  maximum  received  power  it  is  required  that 


0  =  0 


(4.25) 


that  is,  the  antenna  polarization  should  be  linear  and  in  the  same  direction  as 
that  of  the  unit  vector  hb.  In  this  case  the  received  power  is  proportional  to 
Ee2(  1  +  t2). 

As  another  simple  example  let  the  antenna  radiate  a  circular  polarized  field 
with  E $  =  jEe,  which  corresponds  to  0  =  ir/2  and  \Ee\  =  |iv0|.  From  (4.24) 


Exercise  4.5  Verify  that  (4.25)  maximizes  Pr.  Hint:  Let  \Eo\  =  Ee(l  +  t2)^  cos  6, 
|F<*>|  =  Ee(  1  +  r2)^  sin  5  and  set  dPr/d0  =  dPr/d5  =  0  to  obtain  tan  25  =  (2  tan  5)/ 
(1  —  tan2  5)  =  2{n<t>/ne)/[\  —  (n^/ne)2]. 

we  obtain 

P r  &  (Eerie)2  T  (Een^)2  —  Ee2 

This  result  shows  that,  when  a  circularly  polarized  antenna  is  used  to  receive 
linearly  polarized  radiation,  the  received  power  is  only  one-half  of  the  maxi- 
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mum  [proportional  to  (1  +  r2)E e2  =  2 Ee2}  that  could  be  received  if  the  an¬ 
tenna  polarization  were  matched  to  that  of  the  incident  radiation. 

The  above  results  are  very  restricted,  since  they  account  only  for  linearly 
polarized  incident  radiation.  However,  we  may  easily  generalize  (4.22)  by  re¬ 
garding  nb  as  a  complex  vector  which  characterizes  a  more  general  state  of 
polarization  for  the  incident  wave.  The  receiving  properties  of  an  antenna 
under  these  more  general  conditions  are  discussed  by  Sichak  and  Milazzo,4 
Yeh,5  Roubine,6  Hatkin,7  Sinclair,8  and  Morgan  and  Evans9  and  also  in  a  series 
of  coordinated  papers  by  Rumsey,10  Deschamps,11  Kales,12  and  Bohnert.13 

Sinclair  introduces  a  complex  effective  vector  length  h  to  characterize  the 
receiving  antenna.8  Under  transmitting  conditions  the  radiated  field  is  ex¬ 
pressed  in  the  form 

E„  =  e-**  (4.26) 

where  h  is  a  complex  vector  with  complex  phasor  components  he  and  h#.  For  a 
current  element  h<*>  =  0,  he  =  A l  sin  0,  as  reference  to  (2.6a)  shows,  and  hence  h 
gives  the  radiated  field  relative  to  that  from  a  current  element  of  unit  length. 
The  incident  field  is  expressed  by  its  complex  components  EQe  and  E04>.  The 
open-circuit  received  voltage  is  then  given  by 

f  oc  —  heEoe  +  h^E^  =  h  •  Eo  (4.27) 

This  equation  is  a  generalization  of  (4.22),  which  we  may  show  as  follows: 
The  incident  field  E0  may  be  regarded  as  originating  from  two  perpendicular 
current  elements  1$  Al  0  and  I  $  Al  <f>  with  suitable  complex  amplitudes  Ie  and  I  $ 
and  with  a  location  specified  by  the  angles  0  and  <j>  relative  to  the  axis  (polar 
axis)  of  the  receiving  antenna  (see  Fig.  4.8).  These  current  elements  will 
produce  an  incident  field  given  by  (2.6a)  as 

Eo  =  -ikM  (7,6  +  I £)  (4.28) 

ZAor 

from  which  we  obtain 

_  2X0  re+J*°r 

Ie  ifo  A l  (4.29a) 

,  _  2X0re+jX<|r  T.  / .  oi*vl  \ 

i  <t>  — - —  E  o<£  (4.295) 

J fo  At 

r 
9 

Ip  into  paper 

plane 

Fig.  4.8  Current  elements  producing  a  specified  incident  field. 
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Note  that  an  additional  minus  sign  occurs  in  (4.28)  because  the  current  ele¬ 
ments  are  located  at  r ,  6 ,  <t>  and  not  the  origin  (this  is  clear  from  Fig.  4.8).  At 
the  position  of  the  current  elements  the  antenna  produces  a  field  given  by 
(4.26).  When  we  substitute  (4.26)  and  (4.29)  into  the  basic  formula  (4.22)  for 
the  received  open-circuit  voltage,  we  obtain  Sinclair's  result  (4.27). 

When  the  antenna  polarization  does  not  match  that  of  the  incident  radia¬ 
tion,  the  effective  receiving  cross  section  is  reduced.  Since  the  received  power 
will  be  proportional  to  \  V0C\2  the  reduction  factor  is  clearly  given  by 


P  = 


h 

■  •Eo2 

h 

2  E0  2 

(4.30) 


where  the  denominator  is  the  maximum  possible  value  of  Ih*E0l2.  This  maxi¬ 
mum  occurs  when  h  is  equal  to  a  real  constant  times  the  complex  conjugate  of 
E0  (this  is  readily  proved  by  an  extension  of  Exercise  4.5).  The  receiving  cross 
section  is  also  reduced  by  a  factor  1  —  |r)2  when  the  antenna  is  not  matched 
to  the  load.  Thus  in  the  general  case  of  both  mismatched  polarizations  and 
impedances  we  have 


Ar(094>)  =  (1 


(4.31) 


which  is  essentially  the  definition  of  effective  receiving  cross  section  proposed 
by  Tai.14 

A  convenient  way  of  visualizing  the  state  of  polarization  of  an  antenna  and 
the  incident  radiation  has  been  described  by  Deschamps11,15  and  will  be  out¬ 
lined  below.  The  antenna  polarization  is  specified  by  the  complex  vector  h. 
Without  loss  in  generality  we  can  assume  he  to  be  real  and  let  h$  =  rej%e , 
where  r  and  0  are  real  positive  constants.  The  physical  field  corresponding 
to  h  is 

Ee  =  Re  heeju>t  =  h$  cos  ut  E $  =  Re  =  her  cos  (a d  +  0) 


If  we  eliminate  the  time,  we  find  that 


(Ee)2  + 


2  EeE+ 


cos  0  =  he2  sin2  0 


(4.32) 


This  is  the  equation  of  an  ellipse  and  shows  that  the  field  vector  described  by  h 
traces  out  an  ellipse.  When  0  <  0  <  w/2,  the  direction  of  rotation  is  from  the 
<t>  axis  into  the  6  axis.  Viewed  in  the  outward  direction  of  propagation,  the 
rotation  is  counterclockwise,  so  the  polarization  is  said  to  be  left  elliptical 
polarization.  When  w/2  <  0  <  w,  the  polarization  is  right  elliptical  polariza¬ 
tion.  The  special  case  of  0  =  0  or  w  gives 


which  is  a  linearly  polarized  wave.  Circular  polarization  is  obtained  when 
0  =  7r/2  and  r  —  1,  in  which  case  (4.32)  becomes  Ee2  +  E$  =  h$2.  An  ellipti- 
cally  polarized  wave  can  be  decomposed  into  the  sum  of  two  linearly  polarized 
waves  or  the  sum  of  two  left  and  right  circularly  polarized  waves.7 
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The  state  of  polarization  represented  by  h  will  vary  with  position  as  given 
by  the  angles  8  and  cj>.  However,  for  a  specified  value  of  8  and  4>  the  polariza¬ 
tion  state  can  be  uniquely  described  by  giving  the  major  and  minor  axis  and 
the  orientation  of  the  major  axis  of  the  polarization  ellipse.  Each  state  of 
polarization  can  be  represented  by  a  point  on  a  sphere  called  the  Poincar6 
sphere.16  This  representation  is  obtained  by  introducing  the  Stokes  param¬ 
eters,  which  are  defined  by  the  following  relations:17 


so  =  h$2  (l  +  r2)  (4.33a) 

si  =  h$*(  1  -  r2)  (4.336) 

s2  =  2 rhe2  cos  0  (4.33c) 

s3  =  2 rhe2  sin  0  (4.33d) 


where  s02  =  Si2  +  s22  +  s32.  In  terms  of  two  auxiliary  angles  \p  and  x  given  by 


we  can  also  write 


2  T 

tan  2 \p  =  - - -  cos  0 

I  —  Tl 

(4.34a) 

sm  2X  =  l  ^  sin  (3 

(4.346) 

Si  =  So  COS  2x  cos  2 yp 

(4.35a) 

s2  =  s0  cos  2x  sin  2 \p 

(4.356) 

s3  =  s0  sin  2x 

(4.35c) 

The  angle  ^  is  the  orientation  angle  of  the  major  axis  relative  to  the  8  axis,  and 
X  is  the  ellipticity  angle  defined  such  that  tan  x  equals  the  axial  ratio.17  These 
latter  equations  show  that  s2,  s3  may  be  regarded  as  the  rectangular  co¬ 
ordinates  of  a  point  on  a  sphere  (the  Poincar6  sphere)  of  radius  so  as  shown  in 
Fig.  4.9.  Points  on  the  equator  correspond  to  x  =  0,  that  is,  0  =  0,  or  linear 


Fig.  4.9  The  Poincare  sphere  representation  of 
the  state  of  polarization. 
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polarization.  The  point  at  the  pole  2x  =  x/2  corresponds  to  /3  =  w/2,  r  —  1, 
or  left  circular  polarization,  while  the  pole  2x  =  —  tt/2  corresponds  to  right 
circular  polarization.  All  other  points  on  the  upper  or  lower  half  of  the  sphere 
correspond  to  left  or  right  elliptical  polarization,  respectively. 

If  we  choose  a  proper  phase  reference,  we  can  take  E0$  to  be  real  and  let 
E0<t>  =  E0e  aeSa,  where  a  and  a  are  positive  and  real.  It  is  then  readily  found 
that  (4.30)  can  be  expressed  by 


1  +  (r2r2  +  2c tt  COS  (a  +  (3) 

1  +  — 


(4.36) 


This  result  has  an  interesting  interpretation  in  terms  of  the  Poincare  sphere. 
The  quantity  h/'h|  is  represented  by  a  unit  vector  with  components  given  by 
the  normalized  Stokes’  parameters  si/s0,  s2/so,  s3/$0  [see  (4.33)1.  Likewise,  we 
can  represent  E* /|E0|  by  a  unit  vector  with  components 


1  -  cr2 


IT  <x2 

2  a 

z - ; - -9  COS  a 

1  T  a" 


2cr 

1  T  <72 


sm  a 


The  scalar  product  between  these  two  unit  vectors  gives 


cos  2y  = 


1  T  oT2 


a 


2  ,  4 err  COS  ( a  T  ff) 


T 


(1  T  r2)(l  T  tf2) 


where  2y  is  the  angular  distance  between  the  two  points  on  the  unit  Poincare 
sphere  representing  the  state  of  polarization  defined  by  h  and  E* .  (The  point 
corresponding  to  E*  is  the  mirror  image  in  the  equatorial  plane  of  the  point 
representing  E0  as  shown  in  Fig.  4.9.)  If  we  replace  cos  2y  by  2  cos2  y  —  1,  we 
readily  find  that 

p  =  cos2  y  (4.37) 


It  is  now  clear  that  the  maximum  value  of  p  corresponds  to  y  =  0  or  w,  which 
means  that  the  angular  distance  between  the  points  representing  h  and  E*  is 
zero.  Thus  for  maximum  reception  <r  =  r  and  a  =  —  0,  that  is, 


(4.38) 


The  received  power  will  be  zero  whenever  2y  =  tt  or  the  points  representing  h 
and  E*  are  diametrically  opposite.  For  good  polarization  matching,  these  two 
points  must  be  close  together  on  the  Poincare  sphere. 

The  polarization  loss  factor  p  can  also  be  expressed  as  one-half  of  the  scalar 
product  between  the  two  normalized  four-component  Stokes  vectors  with 
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components  (1,  Si/sq,  s2/sq,  sz/s0 )  and  (1,  s[/so,  s2/sq,  sg/so),  as  direct  expansion 
and  comparison  with  (4.34)  shows;  that  is, 


SpSo  +  SjS[  +  S2S0  +  S3S3 

2s0s0 


(4.39) 


4.6  Reception  of  Partially  Polarized  Waves 

A  strictly  monochromatic  wave  is  always  completely  polarized,  since  the 
phasors  associated  with  such  a  wave  are  independent  of  time.  A  polychro¬ 
matic  wave  can,  however,  be  completely,  partially,  or  randomly  polarized. 
It  is  difficult  to  treat  analytically  the  reception  of  a  general  polychromatic 
wave  consisting  of  a  broad  frequency  spectrum,  since  this  would  require  a 
knowledge  of  the  antenna  characteristics  over  the  corresponding  frequency 
band.  In  practice,  the  receivers  used  are  narrow-band  devices  so  that,  as  a 
first  approximation,  the  antenna  characteristics  can  be  assumed  to  remain 
constant  over  the  frequency  range  of  in  teres  t.f  A  narrow-band  polychromatic 
wave  is  called  a  quasi-monochromatic  wave  and  can  be  represented  by 

£o(r ,t)  =  Re  E0(r,<)e**  (4.40) 

where  E0(r,/)  is  a  slowly  varying  function  of  time,  i.e.,  it  has  frequency  com¬ 
ponents  occupying  a  narrow  range  A 00  centered  on  a?  =  0. 

The  reception  of  a  polychromatic  wave  of  the  form  given  by  (4.40)  can  be 
treated  by  means  of  a  modified  set  of  Stokes’  parameters  or  by  introducing  the 
polarization  coherence  matrix.  We  shall  give  a  short  discussion  of  the  main 
features  of  the  theory  and  refer  the  reader  to  papers  by  Ivo18'21  and  the  texts 
by  Born  and  Wolf17  and  Papas22  for  a  more  detailed  treatment. 

At  any  instant  of  time  a  narrow-band  polychromatic  wave  has  a  definite 
state  of  polarization.  Waves  arriving  at  different  angles  6  and  4>  may,  of 
course,  have  different  states  of  polarization  at  the  same  instant  of  time.  Since 
the  wave  is  only  quasi-monochromatic,  the  state  of  polarization  will  vary 
slowly  with  time.  Therefore,  the  quantities  of  interest  are  time  averages  of 
the  instantaneous  signal.  Consequently,  we  need  to  examine  the  time  average 
of  the  product  of  two  narrow-band  signals  before  proceeding  further.  Actually, 
in  practice,  interest  in  partially  polarized  waves  arises  in  problems  in  which 
little  knowledge  about  the  signal  is  available  except  in  a  statistical  sense. 
However,  for  statistically  stationary  processes  ensemble  averages  may  be  re¬ 
placed  by  time  averages.23  We  shall  assume  stationarity  throughout  in  the 
discussion  to  follow. 

Consider  two  narrow-band  signals 

e\{t)  =  Re  a,i(t)ejut+j4>iU)  —  oq  cos  (cot  +  <f>  1)  (4.41a) 

<?2(0  —  Re  a2(t)ej<Jit+ri*{t)  =  a2  cos  (cot  +  <fc>)  (4.416) 

tThe  general  theory  for  the  reception  of  wide-band  stochastic  fields  has  been  given  by 
Childers.44 
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where  ah  a2}  <t>  i,  fa  are  all  slowly  varying  real  functions  of  time.  The  time 
average  of  the  product  is  given  by 

(ei(t)e2(t))  =  lim  f  ei(t)e2(t)  dt 

J7— y  co  w  i  J  —  T 

=  lim  ^  f  ~  [cos  (fa  -  <fe) 

'T— > co  Z  1  J -T  Z 

+  cos  (<t>  1  +  <&>)  cos  2co£  —  sin  (<fc  +  <£2)  sin  eft 

The  last  two  terms  average  to  essentially  zero,  so  we  obtain 

(eie2)  =  3^2<«x«2  cos  (fa  —  fa)) 

=  Y2  Re  ( axej^a2e~j *2)  (4.42) 

The  analytic  signals  associated  with  ex  and  e2  are  (the  analytic  signal  was  intro¬ 
duced  by  Gabor  and  a  good  discussion  is  given  in  Born  and  Wolf17): 

Ei(t)  =  ai(0c^l(O+>*  (4.43a) 

E2(t)  =  a2(t)ej^t)+^t  (4.436) 

in  terms  of  which  we  can  express  the  time  average  as 

(eie2)  =  3^  Re  (ExEt)  (4.44) 

where  E2  is  the  complex  conjugate  of  E2.  Note  that  when  ah  a2,  <j> h  and  fa  are 
slowly  varying,  they  will  have  frequency  components  only  in  a  narrow  band  Aoo 
which  is  very  small  compared  to  the  mean  radian  frequency  w.  The  functions 
ai  and  a2  may  be  conveniently  viewed  as  the  envelopes  of  the  signals  e\  and  e2. 

In  addition  to  the  above  result  we  shall  also  need  the  Fourier  transform 
relation  developed  below.  (For  stochastic  signals  we  implicitly  assume  that 
the  time  functions  are  truncated  at  \t\  =  T  so  their  Fourier  transforms  will 
exist.  The  limit  T  — »  °o  is  taken  when  computing  the  time  average,  which  is 
finite.23)  Let 

r 00 

A(\)  =  /  e(t)e~}U  dt  (4.45a) 

J  —co 
i  co 

then  e(t)  =  —  [  A(\)e»l  d\  (4.456) 

TV  J  — co 

Since  e(t)  is  real,  A(— X)  =  /1*(A).  We  can  express  e(t)  in  the  form 

e(t)  =  J-  f°°  A  (\)eA‘  d\  +  J~  f  °  A  (\)elU  dk 

JjTt  J  o  Ztt  J  — co 

1  GO 

=  j  [T(\)ejX(  +  A(—  A)e~jX<]  d\ 

Ztt  Jo 
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by  replacing  X  by  —X  in  the  last  integral.  But  the  above  result  may  also  be 
written 


1  r 00 

e(t)  =  —  /  [A(\)ejXt  +  A*(\)e~jU]  d\ 
2  tt  J  o 


1  rco  / 

Re  -  /  A(\)e3U  d\ 

Trio 


(4.46) 


The  analytic  signal  E(t)  =  a(t)ej<J,t+j<t>u\  with  a  real  part  e(t ),  is  now  seen  to  be 
given  by 


E(t)  =  -  fAMeVdX 

7T  J  0 


(4.47) 


which  is  the  required  relation. 

We  now  return  to  the  problem  of  the  reception  of  quasi-mono  chromatic 
waves.  The  basic  relation  (4.22)  or  its  extension  (4.27)  holds  for  each  Fourier 
component  of  the  signal.  Thus  h(0,tf>,«)  is  the  antenna  transfer  function  in  the 
frequency  domain.  When  receiving  a  narrow-band  signal,  we  can,  as  a  first 
approximation,  treat  h  as  a  complex  constant  having  a  value  corresponding  to 
the  mean  value  of  frequency,  which  we  still  denote  by  to. 

Let  E0er(t)  and  EHr(t)  be  the  6  and  <j>  components  of  the  incident  wave  at  the 
antenna  in  the  time  domain.  These  signals  are  the  real  parts  of  the  associated 
analytic  signals,  which  we  denote  by  Eo$(t)  and  E^ (t) .  The  contribution  of 
Eoer(t)  to  the  received  open-circuit  voltage  will  be 


1 


l' oc$ 


2  TV 


OD 


CO 


[“  he(\)Eoer(t')e-iXV'-l)  d V  d\ 

J  —oo 


as  obtained  by  expressing  Eoer  in  terms  of  its  Fourier  transform,  multiplying  by 
the  transfer  function  fo(X),  and  converting  the  result  into  the  time  domain. 
Now  Eoer(t)  has  frequency  components  in  a  small  interval  Aa>  centered  on  co 
only,  and  we  may  approximate  h$(\)  by  he(oi)  in  this  interval  and  then,  by  steps 
analogous  to  the  step  used  to  obtain  (4.46),  find  that 


v 


oc 


1  f  00  r  a>+Au>/2 

,,  =  R e-  /  foi^Eoe'ine-W-*  rfX  dt’ 

TV  J  — oo  J  m — A(j/2 


—  Re  he(o))Eoe(t) 

by  using  the  relation  (4.47). 

By  an  entirely  similar  procedure  we  find  that 

v<>c,4>  Re  (to)  F (0 


(4.48) 


(4.49) 


gives  the  contribution  to  the  received  open-circuit  voltage  from  the  < j>  com- 
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ponent  of  the  incident  wave.  The  time-average  received  power  will  be  pro¬ 
portional  to  the  time  average  of  voc 2;  thus  by  using  (4.44),  we  obtain 

Pr  cc  1 4  R e  ([he(o})Eoe(t)  +  0 (oj) /^^ ( ^) ] [/? * ( w) 7:  *  (0  +  6*(aOE*0(O]) 

=  y2[heht(E0$(t)EUt))  +  Kh*{EHmtm 

+  2  Re  h8h*(Eoe(t)Eo$m  (4.50) 

We  shall  now  indicate  how  the  above  result  can  be  expressed  in  terms  of  a 
suitable  set  of  Stokes'  parameters.  For  this  purpose  again  assume  that  h6  is  real 
and  h#  =  rej%e-  Also  let 

E0e  =  ai(t)e3<x^tH3Ut  Em  =  <T2(t)e3a*(t)+jo3t 

where  ah  a2,  ah  and  a2  are  real  functions  of  time.  The  Stokes  parameters  for 
the  antenna  are  given  by  (4.33).  The  Stokes  parameters  for  the  incident  wave 


are  defined  in  terms  of  time  averages  as  follows: 

sq  =  (E0*Eo)  =  (<7i2)  +  (<r22)  (4.51a) 

si  =  (EobEob)  —  (Eq^Eq*)  =  (err)  —  (o-22)  (4.516) 

s2  =  Re  2(E*eEo4>)  =  2(cri<r2  cos  (cti  —  a2))  (4.51c) 

sf3  =  Im  2(EmEo<p)  =  2(a1a2  sin  (a2  —  ai))  (4.51d) 

Equation  (4.50)  can  now  be  expressed  in  the  form 

Pr  oc  3^s -s'  (4.52) 


where  s  and  s'  are  four-component  vectors  with  components  given  by  (4.33) 
and  (4.51)  that  characterize  the  polarization  properties  of  the  antenna  and  the 
time-average  polarization  of  the  incident  wave. 

The  effective  receiving  cross  section  for  partially  polarized  waves  is  seen  to 
be  given  by 

(4.53) 

as  comparison  with  (4.31)  and  (4.39)  shows.  This  definition  includes  the  polar¬ 
ization  mismatch  factor  p  —  which  is  not  always  desirable,  since  this  factor  is 
not  purely  a  parameter  of  the  antenna  alone.  An  alternative  definition  would 
involve  deleting  the  factor  s'/sq,  in  which  case  the  effective  area  would  be  a 
vector  quantity. 

The  properties  of  partially  polarized  waves  are  more  clearly  illustrated  by 
the  polarization  coherence  matrix.  The  elements  of  the  coherence  matrix  J'  are 
defined  by17 

Jee  =  (Eoe(t)E^e(t))  —  ( a\ 2) 

JU  =  (Eot(t)Eo$(t))  =  <<r22) 

J'h  =  (J*)*  =  (Eoe(t)EUt)) 


(4.54a) 

(4.546) 

(4.54c) 
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In  general,  we  should  take  Jm(t)  =  (Eoe(t)Eo$(t  —  r)>  etc.,  but  for  power  cal¬ 
culations  we  only  require  the  values  for  r  =  0.  The  term  coherence  instead  of 
the  usual  term  correlation  is  used  to  emphasize  the  fact  that  the  correlations  in¬ 
volved  in  (4.54)  are  between  analytic  signals  and  are  complex  quantities  (see 
remarks  by  Zucker24).  The  coherence  matrix  is  hermitian  and  is  a  function  of 
the  angles  of  incidence  6  and  <j>. 

In  a  similar  wav  we  can  define  a  coherence  matrix  J  for  the  antenna;  thus 

*  7 


heh* 

hfht 


hehl 

hh* 


(4.55) 


The  reader  can  non’  readily  verify  that  the  received  power  is  given  by 


<Eo  •  E*> 


=  (1 


<Eo^)Vg 


tr  }•}', 


2f0  4tt~  h2<E0-E*> 


(4.56) 


upon  expanding  the  matrix  product  and  forming  the  trace  (sum  of  diagonal 
terms  in  the  resultant  matrix).  Note  that  (l/2fo)(E0'E*)  is  the  average  incident 
power  density  per  unit  area  and  J't  denotes  the  transposed  matrix. 

The  above  expression  suggests  that  the  effective  receiving  cross  section  of 
the  antenna  should  be  defined  by  the  matrix 


Ar=(l-lrp)g(?^  =  4r4p  (4.57) 

since  this  expression  involves  only  the  antenna  parameters.  This  is  the  work¬ 
ing  definition  that  Ko  uses.19-21  Note  that  Ar  denotes  a  matrix  and  Ar  is 
used  for  the  factors  (1  —  jr|2)X02(j/4^-. 

A  number  of  useful  results  pertaining  to  the  coherence  matrix  and  its  relation 
to  the  Stokes  parameters  can  be  established.17'22  For  a  completely  unpolarized 
wave,  i.e.,  a  randomly  polarized  wave,  the  components  Eoe  and  EQ4>  are 
statistically  independent  and  have  the  same  root-mean-square  value,  thus 
J ee  =  =  {<ri2),  J =  J$>e  =  0,  and  the  coherence  matrix  reduces  to 


(4.58) 


Note  that  Vi2)  =  (l/2f0)(E0*Eo ),  which  is  the  intensity  of  the  incident 
wave. 

The  degree  of  polarization  m  is  the  ratio  of  the  intensity  of  the  polarized  part 
to  the  total  intensity  of  the  wave.  Hence  for  a  partially  polarized  wave  we  can 
separate  the  polarized  and  unpolarized  parts  by  subtracting 

((^l2)  +  W}) 


2 
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from  the  diagonal  elements  of  the  coherence  matrix;  thus 

J  =  Ji  +  J2 

where  the  unpolarized  part  is  given  by 


Ji  = 


1 


m 


9 


((CTI2)  +  (or)) 


1  0 
0  1 


(4.59a) 

(4.596) 


and  the  polarized  part  is  given  by 


(<T12)  ^  (<r22)  +  m  ((<r i2)  +  <<722» 


2(orla2ejia'~a>)) 

(<y22)  ”  (o'!2)  +  m((cri2)  +  (o-22))_ 

(4.59c) 


For  a  completely  polarized  wave  the  reader  may  readily  show  that  the  deter¬ 
minant  of  the  coherence  matrix  is  zero.  By  equating  the  determinant  of  J2  to 
zero,  we  find  that  the  degree  of  polarization  m  is  given  by 


m 


4  det  J 

TtTj7)2 


(4.60) 


Exercise  4.6  Show  that  the  determinant  of  the  coherence  matrix  J  which  characterizes 
the  antenna  is  zero.  Also,  derive  (4.60). 


The  contribution  to  the  received  power  from  the  unpolarized  component  is  in¬ 
dependent  of  the  antenna  polarization.  Hence  for  maximum  power  the  an¬ 
tenna  polarization  should  be  matched  to  that  of  the  completely  polarized 
component  of  the  incident  radiation. 

The  connections  between  the  elements  of  the  coherence  matrix  and  the 
Stokes  parameters  are  given  by17,22 


So 

J  66  4“  J <£<£ 

(4.61a) 

/ 

Si 

J  66  J  <p$ 

(4.616) 

S2 

II 

*6- 

<2b 

(4.61c) 

S3 

=  j(Jk  -  JU) 

(4.61d) 

2  J’ee 

=  s^  +  Si 

(4.61e) 

2 

=  So  -  s{ 

(4.61/) 

2 J'H 

=  2  (JU)*  =  s(  -  js's 

(4.61  g) 

In  terms  of  the  Stokes  parameters  the  degree  of  polarization  is  given  by 


m 


[Oh)2  +  (S02  +  OT 


(4.62) 


4.7  Radiation  from  Distributed  Sources 

In  this  section  we  shall  give  a  brief  introduction  to  the  reception  of  radiation 
from  source  distributions  with  spatial  extent.  Distributed  sources  are  of 
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interest  in  the  field  of  radio  astronomy,  radio  and  radar  mapping,  multiple- 
target  tracking,  and  so  forth. 

A  source  with  spatial  extent  could  be  simulated  by  a  suitable  distribution  of 
current  elements  Ie(8,4>,t)  and  70(0, placed  on  the  surface  of  a  sphere  of 
radius  r.  For  generality  we  shall  initially  assume  that  there  may  be  a  degree  of 
correlation  between  the  sources  at  0,  <f>  and  0',  <£'.  With  a  proper  choice  of  am¬ 
plitudes  such  a  source  would  reproduce  the  incident  radiation  (see  Sec.  4.5). 

Since  we  are  now  concerned  with  distributed  sources,  we  shall  let  Et(0,0)  <712 
be  the  incident  analytic  field  from  sources  which  subtend  a  solid  angle  c712  at  the 
antenna  in  the  direction  defined  by  6  and  <£.  The  units  of  E,  are  volts  per  meter 
per  steradian.  For  brevity  we  shall  also  represent  the  direction  given  by  6  and 
<l>  by  the  single  symbol  12;  thus  Ei:(12,£)  r/12  is  the  incident  field  from  the  direction 
12.  The  total  received  open-circuit  voltage  is  the  sum  of  the  contributions  from 
all  directions  seen  by  the  antenna.  If  we  let  the  antenna  axis  be  pointed  in  the 
direction  120,  we  then  have  for  the  analytic  signal  representation  of  the  open- 
circuit  received  voltage 

Voc  =  f  h(0  -  Oo)-Ei(a)  (10,  (4.63) 

by  using  (4.27).  The  integral  is  a  double  integral  over  all  values  of  d  and  <t>  from 
which  radiation  is  incident.  The  received  power  will  be  given  by 

Pr  =  y2Kr  Re  <F0CF* ) 

=  'AKrff  <h(n-£*,).Ei(O,0h*(n'  -  a0).E*(a',/)>  (4.64) 

where  Kr  is  a  suitable  constant  given  in  Exercise  4.4.  Note  that  we  have 
changed  the  order  of  time  averaging  and  integration  over  12  and  12'.  A  typical 
term  in  the  integrand  in  (4.64)  is 

Since  12  and  12'  are  not  equal,  this  is  not  an  element  of  the  coherence  matrix.  If 
the  radiation  from  the  direction  12'  is  independent  of  the  radiation  from  the 
direction  12,  then  there  is  zero  correlation  and  the  above  quantity  is  zero  except 
when  12  =  12'.  In  general,  we  shall  call  quantities  of  the  above  type  mutual 
coherence  (see  discussion  in  Born  and  Wolf17). 

By  analogy  with  the  polarization  coherence  matrix,  we  shall  introduce  a 
mutual  coherence  matrix  r'  with  elements  (we  take  r  =  0  as  in  4.54) 


T'ee(Q,Q,')  = 

(4.65a) 

It*  (0,0')  = 

(4.656) 

r'«(o,fi')  = 

(E^(Q,t)E^',t))  =  r’etdi'si) 

(4.65c) 

r;*(fl,fl')  = 

{E^,t)E%(V  ,t)) 

(4.65d) 
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In  a  similar  manner  we  define  the  mutual  coherence  matrix  r  for  the  antenna 
with  elements 


r.Xfi  -  Qo,  0'  -  Oo)  =  hi(Q  -  O0)/i*(O'  -  Qo)  i,  j  =  B,4>  (4.66) 

* 

We  now  readily  find  that  (4.64)  can  be  expressed  as 

Pr  =  y2Kr  'll  tr  r(fl  -  Qo,  ft'  -  flo)  •  r'((Q,Q')  dQ  dQ'  (4.67) 

It  appears  that  in  most  cases  of  practical  interest  there  is  zero  correlation 
between  the  radiation  coming  from  the  two  directions  ft  and  ft'  except  when 
O'  =  0.  The  mutual  coherence  matrix  can  then  be  replaced  by  the  coherence 
matrix ;  that  is 

rb(^O')  =  Jt'> (0)5(0  -  O')  (4.68) 

which  corresponds  to  letting  (Et(0,OE*(0'^))  =  (Ei(ft,£)E*(ft,0)5(ft  —  O'). 
For  this  special  case  the  integration  over  0'  is  eliminated  and  (4.67)  reduces 
to 


Pr  =  Vi  Kr  I  tr  J(0  -  Oo)  •  J{(0)  do 


(4.69) 


Actually,  the  coherence  matrix  J'  used  here  is  slightly  different  from  that  used 
in  Sec.  4.6  in  that  its  elements  are  defined  with  units  of  (volts /meter)2  per 
steradian.  The  expression  (4.69)  is  the  one  of  primary  interest  in  radio  as¬ 
tronomy,  and  it  will  therefore  be  appropriate  to  cast  it  in  terms  of  more 
familiar  quantities. 

First  of  all,  we  shall  introduce  normalized  coherence  matrices  g  and  9'  with 
elements 


Pij 


Pij  = 


II 

tr  ^ 

ts$ 

(4.70a) 

Ju 

(Ei’EJ) 

(4.706) 

The  effective  antenna  receiving  cross  section  is  now  written  as  a  matrix  given 
by  (4.57),  that  is, 


Ar  =  (1  -  |r|2)  ^G(Q  -  00)9(0  -  Oo) 


(4.71) 


The  incident  power  per  unit  area  and  per  unit  solid  angle  from  the  element  of 
solid  angle  dtt  is  given  by  (E;*E*)/2f0  in  watts  per  meter2  per  steradian.  This 
incident  power  has  a  spectral  width  A/  corresponding  to  the  receiver  band 
width.  The  incident  power  per  unit  area  and  per  unit  solid  angle  in  a  unit 
frequency  interval  is  called  the  brightness  B(8,<j>)  of  the  source;  thus 

<R-E?) 

2f0 


Af 


(4.72) 
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In  terms  of  the  above  quantities  we  can  write 

p  \  2 

±  r  / -%  I-*-.  io\ 


A/ 


(1  -  r|2)  —;/(?( 0  -  Oo)S(O)  tr  £>(0  -  Oo)-^(O)  rfO  (4.73) 


for  the  received  power  per  unit  frequency  interval. 

If  the  incident  radiation  came  from  a  blackbody,  then  Planck’s  law 

0  hp 

B  =  —  -  l)-> 

'V 

which  reduces  to  the  Rayleigh-Jeans  law 


(4.74a) 


B  =  mT 


(4.746) 


at  radio  frequencies,  may  be  used  to  relate  the  brightness  to  the  tempera¬ 
ture.20-22  In  the  above,  h  is  Planck’s  constant,  K  is  Boltzmann’s  constant,  and 
T  is  the  temperature  in  degrees  Kelvin.  Even  for  nonthermal  radiation  the 
effective  temperature  of  the  source  is  defined  in  terms  of  the  brightness  by  the 
above  relations. 

When  the  incident  radiation  is  partially  polarized,  the  total  brightness  B 
may  be  considered  to  be  the  sum  of  that  associated  with  two  mutually  orthogo¬ 
nal  but  completely  polarized  beams.20-21  Consequently,  for  each  position  in  the 
sky  there  are  associated  two  values  of  brightness  and  two  temperatures.  Ko 
has  shown  that  these  two  values  of  B  are  given  by21 

B'  =  V2(  1  +  m)B  (4.75a) 

B"  =  V2(  1  ~  m)B  (4.7 55) 

where  m  is  the  degree  of  polarization  given  earlier  by  (4.60).  The  temperature 

associated  with  each  polarization  component  is  twice  that  given  by  (4.745), 
that  is, 

T’  =  B'  (4.76a) 

T"  =  ^  B"  (4.766) 

since  Planck’s  law  applies  to  a  randomly  polarized  wave  which  can  be  viewed 
as  composed  of  two  orthogonal  polarized  components. 

The  expression  (4.67)  gives  the  output  power  that  would  be  measured  by  a 
receiver  incorporating  a  square-law  detector  and  a  time-averaging  (filtering) 
circuit.  However,  it  is  not  necessary  to  use  a  single  receiver.  If  two  spaced 
antennas  are  used  and  the  received  voltages  are  cross-correlated,  it  is  possible 
to  measure  the  mutual  coherence  function,  that  is,  (E; (ft, 2) E*  (12', 2)).  For 
details  on  how  this  may  be  accomplished  the  reader  is  referred  to  the  paper  by 
MacPhie.25 
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The  special  case  of  incoherent  source  distributions  is  of  special  interest  to  the 
radio  astronomer.  The  function  of  the  antenna  and  associated  circuitry  is  to 
provide  a  map  of  the  brightness  or  equivalent  temperature  distribution  of  the 
portion  of  sky  or  celestial  body  under  study.  The  extent  to  which  a  measure 
of  the  true  distribution  can  be  obtained  depends  on  the  properties  of  the 
antenna.  In  order  to  illustrate  the  basic  factors  involved  we  shall  consider  a 
randomly  polarized  source.  The  received  power  is  then  given  by 

Pr(ft°)  =  j  G(Q  -  flo )B(Q)  dn 

=  ^  f  Ar(Q  -  Qo )B(n)  dn  (4.77) 

where  we  have  assumed  a  conjugate  matched  load  so  that  the  reflection  co¬ 
efficient  T  =  0.  If  the  antenna  is  slowly  scanned  across  the  sky,  that  is,  120  is  a 
slowly  varying  function  of  time  such  that  the  change  in  t20  over  an  interval 
equal  to  the  integration  or  averaging  time  is  negligible,  the  power  output  as  a 
function  of  I20  is  obtained.  However,  since  the  antenna  beam  width  is  finite, 
Pr( Q0)  is  not  a  direct  measure  of  the  true  brightness  distribution  B(U 0).  Only  if 
G(tt  ~  O0)  —  5  (ft  —  ft0),  that  is,  an  antenna  with  infinite  resolution,  would 
Pr(ft 0)  be  equal  to  a  constant  times  B(i 20).  In  general,  the  antenna  acts  as  a 
filter  that  smooths  out  the  spatial  variations  in  the  brightness  distribution. 
Nevertheless,  it  is  possible  to  obtain  a  good  deal  of  information  about  the 
brightness  distribution  by  using  suitable  restoration  techniques  to  recover 
B( Q0)  from  the  measured  Pr(ft0).  The  analysis  employed  has  a  great  deal  of 
similarity  to  analogous  filtering  problems  that  occur  in  communications. 
Since  a  whole  chapter  (Chap.  26)  is  devoted  to  the  spatial  filtering  properties 
of  an  antenna,  we  shall  not  pursue  the  subject  beyond  the  above  introductory 
remarks  in  this  section. 


Exercise  4.7  Let  E;r(hft)  =  Re  E t(£,ft)  be  the  incident  stochastic  (random)  field. 
Truncate  these  stochastic  signals  at  |J|  =  T  and  define  the  Fourier  transforms  E/(o>,12) 
and  Ei(c*>,ft)  by 

E.r(a),Q)  =  J  (  E,r(t,n)e . dt 

E,-(w,fi)  =  j  |  E i(t,n)e-i0“  dt 


Show  that 


Ei(w,Q)  = 


2Eir(w,0) 

0 


co  >  0 
CO  <0 


The  mutual  coherence  dyadic  (matrix)  is  given  by 


r'(T,n,n')  =  (e^e  j(t  -  r,  n')) 
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Show  that 


r'Wyr)  = 


1 


CO 


2tt  J  o 


where 


=  lim 

T->  oo 


y(a>,Q,Qf)ei°,T  doo 

jX(c^O)E |(^QQ 
2T 


by  evaluating  the  time  average  using  the  Fourier  representation  for  the  analytic  signals 
E i(t,Q)  and  E *(t  -  r,  O'). 

The  open-circuit  voltage  is  given  by 


co 


1 


// 


Q  —  as 


1 


CO 


JJ  h(o>,Q  —  fto)*Etr(co,ft)e?c,J*  da)  dO 

n  o 

=  Re  Voc(t) 

The  latter  complex  integral  gives  the  analytic  signal  Voc{t)  and  its  Fourier  w  spectrum  is 


/, 


dO 


In  terms  of  the  analytic  signal  representation  of  the  load  voltage  and  current,  show  that 
the  average  received  power  y2  Re(F L(t)It(t))  is  given  by 


1  [ 


P-Ttoj-r  lim 

4-n-Jo  2  T 

00 


47T 
1 


/  Urn  y^Kr(a,)da> 


0  T~>  00 

-  k  /."  K’M  II 

n  n' 


2  T 


For  a  narrow-band  process  this  result  can  be  approximated  by 

1  OO 

Tr(co)  JJ  tr  r(«,  n  -  Oo,  0'  -  12o)-y  Yt(\,n,Q, 


4  x 


The  integration  over  X  replaces  by  27rr'  with  r  =  0  so  the  result  is  seen  to  agree 
with  (4.67). 

In  a  similar  way,  generalize  (4.56)  and  (4.69)  so  that  they  apply  to  wide-band 
stochastic  signals. 


4.8  Noise  in  Antenna  Systems 

The  minimum  signal  power  that  can  be  detected  is  limited  by  the  inherent 
noise  always  present  in  receiving  systems.  Part  of  the  limitation  is  due  to 
noise  voltages  generated  within  the  mixers  and  amplifiers  connected  to  the 
antenna  terminals  and  will  not  be  discussed  in  this  book.  The  other  source  of 
noise  which  limits  the  minimum  detectable  signal  is  radiation  of  a  noiselike 
character  which  is  picked  up  along  with  the  desired  signal  by  the  antenna.  It  is 
this  latter  aspect  that  we  shall  examine  in  this  section. 
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Noiselike  radiation  received  by  an  antenna  has  essentially  two  origins, 
namely,  man-made  disturbances  such  as  ignition  noise  and  commutator  spark¬ 
ing  from  motors,  etc.,  and  thermal  radiation  from  bodies  surrounding  the 
antenna.  In  the  last  category  we  also  include  radiation  from  galactic  sources, 
the  sun,  the  atmosphere,  etc.  Man-made  noise  will  not  be  included  in  the  dis¬ 
cussion,  because  it  has  widely  varying  characteristics  and  can  in  principle  be 
eliminated. 

The  elementary  theory  of  noise  in  antenna  systems  is  based  on  two  basic 
laws,  which  are  Nyquist's  formula  for  the  available  noise  power  from  an  ideal 
resistor  at  temperature  T  and  the  second  law  of  thermodynamics.  The  litera¬ 
ture  on  noise  is  very  extensive  and  will  not  be  reviewed  in  detail  here.  The 
reader  will  find  that  the  following  papers  will  provide  an  excellent  introduction 
and  review  of  the  subject:  Pierce,26  Bennett,27  Siegman,28  and  Oliver.29  We 
shall  restrict  the  discussion  to  the  minimum  essentials  needed  to  develop  suit¬ 
able  working  formulas  for  noise  calculations  involving  antennas. 

Nyquist's  formula  for  the  maximum  available  noise  power  from  an  ideal 
resistor  at  temperature  T  may  be  derived  from  Planck's  radiation  law  and  the 
second  law  of  thermodynamics.  Consider  an  ideal  loss-free  antenna  connected 
to  a  load  resistance  Rl  at  its  terminals  by  means  of  a  loss-free  transmission 
line.  Let  the  antenna  together  with  a  small  blackbody  radiator  be  located  in 
an  otherwise  empty  universe,  as  indicated  in  Fig.  4.10.  The  blackbody  has  a 


Blackbody  af 
temperature  T 


Fig.  4.10  An  antenna  and  a  blackbody  radiator. 


temperature  T,  is  located  at  a  position  defined  by  the  angles  6  and  <t>  relative  to 
the  antenna  axis,  and  subtends  a  differential  element  of  solid  angle  dQ  at  the 
antenna.  According  to  Planck's  law  (4.74a)  or  its  approximate  form  the 
Rayleigh-Jeans  law  (4.746),  which  is  valid  at  radio  frequencies,  the  power 
emitted  by  the  blackbody  in  the  direction  of  the  antenna  is  B  =  2Kf2T/c 2 
watts/m2  —  per  steradian  and  per  cycle.  The  received  noise  power  is  given  by 
(4.77)  and  is 


Pr  =  (1  -  |r|2) 


Af  V 

2  47r 


D(e,<t>)Bdi 2  =  (1  -  \T\2)KTAf 


DcEl 

4ir 


(4.78) 


where  K  =  1.380  X  10~23  joules/degree  is  Boltzmann's  constant,  T  is  the 
absolute  temperature  in  degrees  Kelvin,  and  D(6}4>)  is  the  antenna  directivity 
(D  =  G  for  a  loss-free  antenna).  When  thermodynamic  equilibrium  has  been 
achieved,  the  temperature  of  the  load  resistor  Rl  must  equal  that  of  the  black- 
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body  radiator  in  order  to  maximize  the  entropy  of  the  system.  For  equilibrium 
to  be  maintained  the  resistor  R  L  must  radiate  an  amount  of  thermal  power  that 
will  equal  the  received  power  into  the  element  of  solid  angle  dtt  and  will  be 
completely  absorbed  by  the  blackbody  (a  blackbody  is  a  perfect  absorber).  If 
we  let  Vn  be  the  root-mean-square  noise  voltage  produced  in  RL,  then  the 
available  noise  power  from  RL  will  be  Fn2/4 RL.  For  an  unmatched  antenna 
the  total  radiated  power  will  be  (1  —  j Fl2)  Fn2/4/rT.  The  total  power  radiated 
into  the  element  of  solid  angle  dti  will  be  given  by 


dl 2 
4t 


When  we  equate  the  radiated  power  to  the  received  power  given  by  (4.78) ,  we 
obtain 


Vn2—  4RLKTAf 


(4.79  a) 


and  hence  the  available  noise  power  Pn  from  a  resistor  Rl  is  given  by 

Pn  =  wL  =  KTAf  (4-7%) 


which  is  Nvquist’s  formula.  Although  we  used  a  specific  example  to  derive 
(4.79),  these  formulas  are  perfectly  general;  in  particular,  the  available  noise 
power  that  a  resistor  can  radiate  is  given  by  (4.796)  quite  independently  of 
whether  any  blackbody  radiator  is  present  or  not. 

As  a  first  generalization  of  the  above  results  we  now  consider  an  imperfect 

i.e.,  one  that  is  not  a  perfect  absorber.  Let  cq  be  the  frac¬ 
tion  of  the  power  radiated  by  RL  that  is  absorbed  by  the  imperfect  blackbody. 
To  maintain  thermodynamic  equilibrium  the  power  delivered  to  Rl  by  the 
imperfect  blackbody  must  then  also  be  reduced  by  this  same  factor  cq.  Hence 
the  received  noise  power  in  RL  will  be 


Y\2)KTl  A/£> 


<m 

4ir 


(4.80) 


where  Tx  is  the  temperature  of  the  imperfect  blackbody. 

The  above  result  may  be  extended  to  a  collection  of  thermal  radiators  by  the 
principle  of  superposition  of  power,  since  the  thermal  noise  sources  we  are 
considering  are  incoherent  and  randomly  polarized.  Thus,  consider  a  distribu¬ 
tion  of  noise  sources  with  a  temperature  T{d,<j>)  which  is  a  function  of  direc¬ 
tion.  When  the  available  input  power  at  the  antenna  terminals  is  unity,  let 
a{B,<j>)  be  the  fraction  of  the  radiated  power  which  is  absorbed  by  bodies  located 
in  the  direction  6 ,  <£.  Also,  let  the  fraction  of  the  available  input  power  that  is 
absorbed  in  the  feed  line  and  antenna,  which  are  at  a  temperature  To  (usually 
ambient),  be  (1  —  |r|2)a0.  Then  the  received  noise  power  is  given  by 

_  ,  ,  .  fi  A  f  f  tt  r  2t 

Pr  =  (1  -  |r|2)  -j-J-  Jo  a(e,<t>)G(fi,<t>)T(e,<t>)  sin  Btod* 

+  (1  -  \T\2)a0KT0Af  (4.81) 
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Each  contribution  to  the  received  noise  power  as  given  by  this  expression  is 
weighted  by  the  factor  a ,  which  gives  the  fraction  of  the  power  transmitted  by 
the  antenna  that  the  corresponding  body  would  absorb.  For  example,  the 
available  power  from  Rl,  if  its  temperature  is  T0,  is  KT0Af.  The  power 
radiated  and  dissipated  in  the  feed  line  and  antenna  losses  is  (1  —  |rj2)a0K TQ  A/. 
The  lossy  feed  line  and  antenna  act  as  thermal  radiators  and  will  return  an 
equal  amount  of  power  to  RL  in  order  to  maintain  equilibrium.  Hence, 
(1  —  \T\2)a0KTo  A /  is  the  contribution  to  the  total  received  noise  power  from 
antenna  and  feed  line  losses. 

It  is  convenient  to  introduce  a  single  equivalent  temperature  T,x,  called  the 
antenna  noise  temperature,  in  terms  of  which  the  total  received  noise  power 
can  be  expressed  by  means  of  Nyquist’s  formula.  Thus,  we  let 

Pr  =  (1  -  \T\2)KTa  A/  (4.82) 

from  which  we  obtain 

1  r  v  r  2ir 

Ta  =  a0T0  +  t-  /  /  a(6,<l>)G(e,<t>)T(e,<l>)  sin  6  dd  d<t>  (4.83) 

47 r  J  o  Jo 

for  the  equivalent  antenna  temperature  by  substituting  into  (4.81).  The 
equivalent  antenna  temperature  is  a  weighted  average  of  the  temperature  of  all 
surrounding  bodies.  As  a  special  case,  if  a(d,<p)  =  1  and  T  —  T0,  we  obtain 
Ta  =  T0,  since  =  (1  —  ao)Z)(0,4>)  and 

/:  /:  D(d}<t>)  sin  6  dd  d<t>  =  4ir 

from  the  definition  of  directivity.  In  terms  of  the  antenna  equivalent  tempera¬ 
ture,  the  received  noise  power  may  be  viewed  as  coming  from  the  radiation 
resistance  of  the  antenna,  the  latter  having  a  temperature  Ta . 

The  above  formula  for  the  equivalent  antenna  noise  temperature  points  out 
the  great  importance  of  keeping  the  feed  line  and  antenna  losses  as  small  as 
possible  and  minimizing  the  level  of  the  side  lobes  in  the  direction  of  the  earth 
if  a  low  noise  temperature  is  to  be  obtained.  The  antenna  proper  and  the  earth 
would  normally  be  at  ambient  temperature,  while  portions  of  the  sky  in  certain 
frequency  ranges  may  have  a  temperature  of  only  a  few  degrees  Kelvin,  and 
hence  the  former  could  give  the  dominant  contribution  to  the  received  noise 
power. 

The  actual  observed  temperature  of  the  sky  is  dependent  on  many  factors 
such  as  frequency  and  direction  and  exhibits  daily  as  well  as  seasonal  varia¬ 
tions.  Hogg  and  Mumford  have  given  a  summary  of  a  number  of  measure¬ 
ments  carried  out  by  various  people.30  They  point  out  that  the  effective 
temperature  of  the  sun  can  be  roughly  approximated  by  the  expression 

TSun  =  675 
290  / 
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where  /  is  the  frequency  in  gigahertz  in  the  frequency  range  250  MHz  to 
35  GHz.  At  the  lower  frequencies  the  effective  temperature  is  around  a  million 
degrees.  The  average  noise  temperature  Tc  due  to  cosmic  sources  is  found  to 
lie  within  the  range 


<  5\o2 


where  X0  is  the  wavelength  in  meters.  At  16  m  a  typical  value  of  Tc  is 
140,000°K.  In  the  microwave  band  of  10  to  100  GHz  cosmic  noise  is  relatively 
small  but  atmospheric  attenuation  is  high  owing  to  absorption  by  water  vapor 
and  oxygen.  In  this  frequency  range  the  antenna  temperature  can  be  approxi¬ 
mated  by  the  ambient  temperature  (290°K). 


4.9  Scattering  Properties  of  an  Antenna 

We  shall  conclude  this  chapter  with  a  brief  discussion  of  the  scattering 
properties  of  an  antenna.  The  scattering  or  reradiation  characteristics  are 
related  to  the  receiving  properties  of  the  antenna,  since  the  scattered  radiation 
depends  on  the  load  impedance  connected  at  the  antenna  terminals. 

A  detailed  analysis  of  the  scattering  problem  would  involve  the  solution  of  a 
boundary-value  problem  in  which  a  plane  TEM  wave  (or  other  incident  field) 
was  incident  on  the  antenna  (see  Chap.  9  for  the  cylindrical  antenna  case). 
This  analysis  would  have  to  be  repeated  for  every  different  kind  of  antenna  of 
interest  and  does  not  lend  itself  to  an  easy  determination  of  the  general 
scattering  properties  of  an  antenna.  The  inherent  difficulties  of  the  boundary- 
value  problem  may  be  partially  overcome  by  introducing  a  scattering  matrix  to 
represent  the  antenna,  an  approach  which  is  completely  analogous  to  the 
scattering  matrix  treatment  of  multiport  waveguide  junctions.  The  scattering 
matrix  method  was  first  introduced  into  antenna  theory  by  Dicke.1 

We  shall  follow  Dicke  and  assume  that  the  antenna  is  fed  from  a  single 
transmission  line  or  waveguide  supporting  only  one  propagating  mode.  In 
general,  the  antenna  could  be  excited  by  an  A-port  nonreciprocal  network  as 
discussed  by  Kahn  and  Kurss.31  All  of  space  in  the  region  outside  a  spherical 
surface  which  completely  encloses  the  antenna  can  be  represented  by  a  de- 
numerably  infinite  number  of  ports  by  expanding  the  field  in  spherical  modes. 
The  problem  is  thus  analogous  to  a  single-mode  waveguide  coupled  through  a 
junction  to  a  multimode  waveguide.  In  the  antenna  problem  an  infinite 
number  of  modes  is  required  to  represent  the  field  in  space  exactly.  However, 
for  any  practical  antenna  only  a  finite  number  of  spherical  modes  would  be  re¬ 
quired  to  give  an  acceptable  accuracy. 

With  reference  to  Fig.  4.11  let  Si  be  the  terminal  plane  in  the  transmission 
line  or  waveguide  feed  line  and  let  the  spherical  surface  S2  with  r  —  rQ  be  the 
reference  plane  for  the  region  of  space  outside  the  antenna.  The  incident  and 
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reflected  waves  in  the  feed  line  have  amplitudes  a+  and  a~.  The  modal  field  is 
assumed  to  be  normalized,  so  that  /4(a+)(a+)*  gives  the  incident  power. 

The  field  outside  the  sphere  r  =  r0  may  be  expanded  into  inward  and  out- 


Fig.  4.11  Scattering  matrix  representation  of  an  antenna. 


ward  propagating  spherical  modes.  For  this  purpose  the  vector  wave  functions 
discussed  by  Stratton  are  appropriate.32  For  solenoidal  fields  the  required 
mode  functions  are  given  by 
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(4.84a) 


a*  (4.846) 


where  2W  (far)  is  a  spherical  Bessel  function  and  Pnm  is  the  Legendre  polynomial. 
These  vector-mode  functions  are  all  mutually  orthogonal.  The  normalization 
integrals  are 


f 2T  f  *  sin  eddd<t>  =  4^(- ^  ^  + 

Jo  Jo  em(2 n  +  1)  (n  —  m ) ! 


’«n(fcor)l 


(4.85a) 
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47m  (n  +  1)  (n  +  m)! 
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(n  +  l)[zn-i(far)]2  +  n[zn+i(far)]2\  (4.856) 


where  em  =  1  for  ???  =  0  and  2  for  m  >  0.  An  arbitrary  solenoidal  electric  field 
may  be  expanded  in  terms  of  these  modes.  As  an  example,  we  give  the  expan¬ 
sion  for  a  plane  wave,32 


EQeLxe-jk«z 
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where  zn(kQr )  =  jn(kor)  =  }/z[hn2{ktir)  +  hn1(k0r)]  in  the  present  case.  The 
spherical  Hankel  functions  have  the  following  asymptotic  behavior  for  large  k0r: 


hnl(k0r)  - 

^  i—n— 1 

J  ko  r 

(4.87  a) 

h„2(k0r )  - 

p—jk0r 

^  ?«+l 

7  k0r 

(4.87  b) 

and  thus  (4.86)  gives  a  representation  of  the  plane  wave  in  terms  of  inward  and 
outward  propagating  spherical  modes.  If  we  replace  zn(k0r)  in  (4.84)  by  hr(k0r ), 
we  see  that  the  modal  functions  N0i,  Nne,  and  Nn°  represent  the  electric  field 
radiated  by  electric  dipoles  oriented  along  the  z,  x,  and  y  axis,  respectively. 
Similarly,  M0i,  Mne ,  and  Mn°  represent  the  electric  field  radiated  by  magnetic 
dipoles  (current  loops). 

It  is  now  apparent  that  the  field  outside  the  reference  sphere  r  =  r0  can  be 
expressed  as  an  infinite  sum  of  inward  and  outward  propagating  spherical 
modes.  It  will  be  convenient  to  use  a  single  index  i  to  number  the  modes  and 
let  b+i  and  b~  be  the  amplitudes  of  the  zth  incident  and  reflected  modes.  Also, 
we  shall  assume  that  the  modal  functions  have  been  normalized,  so  that 
M>(frt)(5t)*,  etc.  gives  the  power  flow  across  a  spherical  surface  at  infinity  for 
this  mode.  It  should  be  noted  that  this  type  of  normalization  cannot  be  made 
at  a  finite  value  of  r,  since  the  radial  wave  impedances  for  spherical  modes  are 
complex  except  at  infinity,  where  the  asymptotic  forms  for  the  Hankel  func¬ 
tions  can  be  used.  In  this  respect  there  is  a  difficulty  associated  with  the  plane 
wave  expansion  (4.86),  since  the  sum  involves  infinite  values  of  n  and  the 
asymptotic  formulas  for  the  Hankel  functions  are  valid  only  for  k0r  »  n.  In 
actual  fact,  the  plane  wave  has  infinite  power  because  of  its  infinite  extent. 

By  following  the  usual  waveguide  theory,  we  can  now  write 


(4.88) 


for  the  scattering  matrix  relationship  between  the  incident  and  reflected  wave 
amplitudes.  When  the  antenna  is  used  to  radiate,  all  of  the  b+  will  be  zero.  In 
this  case  a~  =  Sooa+,  so  S00  is  the  reflection  coefficient  in  the  feed  line  looking 
toward  the  antenna.  The  ith  radiated  mode  has  an  amplitude  bj  =  Sma+,  so  a 
knowledge  of  the  £l0  serves  to  determine  the  radiation  pattern  and  radiated 
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power.  For  later  convenience  we  shall  partition  the  scattering  matrix  with  the 
representations  shown 


$00  j 
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_ 0  i 

0 

0  |  $10  $20 

0  !  0  0 


•  • 


We  shall  also  write 


(4.89a) 


(4.896) 


(4.89c) 


(4.89d) 


The  antenna  scattering  matrix  has  a  number  of  properties  which  may  be 
derived  in  exactly  the  same  way  as  in  conventional  waveguide  theory.  Thus 
when  reciprocity  holds,  S  is  symmetrical,  that  is,  S#  =  Sjt.  If  the  antenna  is 
lossless,  conservation  of  power  requires  that  S  be  a  unitary  matrix,1’2  that  is, 

ST-S  =  U  (4.90) 

where  U  is  the  unit  matrix  and  the  subscript  i  denotes  the  transposed  matrix. 
If  there  is  no  antenna  present  within  the  sphere  r  =  r0,  then  the  incident 
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and  reflected  fields  must  remain  finite  at  the  origin,  so  bt  =  bf  (compare  with 
the  plane  wave  expansion).  The  scattering  matrix  then  reduces  to 


0 

1 

0 


0 

1 


(4.91) 


The  difference  between  the  outgoing  waves  when  the  antenna  is  present  and 
those  when  the  antenna  is  absent  gives  the  field  scattered  by  the  antenna.  If 
we  denote  the  amplitudes  of  this  field  by  the  column  vector  bs  with  elements 
bSA,  we  have 

bs  =  Sio  *  a+  +  (S  —  So)-bt  (4.92) 


The  matrix  bs  can  be  interpreted  as  the  representation  for  the  difference  be¬ 
tween  the  total  field  and  the  incident  field.  It  should  be  noted  that  the  contri¬ 
bution  to  the  total  outward  propagating  field  from  the  wave  a+  reflected  from 
the  load  is  called  the  radiated  field,  since  it  has  the  same  structure  as  the  field 
radiated  when  the  antenna  is  driven  by  a  source.  Some  authors  call  the  re¬ 
maining  term  in  (4.92)  the  scattered  field.  We  are  including  both  contribu¬ 
tions  for  the  scattered  field,  since  these  components  are  not  orthogonal  as 
regards  power  flow. 

If  the  antenna  is  terminated  in  a  load  impedance  ZL  with  reflection  co¬ 
efficient  T,  we  have  a+  =  Tar.  The  first  equation  in  the  set  (4.88)  gives 

or(  1  —  S00r)  =  Soib+  +  So2bt  T  *  •  * 

and  hence  the  field  scattered  by  the  antenna  is 

bs  =  (Z  .  — Tr  bt) S.o  +  (S ij  -  So)  •  b+  (4.93) 

V=  i  i  “  ^ool  / 


where  the  term  Sto*a+  =  a+Sl0.  This  equation  may  be  used  to  examine  the 
effect  of  the  load  termination  on  the  scattered  field.  The  scattered  power  is 
defined  as  that  associated  with  the  scattered  field  by 


Ps  =y2(b%'bs  =  yJL  btibs.i 


(4.94) 


where  (b*)f  is  the  transposed  complex  conjugate  of  bs. 

As  a  simple  example  we  shall  consider  scattering  by  a  small  electric  dipole 
oriented  along  the  x  axis  at  the  origin.  We  shall  assume  that  the  dipole  is  so 
small  that  it  interacts  only  with  the  Nue  dipole  mode.  The  interaction  is  pro¬ 
portional  to  the  scalar  product  of  the  dipole  current  with  the  various  modal 
functions  in  the  expansion  of  the  incident  wave.  If  the  incident  wave  is  the 
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plane  wave  given  by  (4.86),  only  the  Nne  mode  interacts 
the  other  modes  have  x  components  that  vanish  at  the  origin, 
electric  field  of  the  Nxle  mode  with  Zi(k0r)  =  ho2  (hr)  is 
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The  total  outward  power  is  readily  evaluated  to  give 


f 


2t  £ 


o  2f0 


r2  sin  6  dB  d<j> 


X2 


o 


37rf 


o 


Hence  the  normalization  factor  for  this  mode  is  (3f07r/2)Xo  l.  The  outward 
propagating  field  will  be 

6,-Y^Y  N»* 


where  hi2  (hr)  is  used  for  zx  (hr) . 
relation  (4.88)  becomes 
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For  the  present  problem  the  scattering  matrix 
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(4.95) 


since  all  modes  except  the  i  =  1  or  Nne  mode  are  assumed  to  not  interact  with 
the  dipole.  The  scattered  field  is  given  by  (4.93)  which  reduces  to 
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From  the  properties  of  the  scattering  matrix  for  a  lossless  two  port  we  have2 
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will  be  convenient  to  choose  the  reference  planes  Si  and  S2  so  that 
=  a2  —  0.  We  then  obtain 
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We  now  replace  the  reflection  coefficients  p  and  T  by 
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where  RA  and  Z L  are  the  normalized  antenna  and  load  impedances  seen  from 
the  preferred  reference  plane.  Our  final  result  becomes 


-2Zl 
Ra  +  Zl 


The  scattered  power  is  given  by 
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Ra  +  Z  l 


(4.97) 


The  incident  field  is  given  by  (4.86),  for  which  the  incoming  electric  dipole 
component  is 

EoH^n  with  Zi(kQr)  =  hQl(kQr) 


When  we  introduce  the  normalization  factor,  we  have 


for  the  incident  dipole  component  so 
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Consequently,  the  power  scattered  by  the  dipole  is 
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(4.98) 


This  equation  shows  that,  by  placing  a  short  circuit  (ZL  —  0)  at  the  point  on 
the  transmission  line  where  the  impedance  looking  toward  the  antenna  is  pure 
resistive,  the  scattered  power  will  vanish.  If  the  load  is  matched  to  the  an¬ 
tenna,  ZL  =  Ra  and  the  scattered  power  becomes 


3£W 

I671T0 


(4.99) 


For  a  matched  dipole  the  absorbed  power  is 


(4.100) 


since  the  gain  G  =  1.5.  Thus  a  matched  dipole  scatters  as  much  power  as  is 
absorbed.  The  reception  mechanism  may  be  viewed  as  one  of  destructive 
interference  where  the  antenna  scatters  a  field  that  cancels  certain  components 
(such  as  the  dipole  component  above)  of  the  incident  field.  Note  that  for  the 
matched  case  bSt  1  =  —  bt- 

We  shall  now  return  to  the  general  equation  (4.93)  and  cast  it  into  a  more 
useful  form.  Consider  first  the  scattered  field  when  ZL  =  0,  in  which  case 
T  =  —  1  and 

b  °  =  -  (Z  bt) S,o  +  (Si/  -  So)  •  b+  (4.101) 
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where  bsf  are  the  amplitudes  of  the  scattered  modes  for  ZL  =  0.  Next 
consider  the  case  when  the  antenna  radiates  and  is  excited  by  a  unit  current. 

X/ 

The  total  voltage  at  the  terminals  is  a+  +  or  =  a+(l  +  50o)  and  equals  the 
normalized  antenna  input  impedance  ZA  for  unit  input  current.  Thus 
a+  =  ZAj  (1  +  &oo)  and  the  radiated  field  is 


(4.102) 


where  6r,t  are  the  elements  of  br  and  denote  the  amplitudes  of  the  radiated 
modes.  We  now  use  (4.102)  to  eliminate  S,o  in  (4.101)  and  (4.93).  We  also 
substitute  for  (S»y  —  So)*b+  from  (4.101)  into  the  general  equation  (4.93).  In 
this  reduction  use  is  made  of  the  fact  that  S,o,a+  is  a  column  matrix  with  ele¬ 
ments  Sioa+ .  It  is  readily  found  that 


b*°  + 


E 


z 7 


i  +  r 


1  T  S 


00 


1  -  SooT 


bt 


br 


In  order  to  eliminate  the  last  explicit  dependence  on  the  scattering  matrix 
parameters  note  that  the  antenna  current  I(ZL  =  0)  for  zero  load  impedance 
is  a+  —  a~  =  —2 a~;  and  since  a~  =  Swa+  +  52  Soibf,  we  get 

i 

nzL  =  o)  = 

J-  ~r  *'00  i 


The  factor  multiplying  br  above  becomes 


I(ZL  =  0)(1  +  Sop) 

2Za 


i  +  r 

1  -  TS 


00 


~ZLI(ZL  =  0) 
ZA  +  Zl 


Our  desired  result  is  now  obtained  and  is 


_  7(Z,  =  WL  ^ 

ZA  +  ZL 


(4.103) 


and  expresses  the  scattered  field  as  the  sum  of  the  field  bs°  scattered  by  the 
antenna  with  a  short  circuit  at  the  terminals  plus  a  field  with  amplitude  which 
depends  on  the  load  impedance  but  otherwise  is  identical  with  the  field  that  the 
antenna  radiates  when  driven  by  a  source.  We  can,  of  course,  go  from  the 
scattering  matrix  representation  directly  to  the  field  expressions,  so  (4.103)  can 
be  rewritten  as 

Es  =  E,(Zl  =  0)  -  (4.104) 

ZjA  ~T 

where  Es  is  the  scattered  field  in  general,  E S(ZL  =  0)  is  the  scattered  field 
when  ZL  =  0,  and  Er  is  the  field  radiated  with  unit  current  at  the  input 
terminals.  The  result  (4.104)  or  its  equivalent  (4.103)  is  regarded  as  the  funda¬ 
mental  equation  in  antenna  scattering.  In  the  form  (4.104)  it  has  been  derived 
by  a  number  of  people  (see  for  example  King  and  Harrison,33  Stevenson,34 
Hu,35  and  Aharoni36). 
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Detailed  studies  of  the  scattering  by  small  dipoles  and  loops  have  been 
carried  out  by  Harrington.37’38  Scattering  by  loaded  cylindrical  antennas  from 
a  boundary -value  point  of  view  is  described  by  King,39  Chen  and  Liepa,40  and 
Chen.41  The  reader  will  also  find  a  detailed  discussion  with  additional  refer¬ 
ences  in  the  article  by  Garbacz.42 


Minimum  Scattering  Antennas 


It  is  of  interest  to  consider  the  relative  amounts  of  power  that  an  antenna 
absorbs  and  scatters  under  the  condition  that  the  antenna  is  matched  to  the 
transmission  line.  For  this  condition  S0 0  =  0  and  the  scattering  matrix  rela¬ 
tion  (4.88)  becomes 
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(4.105) 


The  absorbed  and  scattered  powers  are  given  by 

Pl  =  K  («-)(«-)*  =  H[(b+)*-(So,):]-(So,-b+)  (4.106) 

K  =  y2(b-  -  b+tf-cb-  -  b+) 

=  K(b+)M(S,y  -  U]  *  (So  -  U)  b+  (4.107) 


where  we  have  followed  Dicke1  and  Kahn  and  Kurss31  in  defining  the  absorbed 
power  PA  and  the  scattered  power  P[.  That  is,  the  radiated  field  due  to  re¬ 
flection  from  the  load  has  not  been  included  in  the  scattered  field,  in  contrast 
with  what  was  done  in  the  definition  (4.93)  and  (4.94).  The  true  absorbed 
power  is  less  than  that  given  by  (4.106),  since  power  of  amount  3^(a+)(a+)*  is 
reflected  from  the  load.  Only  when  the  load  Zl  is  matched  to  the  antenna  will 
PA  and  P[  become  equal  to  the  true  absorbed  and  scattered  powers. 

For  Soo  =  0  the  unitary  properties  of  the  scattering  matrix  yield  the  follow¬ 
ing  relations: 

(Sio)  t  •  S.0  =  U  (4.108a) 

(S,o)  *t  •  S„  =  0  (4.1086) 

(So.)  f-So,  +  (Sty)  ?*S<y  =  U  (4. 108c) 

We  shall  need  these  in  the  discussion  to  follow. 

The  concept  of  a  minimum  scattering  antenna  was  introduced  by  Dicke,  who 
showed  that,  for  an  incident  field  which  was  an  eigenvector  of  the  scattering 
matrix,  i.e.,  a  field  for  which 


S-(a+  +  b+)  =  X(a+  +  b+) 
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where  X  is  the  eigenvalue,  the  scattered  power  P's  was  always  greater  than  or 
equal  to  the  absorbed  power  P'A.  An  antenna  for  which  P[  =  PfA  was  called  a 
minimum-scattering  antenna.1  The  results  obtained  by  Dicke  have  been  ex¬ 
tended  and  generalized  by  Kahn  and  Kurss.31  According  to  the  latter  authors 
a  minimum-scattering  antenna  may  be  defined  as  follows:  A  canonical  mini¬ 
mum-scattering  antenna  is  a  lossless  antenna,  fed  from  an  iV-port  matched  and 
uncoupled  waveguide  system  which  may  incorporate  nonreciprocal  elements, 
that  is  rendered  invisible  when  all  of  the  Ar  waveguide  ports  are  open-circuited. 
It  has  the  property  that  Pfs  =  PA . 

An  antenna  will  in  general  scatter  a  field  which  is  different  from  the  field  that 
it  radiates.  However,  if  the  antenna  is  to  be  made  invisible,  it  must  scatter  a 
field  of  structure  identical  with  that  which  it  radiates  so  that  the  reflected  field 
and  radiated  field  will  cancel.  Hence  a  minimum-scattering  antenna  scatters 
in  exactly  the  same  way  that  it  radiates.  We  shall  discuss  the  theory  of  mini- 
mum-scattering  antennas  only  for  reciprocal  antennas  fed  from  a  single  trans¬ 
mission  line.  For  the  more  general  case  the  paper  by  Kahn  and  Kurss  should 
be  consulted. 

When  the  transmission  line  is  open-circuited,  a+  =  ar  and  we  obtain 

a  ~  =  Soi  •  b+  =  a+ 

b~  =  Sio  *  a+  +  Slj  •  b+  =  ($iQ  *  Soi  +  Sij)  *  b+ 

from  (4.105).  The  antenna  will  be  invisible  only  if  b~  =  b+,  which  is  the  rela¬ 
tion  between  the  reflected  and  incident  field  when  no  antenna  is  present.  Thus 
we  must  have 

So  =  U  -  Sio  •  So;  (4.109) 

If  we  substitute  for  So  from  (4.109)  into  (4.107),  we  get 

P's  =  (b t )  * .  [  (Sw)  *  •  (Sio)  *  *  S*  •  SoJ  *  b+ 

=  lA  (b+)  *  *  (So.-)  *  *  Soi  •  b+  (4.1 10) 

by  using  (4.108a)  to  simplify  the  product  of  the  two  innermost  matrices.  A 
comparison  of  this  expression  with  (4.106)  shows  that 

P's  =  P'a  (4.111) 

Hence  the  minimum-scattering  antenna  as  defined  has  the  property  that, 
when  terminated  in  a  matched  load,  the  true  scattered  power  equals  the  true 
absorbed  power,  since  P[  —  Ps  and  PA  =  PA  for  a  matched  load.  The  dipole 
antenna  discussed  in  the  earlier  part  of  this  section  is  an  example  of  a  minimum¬ 
scattering  antenna. 
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The  pattern  of  the  scattered  field  is  the  same  as  that  when  the  antenna 
radiates,  since  from  (4.109)  the  scattered  field  is  given  by 

bs  =  —  S;o  •  S(h  *  b+  (4.112) 


where  So;  *  b+  = 


and  thus  bs  is  a  constant  multiplying  the  column  matrix  with  elements  Si0.  The 
latter  determines  the  radiation  pattern  of  the  antenna,  because  b”  =  S;o*a+ 
when  there  is  no  incident  field  from  space.  When  the  antenna  is  reciprocal, 
each  element  Si0  =  SQi  arid  must  be  pure  real,  since  from  (4.109)  we  have 

(S*o)  *  *  Sij  =  0  =  (S-to)  t  —  (Sio)  t  *  $;o  *  So; 

—  (Sio)t  —  So; 

or  (S;o)f  =  So*  (4.113) 

upon  premultiplying  by  (S;o) t  and  using  (4.108a)  and  (4.1086).  This  property 
of  the  scattering  matrix  makes  the  radiation  pattern  symmetrical  about  any 
plane  through  the  origin. 

The  question  whether  or  not  any  antenna  can  absorb  more  power  than  it 
scatters  naturally  arises.  Certainly  for  an  antenna  not  matched  to  its  load 
this  is  possible  and  may  be  shown  in  a  simple  manner  in  connection  with  the 
dipole  antenna  (see  Prob.  4.10).  Kahn  and  Kurss  show  that  any  antenna 
for  which 

|  So;  *  b+ 1  =  i(S;0)*-b+|  (4.114) 

and  which  is  connected  to  a  matched  receiver  will  scatter  more  power  than  it 
absorbs.31  However,  (4.114)  is  a  sufficient  condition  only  for  Ps  >  PA.  In 
actual  fact  Green  has  devised  an  antenna  consisting  of  a  dipole  and  a  loop  in 
combination  which  absorbs  more  power  than  it  scatters.43  The  antenna  is 
matched  to  its  load,  but  its  receiving  properties  do  not  optimize  the  received 
power  when  the  dipole  and  loop  are  so  phased  as  to  make  Ps  <  PA .  When 
phased  for  maximum  received  power,  Ps  =  PA.  Green’s  antenna  would  not  be 
invisible  for  a  load  replaced  by  an  open  circuit  unless  the  dipole  and  loop  were 
so  phased  that  Ps  =  PA,  in  which  case  the  antenna  would  be  a  minimum¬ 
scattering  antenna. 

PROBLEMS 

4.1  Show  that  the  power  received  by  antenna  b  when  antenna  a  is  transmitting 
(Fig.  4.5)  is  proportional  to  \Zu\2  when  the  equivalent  circuit  of  Fig.  4.4  is  valid.  As- 


Soibt  +  Smbt  + 


02^2 

0 

0 
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sume  that  \Zi2\  is  small  compared  with  \Zn\  and  |Z22|  and  that  a  load  resistance  RL  is 
inserted  in  place  of  the  generator  eb. 

4.2  Consider  a  lossless  matching  network  that  transforms  the  antenna  input  im¬ 
pedance  Za  at  terminals  T2  into  the  characteristic  impedance  Zc  at  the  terminals  T\. 
Show  that,  when  the  transmission  line  is  terminated  in  its  characteristic  impedance  Zc 


at  Th  the  impedance  at  T2  looking  into  the  matching  network  is  Z*,  that  is,  a  maximum 
power  transfer  match. 

4.3  Show  that,  for  a  two-antenna  system  (matched), 

Z 12 

Evaluate  \Zl2\  for  Ra  =  Rb  =  72  ohms,  X0  =  10  m,  r  =  104  m,  Ga  =  Gb  =  10.  The 
quantity  \Zi2\/^RaRb  is  a  measure  of  the  relative  magnitude  of  antenna  coupling. 

4.4  Consider  the  three-antenna  system  illustrated.  Each  antenna  is  matched  to  a 
transmission  line  with  characteristic  impedance  Zc.  Antenna  1  is  terminated  in  a 
resistive  load  R\  Zc,  and  antenna  2  is  terminated  in  a  load  R2  ^  Zc.  Antenna  3  is 


connected  to  a  generator  with  internal  resistance  Rz  and  open-circuit  voltage  e.  Let  the 
distance  between  antenna  i  andj  be  denoted  rt>,  and  let  the  phase  of  the  received  voltage 
at  the  reference  plane  of  antenna  j  relative  to  the  input  terminal  current  of  antenna  i  be 
that  is,  a  factor  e~^'  is  used  to  account  for  propagation  phase  delay.  Show  that  the 
mutual  impedances  are  given  by 


Xo  „  Vft(i)G;(i) 
_Zc  e 
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where  Gi(j)  is  the  gain  of  antenna  i  in  the  direction  of  antenna  j.  Derive  expressions  for 
the  power  received  by  antennas  1  and  2.  How  is  the  power  received  by  antenna  1 
affected  by  the  presence  of  antenna  2?  Assume  all  mutual  impedances  to  be  very  small. 

4.5  An  elliptically  polarized  antenna  radiates  a  field  which  is  subsequently  reflected 
from  a  large  perfectly  conducting  plane  perpendicular  to  the  radius  vector.  Show  that 
the  loss  in  received  power  from  the  reflected  wave  due  to  polarization  mismatching  is 
given  by 

_  1  +  t4  +  2 r2  cos  20 
P  =  (1  +  r2)2 


where  h$,  h#  —  re^he  defines  the  state  of  polarization  of  the  antenna.  For  a  circularly 
polarized  antenna  show  that  the  received  power  is  zero. 

4.6  Consider  a  receiving  and  transmitting  antenna  system  with  separation  r.  Show 
that  the  received  power  Pr  when  the  incident  power  to  the  transmitting  antenna 
terminals  is  Pt  is  given  by 


P  Ao2 

1 67 rr2 


r,|2)d 


Tr\2)Gt(6t}<t>t)Gr(dT,<i>r) 


hr-h, 

2 

hr 

2 

h(  2 

The  subscripts  r  and  t  refer  to  the  receiving  and  transmitting  antennas,  respectively. 
This  is  a  generalization  of  the  well-known  Friis  formula  ( Proc .  IRE,  vol.  34,  pp.  254-256, 
May,  1945). 

4.7  A  receiving  antenna  is  elliptically  polarized  with  polarization  specified  by  the 
parameters  r  =  2,  0  =  tt/3.  Evaluate  the  Stokes  parameters  and  plot  the  representa¬ 
tive  point  on  the  Poincare  sphere.  Use  the  Poincare  sphere  representation  to  find  the 
parameters  a  and  a  which  characterize  the  polarization  of  an  incident  wave  such  that 
the  received  power  will  be  zero.  Compare  the  ellipticity  and  orientation  of  the  two 
polarization  ellipses. 

4.8  Show  that  the  coherence  matrix  for  a  circularly  polarized  wave  is  of  the  form 


4.9  Show  that  a  linearly  polarized  antenna  receives  only  one-half  of  the  maximum 
possible  power  from  a  randomly  polarized  incident  wave. 

4.10  Show  that,  for  the  dipole  antenna  discussed  in  Sec.  4.8,  the  absorbed  power  Pa 
will  exceed  the  scattered  power  Ps  if  the  antenna  is  mismatched  to  the  load,  i.e.,  when 
Zl  —  Rl,  <  Ra . 

Answer:  Pa/P»  =  Ra/Rl . 

4.11  Determine  the  scattering  matrix  S a  for  an  antenna  that  becomes  invisible  when  it 
is  terminated  in  a  pure  reactive  load.  Show  that-  this  will  also  be  a  minimum-scattering 
antenna. 

Hint:  Let  a+  =  ei<xar . 
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CHAPTER  5 


UNIFORMLY  SPACED  ARRAYS 

H.  Bach  and  J.  E.  Hansen 


5.1  Introduction 

For  many  applications  in  modern  techniques  it  is  not  possible,  with  a  single 
simple  antenna,  to  obtain  the  values  of  directivity  or  beam  width  required. 
One  convenient  method  of  overcoming  this  difficulty  is  to  form  antenna  sys¬ 
tems  composed  of  several  similar  antennas  or  elements.  Such  antenna  systems 
are  called  arrays.  By  a  suitable  choice  of  the  excitation  in  amplitude  and  phase 
of  the  individual  radiators  and  of  their  spatial  distribution,  properties  of  the 
entire  system  which  are  essentially  better  than  those  of  the  separate  elements 
may  be  obtained.  This  fact  depends  upon  the  displacement  in  time  and  space 
of  the  fields  originating  from  the  single  antennas.  In  some  directions,  the  null 
directions,  these  fields  may  interfere  destructively,  while  in  other  directions 
they  may  be  in  phase  and  thus  produce  a  maximum  of  radiation. 

In  this  chapter  we  consider  mainly  antenna  systems  composed  of  identical 
antennas  placed  equidistantly  along  a  curve.  First  the  problem  of  analysis, 
i.e.,  the  problem  of  determining  the  properties  of  an  array  from  a  given  excita¬ 
tion  and  position  of  the  elements,  is  treated.  Later  the  reverse  problem,  the 
problem  of  synthesis,  is  discussed. 

In  Sec.  5.2  we  show  that  the  far  field  from  an  array  of  identical  elements  can 
be  written  as  the  product  of  two  quantities.  One  of  these,  the  element  factor, 
is  essentially  equal  to  the  field  from  one  single  element.  For  commonly  em¬ 
ployed  elements  such  as  dipoles  and  slots  the  element  factor  is  a  slowly  varying 
function  of  the  direction  of  radiation.  Array  theory  may  therefore  concern 
itself  only  with  the  second  (dimensionless,  scalar,  and  element-independent) 
factor,  the  array  factor,  which  controls  the  characteristic  features  of  array 
radiation. 

Not  only  the  field  but  also  other  array  quantities  such  as  directivity  and 
gain  may  be  written  as  the  product  of  an  element-dependent  part  and  a  dimen¬ 
sionless  “ array-dependent”  part.  The  basic  parameters  discussed  in  Sec.  5.3 
are  treated  in  this  manner. 

In  Secs.  5.4  and  5.5  we  consider  classical  methods  for  obtaining  the  array 
factor  and  the  directivity  for  arrays  with  the  elements  arranged  on  a  straight 
line  and  having  particularly  simple  excitations.  In  Sec.  5.6  the  circular  array 
is  treated  in  a  similar  manner. 

Since,  as  mentioned,  array  theory  is  independent  of  the  type  of  element 
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utilized,  one  may  feel  tempted  to  examine  arrays  in  which  the  elements  them¬ 
selves  are  arrays.  This  leads  to  the  principle  of  pattern  multiplication  which  is 
discussed  in  Sec.  5.7. 

In  Sec.  5.8  an  antenna  array  is  treated  as  a  network  with  n  ports,  where  n  is 
the  number  of  elements.  Some  problems  pertaining  to  transmitting  and  re¬ 
ceiving  properties  of  arrays  are  discussed  there.  Also,  a  brief  derivation  in 
terms  of  terminal  quantities,  such  as  impedances  and  currents,  of  the  basic 
array  parameters  from  Sec.  5.3  is  given. 

The  last  three  sections  are  devoted  to  selected  synthesis  procedures  for 
arrays.  Section  5.9  covers  methods  yielding  the  excitation  currents  when  the 
array  factor  is  prescribed,  while  Sec.  5.10  concentrates  upon  the  well-known 
Dolph-Chebyshev  techniques  for  obtaining  radiation  patterns  with  narrow 
beam  width  and  low  side  lobes.  The  chapter  concludes  with  a  section  describ¬ 
ing  methods  for  optimizing  directivity  and  other  array  parameters.  In  contrast 
with  the  schemes  devised  in  Secs.  5.9  and  5.10,  which  apply  to  linear,  uniformly 
spaced  arrays,  the  methods  of  Sec.  5.11  are  applicable  to  arbitrary  arrays. 

Throughout  the  chapter  it  is  assumed  that  the  arrays  described  are  formed 
by  infinitely  thin  identical  oriented  elements  with  similar  current  distributions. 
An  exception  is  Sec.  5.8,  where  a  brief  mention  is  given  with  regard  to  the 
validity  of  idealized  array  theory  for  arrays  of  physical  elements.  In  all  sec¬ 
tions  the  classical  element-by-element  approach  to  array  theory  is  followed. 
Other  approaches  are  in  use;  one  notable  example  is  the  treatment  of  a  uni¬ 
formly  spaced  array  as  a  periodic  structure.  The  selection  of  topics  for  this 
chapter  is  by  no  means  complete.  For  instance,  the  important  aspect  of  array 
theory  known  as  beam  scanning  is  not  mentioned.  For  a  coverage  of  this 
subject  the  reader  is  referred  to  the  specialized  literature.1 
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5.2  Radiation  from  an  Array.  Factorization 


In  this  section  we  will  calculate  the  far  field  generated  by  an  array  of  an¬ 
tennas  with  specified  current  distributions.  Of  course,  it  is,  in  general,  possible 
to  set  up  exact  formulas  for  the  entire  field,  but  they  are  complicated  and 
usually  difficult  to  apply.  We  therefore  utilize  the  fact  that  in  most  applica¬ 
tions  the  distance  between  the  transmitter  and  the  receiver  is  very  large;  this 
results  in  great  simplification  and  leads  to  useful  formulas. 

First  we  consider  a  single  antenna  and  derive  expressions  for  its  far  field,  i.e., 
the  field  at  a  distance  from  the  antenna  that  is  large  compared  to  both  the 
wavelength  and  the  dimensions  of  the  antenna.  We  introduce  a  spherical  co¬ 
ordinate  system  (r,0,<£),  the  origin  of  which  is  located  at  a  point  0  in  the  vicinity 
of  the  antenna,  and  let  the  current  distribution  on  the  antenna  be  given  by 
J(r').  The  vector  potential  A  at  a  field  point  r  is  then  expressed  through 


Q—jkoR 


A 


R 


(5.1) 
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where  R  =  jr  —  r'[  and  V  is  the  part  of  space  in  which  J(r')  ^  0.  We  wish  to 
calculate  the  far  field  only  and  introduce  in  the  rapidly  varying  exponential 
term  the  approximation 

koR  =  ktf-  —  k0r'  *  r  (5.2) 


where  r 


while  in  the  denominator  we  use 


k0R  ~  kQr 


Fig.  5.1  For  the  compu¬ 
tation  of  the  far  field  from 
a  single  antenna. 


Both  of  these  approximations  will  hold  at  distances  from  the  antenna  which 
are  large  compared  to  its  dimensions,  as  well  as  to  the  wavelength.  We  thus 
find  the  expression 

A  =  £nr  I v m  exp  w  • f)  dV'  (5-4) 

for  the  vector  potential  corresponding  to  the  far  field. 

We  next  consider  an  array  of  antennas.  Let  us  introduce  the  convention 
that  the  current  distributions  on  identical  antennas  are  similar,  differing  from 
each  other  only  by  (possibly  complex)  constant  multipliers.  An  array  of  an¬ 
tennas  is  then  defined  as  a  system  of  identical  and  identically  oriented  antennas 
with  similar  current  distributions. 

We  shall  now  show  that  the  field  radiated  from  an  array  may  be  written  as  a 
product  of  two  factors.  One  of  these,  the  element  factor,  is  the  field  radiated 
from  a  single  (reference)  element.  The  other,  the  array  factor,  is  dependent 
on  the  quantities  which  precisely  characterize  the  array  as  such,  i.e.,  the  rela¬ 
tive  positions  and  excitations  of  the  elements.  The  process  of  separating  the 
field  expression  into  these  two  parts  is  termed  factorization. 

We  denote  the  number  of  elements  by  n,  and  in  order  to  obtain  a  simple 
specification  of  the  array,  we  introduce  a  fictitious  reference  antenna ;  this  is  of 
the  same  type  as  the  elements  of  the  array,  is  oriented  in  the  same  manner,  and 
possesses  a  current  distribution  similar  to  that  of  the  elements.  A  reference 
point  for  the  current  distribution  on  the  reference  antenna  is  taken  as  the  origin 
for  a  spherical  coordinate  system  (r,#,<£) .  The  position  of,  and  current  distribu¬ 
tion  on,  the  rath  element  of  the  array  may  now  be  specified  simply  by  the 
translation  rm,  which  must  be  applied  to  the  reference  antenna  to  bring  it  into 
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coincidence  with  the  rath  element,  and  the  (possibly  complex)  constant  am,  the 
excitation  coefficient,  by  which  the  current  distribution  of  the  reference  an¬ 
tenna  must  be  multiplied  in  order  to  become  identical  with  that  of  the  rath 
element.  Let  r'  be  the  position  vector  of  a  point  on  the  reference  antenna  and 
rm  that  of  the  congruent  point  on  the  rath  element.  We  then  have,  as  shown  in 
Fig.  5.2, 

r*  =  r'  +  rm  (5.5) 

and  the  equation 

Jm(rl)  -  amJref(r/)  (5.6) 


Fig.  5.2  For  the  computation 
of  the  far  field  from  an  array. 


relating  the  current  distributions  on  the  rath  element  and  the  reference 
antenna. 

Now,  according  to  (5.4),  the  vector  potential  Am  corresponding  to  the  rath 
antenna  may  be  expressed  through 

Am  =  4 V~T  Iv  exp  dV 

Introducing  into  this  equation  formulas  (5.5)  and  (5.6)  and  adding  the  contri¬ 
butions  from  the  n  elements  to  the  total  vector  potential  A  of  the  array,  we 
arrive  at 

A  =  A  "f(r)/(«,*)  (5.7) 

where  Aref(r)  =  f  Jref(r')  exp  (jk^  •  r)  dV' 

is  the  vector  potential  originating  from  the  reference  antenna  and 

n 

=  Z]  cu  exp  (j7r0rm  •  r)  (5.8) 

m=  1 

is  the  array  factor,  a  dimensionless  quantity. 

Exercise  5.1  Fill  in  the  details  in  the  derivation  of  (5.8). 

Hereby  the  factorization  is  accomplished.  It  is  important  to  observe  that 
the  array  factor  is  a  quantity  characteristic  of  the  array;  it  depends  only  on  the 
excitation  coefficients  am  and  the  relative  position  of  the  elements,  but  it  is 
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independent  of  the  type  of  elements  used.  The  array  factor  f(6,<t>)  is  generally  a 
complex  function  of  (#,</>),  but  in  the  remainder  of  this  chapter  special  attention 
will  be  paid  to  its  absolute  value  [/(#,<£)  |,  which  we  shall  refer  to  as  the  array 
pattern. 

By  means  of  the  formulas  (l.G0a,6) 

E  =  -jJ~  VV-A  +  a)  H  =  —  V  X  A 

\K(f  /  IJLq 

it  can  be  shown  that  the  factorization  also  can  be  obtained  for  the  electric  and 
magnetic  far  field,  which  therefore  may  be  expressed  through 

E  =  ETe{f(d,(j>)  H  =  H  ref/(6><£)  (5.9) 

where  Eref  and  Href  are  the  electric  and  magnetic  field  from  the  reference  an¬ 
tenna  and /(#,<£)  is  still  determined  by  (5.8). 

It  is  often  convenient  to  introduce  the  rectangular  components  of  the  vectors 

I’m  3  mX  T"  Uniy  + 

and  r  =  x  sin  0  cos  <t>  +  y  sin  6  sin  <f>  +  z  cos  6 

By  inserting  these  expressions  into  (5.8),  we  find 


n 


=  /  am6^0(Jm  sin  5  cos  ^  +  ym  *in  9  sin  $  +  zm  cos  $) 

m—  I 

(5.10) 

or 

/(0,<£)  =  X!  amejUmi9t<i>) 

(5.11) 

m=  1 

where 

um(0,<t>)  -  kQrm  ■  f 

(5.12) 

These  formulas  show  that  even  if  just  a  few  elements  are  used,  a  relatively 
large  number  of  parameters  still  occur.  It  is  thus  obvious  that,  even  with  the 
restriction  imposed  by  the  definition  of  an  array,  there  exist  many  possibilities 
for  constructing  different  arrays.  For  the  sake  of  convenience,  arrays  are 
therefore  classified  in  accordance  with  their  geometrical  structure  into  linear 
arrays  in  which  the  elements  are  placed  along  a  straight  line,  circular  or  ring 
arrays  in  which  they  are  placed  along  the  circumference  of  a  circle,  etc.  In  this 
chapter,  however,  we  shall  confine  ourselves  to  more  specialized  arrays,  name¬ 
ly,  arrays  of  equispaced  elements.  These  can  be  defined  as  arrays  for  which  the 
distance  between  two  neighboring  elements  is  a  constant  characteristic  of  the 
array.  As  the  first  example  of  such  arrays  we  consider  the  linear  array  of 
equispaced  elements.  However,  we  shall  first  discuss  some  basic  array  param¬ 
eters  pertaining  to  arbitrary  arrays.  * 

5.3  Basic  Array  Parameters 

In  this  chapter  we  represent  the  electrical  field  strength  E  in  the  far  field  of 
an  antenna  which  radiates  the  power  PTad  in  the  form  E  =  Ep,  where 

E  =  4^e~r  ^  (5-13) 
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and  where  p  is  a  (complex)  polarization  unit  vector.  In  (5.13),  fo™1  is  the 
intrinsic  admittance  of  free  space  and  g(6,<t>)  is  the  complex  radiation  pattern. 
The  absolute  value  [  is  referred  to  as  the  radiation  pattern  of  the  antenna. 


Exercise  5.2  Show,  by  integration  of  Poynting’s  vector  over  a  sphere  with  its  center 
at  the  antenna,  that  (5.13)  implies  the  following  normalization  of  the  complex  radiation 
pattern  g(6,<j>)  of  an  antenna 

Jir  \g(8,<t>)\2  dQ  =  4?r 

where  dti  is  an  element  of  solid  angle. 


With  this  normalization  of  the  radiation  pattern  we  find  that  4>(0,<£),  the 
power  density  per  unit  solid  angle  in  the  direction  (0,<£),  is  given  by 


=  P  prad  | g(e^) 


(5.14) 


Accordingly,  for  the  directivity  in  this  direction,  we  find 

D('6,,t>)  “  (l/4x)Frad  =  (5J5) 

Thus  by  the  normalization  of  the  complex  radiation  pattern  implied  by  (5.13) 
the  power  pattern  \g(d}<t>)\2  and  the  directivity  I)(0,<£)  are  equal. 

In  the  following  we  shall  also  consider  lossy  antennas.  We  introduce  the 
dissipated  power  P\ons  by  the  relation 


P  rad  +  P  loss 


(5.16) 


where  Fto t  is  the  total  power  supplied  to  the  antenna, 
antenna  is  defined  by 


The  efficiency  of  the 


(5.17) 


and  we  then  find  for  the  gain  G  (0,  <j>)  in  the  direction  (0,<£) 

G(-6’^  “  (l/4r$*«t  =  (5J8) 

ot  G(d,<j>)  =  7}D(d,<j>)  (5.19) 


Now,  since  an  array  as  a  whole  can  be  regarded  as  a  composite  antenna,  the 
above  concepts  can  be  applied  also  to  arrays.  From  (5.13)  we  have  for  the 
reference  antenna,  which  is  assumed  to  be  lossless, 


JPrel  e~jk  6r 


2tiTo 


~i 


g{8,*) 


(5.20) 


where  PTet  denotes  both  input  and  radiated  power.  Insertion  into  (5.9)  then 
yields  the  electric  field  from  the  array 


I  F™ 


E  = 


27rf0  1  r 


(5.21) 
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According  to  the  normalization  of  complex  radiation  patterns  implied  by 
(5.13),  (5.21)  may  be  written 


1  Prad  e  jk«T _ g{6,4>)f(6,4>) _ 

1  ^/(1/4tt)  \g(d,<t>)f(d,<t>)\2dQ 


(5.22) 


whereby  the  field  from  the  array  is  expressed  through  its  radiated  power  Frad 
and  the  complex  radiation  pattern 


(5.23) 


which  satisfies  the  equation  in  Exercise  5.2. 

In  this  chapter  we  shall  find  it  useful  to  express  the  properties  of  an  array 
relative  to  the  properties  of  the  reference  antenna.  The  relative  directivity,  for 
example,  is  defined  by  Z)re i  =  Z)/Z)ref,  where  the  symbol  without  index  refers 
to  the  entire  array.  In  what  follows  all  relative  quantities  are  denoted  by  the 
subscript  rel.  Exceptions  are  the  relative  powers 


Prad 


P  rad 
prei 


obtained  by  dividing  the  unnormalized  power  quantities  by  the  power  Pref 
radiated  by  the  reference  antenna. 

By  comparing  (5.21)  and  (5.22),  we  see  that  the  ratio  between  Frad  and  PTe{  is 
given  by 

Pr&d  =  ±  ftr  \g(e,4>)m<t>)\2  dQ  (5.24) 

We  further  have  from  (5.14) 

&el(e,<t>)  =  ^PrKt\g{e,4>)\2 


The  corresponding  equation  for  the  array  is,  by  virtue  of  (5.23), 


We  then  have 


J _p  \g(o,<t>)f(0,<t>)\2 

4 T  ^(l/^)  /4i  \g(d,4>m<t>)\2  dU 


*  (ft  ^  -  n  1/(M0I2 

$  (W)  (i/4x)  J4r\g(0,4>)f(eMda 

=  |/(M)|2  (5.25) 


UNIFORMLY  SPACED  ARRAYS 


145 


This  result  also  follows  immediately  from  (5.9).  Finally,  we  have  from  (5.15) 
for  the  reference  antenna 


and  for  the  array 


This  gives 


<t>lei  (8  ,<j>) 

(1/4-jt  )Pref 


£M> 

(l/47r)Prad 


D{8,4>)  _  4>rel(fl,<ft) 

DTe!(8,<f>)  ~  pT ad 


(5.26) 


In  a  similar  manner  we  have 


r  (a  _  ‘hrei  (6,<t>) 

'J reliy )$)  C'reitCi  ^ 

(j  Prad  i  P  loss 


(5.27) 


The  concepts  introduced  above  will  be  discussed  further  in  later  sections.  In 
Sec.  5.8  I)r ei  and  Gre i  will  be  expressed  in  terms  of  the  excitation  coefficients. 
The  formulas  obtained  in  this  way  will  form  the  basis  of  the  optimization  pro¬ 
cedures  described  in  Sec.  5.11. 


5.4  Linear  Arrays  with  Uniform  Current  Distribution 

We  consider  a  linear  array  consisting  of  n  elements  spaced  equidistantly 
along  the  2  axis  of  a  rectangular  coordinate  system  with  distance  d  between 
consecutive  elements  and  with  the  first  element  at  the  origin.  We  assume  that 
the  reference  antenna  and  the  first  element  coincide.  From  (5.10)  we  then  have 

n 

f(6)  =  y  cofl »  (5.28) 

m  =  1 


for  the  array  factor  of  an  equispaced  linear  array.  We  have  not,  apart  from  the 
requirements  of  similarity,  made  any  assumptions  above  about  the  currents  in 
the  individual  elements,  but  we  assume  now  that  the  excitation  coefficients  am 
all  have  the  same  absolute  value  and  that  the  difference  in  phase  8  between  one 
excitation  coefficient  and  the  next  is  a  constant.  If  the  currents  in  the  first 
element  ( m  =  1)  and  the  reference  antenna  are  in  phase,  and  if  the  magnitude 
of  the  current  in  the  reference  antenna  is  equal  to  the  sum  of  the  magnitudes  of 
the  currents  in  the  individual  elements,  the  excitation  coefficients  may  be 
written 


1 


gj(m— 1)5 


m  =  1,  2,  3, 


•  *  » 


n 


(5.29) 
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The  array  factor  for  an  equispaced  array  with  uniform  current  distribution  and 
a  linear  phase  progression,  or  briefly,  a  uniform  array,  is  then  given  by 

fid)  =  -  y  ejXm  -  *>«  +  °°*  »>  (5.30) 

m  —  1 

The  array  factor  (5.30)  may  be  written  as  a  function  of  the  variable 

7  =  5  +  kod  cos  6  (5.31) 

By  doing  this  we  get 

/( y)  =  ^  Z  cy("_1)1r 

ft  m  —  1 

where  the  symbol  /  for  the  array  factor  has  been  retained.  The  above  finite 
series  may  be  summed  by  the  formula  for  a  geometrical  progression  yielding 
the  expression 


Fig.  5.3  Geometrical  construction  of  polar  diagram. 
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By  using  Euler's  formulas,  we  finally  find 


ey<»-U7/2  sin  (^/2) 

n  sin  (t/2) 


for  the  complex  array  factor  of  a  uniform  array. 


(5.32) 


Array  patterns 

In  the  theory  of  antenna  arrays,  functions  of  the  variable  7  =  5  +  kQd  cos  0 
often  occur.  A  polar  diagram  of  such  functions  can  easily  be  obtained  by 
means  of  the  geometrical  construction  shown  in  Fig.  5.3.  The  function /(y)  is 
plotted  as  a  function  of  7.  The  circle  of  radius  kQd  is  then  drawn  with  its  center 
at  a  distance  5  from  the  line  7  =  0.  With  the  aid  of  this  circle  7  may  be  found 
for  a  given  value  of  6 ,  and  the  corresponding  value  of  1/(7)  |  can  be  determined 
from  the  curve.  This  length  is  then  laid  out  from  the  center  of  the  circle  in  the 
direction  6  to  give  a  point  on  the  desired  diagram.  Now  0  <  6  <  x  and,  ac¬ 
cordingly,  the  interval  for  7  is  of  length  2 kQd  and  is  situated  symmetrically 
with  respect  to  y  =  8.  This  interval  corresponds  to  real  values  of  the  angle  6 
and  is  called  the  visible  range.  The  part  of  the  curve  f(y)  within  the  visible 
range  is  called  the  visible  part  of  the  curve.  It  is  important  to  note  that  the 
length  of  the  visible  range  is  determined  by  the  spacing  d  and  the  position  of  the 
visible  range  is  determined  by  the  phase  constant  8.  This  construction  is  used 
extensively  in  the  following,  sometimes  in  a  slightly  modified  form. 

Now  from  (5.32)  we  find  the  array  pattern 


sin  (717/2) 
n  sin  (7/2) 


(5.33) 


for  a  uniform  array.  We  begin  the  investigation  of  this  function  with  the 
special  case  n  =  2  and  find 


cos  3^  (5  4"  kod  cos  0) 


(5.34) 


for  a  two-element  uniform  array.  We  assume  first  that  the  two  elements  are 
driven  in  phase.  Then  5  =  0  and  we  have 


cos  Q4kd  cos  6) 


(5.35) 


which  shows  that  a  maximum,  independent  of  the  spacing  d,  occurs  in  the 
direction  6  =  tt/2,  i.e.,  perpendicular  to  the  array  axis.  In  this  case  the  array 
is  called  a  broadside  array.  If,  furthermore,  a  null  is  to  occur  in  the  direction 
of  the  array  axis  (0  =  0),  we  have  cos  (J#o d)  =  0  or  d  =  (2 p  +  l)(X0/2). 

In  the  end-fire  case,  it  is  required  that  a  maximum  occur  at  6  =  0  (or  x). 
This  yields  |cos  [}4(8  +  kod)] |  =  1  or  5  +  k0d  =  p2x,  p  =  0,  ±1,  ±2, 

Tor  p  —  0  we  have  8  =  —  k0d,  which  is  known  as  the  condition  for  ordinary 
end-fire  radiation.  If  the  two  elements  are  fed  in  opposite  phases,  5  =  —  x,  we 
must  have  d  =  (2 p  +  l)(X0/2).  Hence  the  distance  between  the  elements 
should  be  an  odd  multiple  of  half  a  wavelength. 
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Exercise  5.3  Give  a  physical  explanation  of  the  above  results  for  a  two-element 
array.  Consider  the  phase  difference  between  the  fields  from  the  elements  in  directions 
along  and  perpendicular  to  the  array  axis. 

In  Fig.  5.4  are  shown  polar  diagrams  for  the  array  factor  of  a  two-element 
array  for  some  values  of  d  and  5.  The  diagrams  are  obtained  by  means  of  the 
above  geometrical  construction.  The  function  f(y)  —  cos  y/2  is  shown,  and 
the  visible  range  is  indicated  by  a  heavy  line.  For  d  =  <5  =  0  the  two  antennas 
coincide  and  the  plot  of  the  array  pattern  is  a  circle.  When,  for  d  =  0,  3  de- 
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creases,  the  difference  in  phase  of  the  currents  in  the  two  elements  increases. 
The  radius  of  the  circular  pattern  therefore  decreases  and  is  finally  equal  to 
zero  for  5  =  —  iry  and  the  fields  from  the  two  antennas  cancel.  For  a  fixed 
value  of  5,  it  is  seen  that  the  pattern,  when  d  is  increased,  splits  up  into  several 
lobes,  the  number  of  which  increases  with  the  distance  d.  For  8  =  0,  d  =  34  V 
the  fields  in  the  direction  of  the  array  axis  are  in  phase  quadrature  and  the 
value  of  the  array  pattern  in  these  directions  accordingly  is  1/^2  times  the 
value  in  the  transverse  directions  where  the  fields  are  in  phase.  For  5  =  0, 
d  =  34A0,  the  fields  in  the  axial  directions  are  in  opposite  phase,  which  results 
in  a  null  in  this  direction,  while  the  relative  value  l/\2  again  is  obtained  for 
d  =  MV  When  5  =  0,  d  =  A0,  the  maximum  value  is  obtained  in  both  axial 
and  transverse  directions.  In  general,  for  5  =  0,  a  maximum  always  occurs  in 
the  transverse  direction,  although  other  maxima  also  may  appear.  In  contrast 
to  this,  for  5  =  —  w  a  null  always  occurs  in  the  transverse  directions. 

We  now  again  consider  the  general  expression 

7  =  5  +  kQd  cos  6  (5.36) 

for  an  array  with  n  elements.  This  function  has  a  period  2w  and  is  symmetrical 
about  7  =  0.  We  confine  ourselves  to  the  interval  —  tt  <  y  <  ir  and  find  that 
the  function  is  equal  to  zero  for 


fM\  =  sin  (nU2) 

n  sin  (7/2) 


p  —  ±1,  ±2,  .  .  .  ,  zbpo 


y2(n  -  1) 

lAn 


n  odd 


n  even 

(5.37) 


Between  these  nulls  the  function  attains  secondary  maxima  which  decrease 
from  the  principal  maximum  |/|  =  1  at  7  =  0  toward  the  ends  of  the  interval 
under  consideration.  In  Fig.  5.5  is  shown  a  graph  of  the  function  for  some 


Fig.  5.5  The  function  |/(y)|  =  (nY/2)  £or  n  _ 

n  sin  (y/2) 
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values  of  n.  It  is  noted  that  the  distance  47r/n  between  the  two  nulls  surround¬ 
ing  the  maximum  value  7  =  0  decreases  with  increase  in  the  number  of 
elements. 

Now  the  function  (5.36)  is  of  the  type  f  (6  +  kQd  cos  0),  and  we  therefore  are 
able  to  obtain  polar  diagrams  of  the  array  patterns  by  the  construction  men¬ 
tioned  above.  In  Fig.  5.6  this  has  been  carried  out  for  two  6-element  arrays, 
namely  a  broadside  and  an  end-fire  array.  It  is  worthwhile  to  note  that  the 
broadside  array  has  more  side  lobes  than  the  end-fire  array  but,  in  compensa¬ 
tion,  a  more  narrow  main  lobe. 

With  knowledge  of  the  curves,  shown  in  Fig.  5.5,  and  the  method  for  con¬ 
struction  of  array  patterns  at  our  disposal  it  is  easy  to  form  an  estimate  of  the 


Fig.  5.6  Array  pattern  for  uniform  six-element 
broadside  and  end-fire  arrays. 
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array  pattern  of  an  arbitrary  uniform  array.  The  curve  corresponding  to  the 
number  of  elements  in  question  can  be  taken  from  Fig.  5.5,  and  the  size  and 
location  of  the  visible  range  are  then  determined  from  the  values  of  d  and  8.  For 
d  =  l/2\  the  visible  range  is  equal  to  2i r  and  a  principal  maximum  will  always 
occur  in  the  visible  range  regardless  of  the  value  of  8.  For  sufficiently  large 
values  of  d ,  more  than  one  principal  maximum  will  be  within  the  visible  range. 
These,  usually  unwanted,  extra  main  lobes  are  often  called  grating  lobes.  It  is 
furthermore  seen  that  the  number  of  side  lobes  is  increased,  both  when  the  dis¬ 
tance  d  is  increased  (for  a  fixed  number  of  elements),  as  well  as  when  the  num¬ 
ber  of  elements  is  increased  (for  fixed  distance  d).  The  length  of  the  array  is 
equal  to  (n  —  I )d,  and  we  accordingly  have  the  rule  that  in  general  the  number 
of  side  lobes  increases  with  the  array  length. 


Directive  properties 

We  begin  the  discussion  of  the  directive  properties  of  uniform  arrays  with  a 
computation  of  the  beam  width  2 a  and  the  side-lobe  level  r  for  the  array 
pattern.  We  assume  that  a  is  a  small  angle,  so  that  it  is  a  good  approximation 
to  set 

@1  —  6q  —  ot  02  —  Oq  Oi 


where  0Q  is  the  direction  of  the  main  lobe  and  6i  and  02  are  the  directions  in 
which  the  nulls  surrounding  the  main  lobe  occur  as  in  Fig.  5.7.  We  then  have 
the  relations  8  +  kod  cos  02  =  —  2w/ n  and  8  +  kad  cos  do  =  0.  By  subtraction 
we  get 


cos  02  —  cos  0o  = 


2w 

nkod 


If  now  we  introduce  the  Taylor  expansion 

a2 

cos  02  =  cos  (00  +  a)  «  cos  0o  —  ot  sin  Oq  —  ~  cos  0q 


we  find  the  equation 

a2  cos  0q  +  2 a  sin  0o  —  ^  =  0 

nd 


for  the  determination  of  a.  For  a  broadside  (0Q  =  w/2)  and  an  end-fire  array 
(0o  =  0),  respectively,  we  find 


broadside  array 
end-fire  array 


(5.38) 


It  is  thus  seen  to  be  a  general  rule  that  for  the  same  array  length  a  broadside 
array  has  a  more  narrow  main  lobe  than  an  end-fire  array.  If  the  side  lobes  are 
large,  a  considerable  part  of  the  radiated  energy  is  distributed  in  unwanted 
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directions.  Usually  the  specification  of  the  beam  width  of  an  array  is  therefore 
supplemented  by  the  side-lobe  level  r  defined  as  the  ratio  between  the  maxi¬ 
mum  values  of  the  largest  side  lobe  and  the  main  lobe. 


4  f[j) 


7 


Fig.  5.7  For  the  computation  of  beam  width  and  side-lobe 
level  of  uniform  arrays. 


For  a  uniform  array,  the  side  lobe  next  to  the  main  lobe  is  usually  the  largest. 
The  first  secondary  maximum  of  the  function  (5.36)  is  found  for  y  =  37r/n 
approximately,  and  the  side-lobe  level  accordingly  is  determined  by 


sin  (3?r/2) 

1 

2 

n  sin  (37r/2n) 

n  sin  (37r/2n) 

37T 

for  large  n 


(5.39) 


For  a  linear  uniform  antenna  array  the  lowest  possible  side-lobe  level  is 
—  13.5  db,  and  it  is  seen  that  for  arrays  of  many  elements  the  side-lobe  level  is 
independent  of  the  number  of  elements. 
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Next  we  consider  the  directivity  D  of  the  array.  From  Sec.  5.3  we  get 

'\f(d,<t>)\2\g(o,<t>')\2 


Die, 4,)  = 


(1/4tt)  f  \f(6,<l>)g(e,<t>)\2  dQ 


(5.40) 


If  the  elements  of  the  array  are  isotropic  radiators,  \g{6,<j))\  =  1  and  the  above 
expression  reduces  to 

DM*)  =  - + -  (5.41) 

(1/4t)  /j/M« 

which  we  shall  call  the  geometrical  directivity  because  it  depends  only  on  the 
“geometrical”  quantities  defining  the  array,  i.e.,  the  position  vectors  of  the 
elements  and  the  excitation  coefficients.  There  is  no  simple  relation  between 
D,  Z)re i,  and  Z)/,  but  nevertheless  Df  is  a  useful  concept  because  it  is  a  quantity 
characteristic  of  the  array,  which  does  not  depend  on  the  type  of  elements 
used.  As  seen  from  the  formulas,  this  is  not  the  case  for  D  and  Z)re  1. 

In  general,  Z),  Z)re i,  and  Df  are  all  functions  of  the  direction  from  the  array  to 
the  field  point.  Of  course,  the  maximum  values  obtained  by  variation  of  6  and 
<t>  are  of  particular  interest.  In  the  literature  the  term  directivity  often  refers 
to  these  maximum  values. 

We  shall  now  determine  the  geometrical  directivity  of  a  uniform  array.2 
According  to  the  definition  (5.41)  and  the  expression  (5.36)  we  must  then  com¬ 
pute  the  integral 


Z  = 


1 


4  7T 


At 


sin  (ny/2) 


n  sin  (7/2) 


dQ 


7  =  5  +  kQd  cos  6 


We  utilise  the  formula3  [in  Sec.  5.9  a  method  of  deriving  (5.42)  is  suggested] 

n—1 

=  n  +  2  (n  —  m)  cos  my  (5.42) 


sin  (ny/2) 


sin  (7/2) 


m=  1 


and  express  the  element  of  solid  angle  dQ.  through 


dQ  =  2tt  sin  6  dd 


We  then  find 

Z  = 


n2  Jo 


n 


n—l 


9  +  S  (n  —  m)  cos  m  (5  +  kQd  cos  6) 

2  m—  1 


sin  B  dd 


or,  by  interchanging  summation  and  integration, 

-1  o  n  —  l 

T  1  .  2  n  —  m  .  .  7 

Z  =  — I — -  >  - — r— 7-  sin  mkod  cos  mb 
n  n-  ?nk0d 

Exercise  5.4  Fill  in  the  details  in  the  derivation  of  the  above  formula. 

For  the  geometrical  directivity  of  a  uniform  array  we  thus  end  up  with  the 
expression 

1/(0 12 


DM 


n  —  m 


1  9  n~l 

I  _|_  A  v 

n  n2  r^i  mkod 


(5.43) 


sin  ?nkQd  cos  mb 


where  |/(0)|  is  given  by  (5.36). 
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b) 


Fig.  5.8  Maximum  geometrical  directivity  Df  of  uniform  arrays  with  (a)  two  elements, 
(6)  three  elements,  (c)  four  elements,  and  ( d )  ten  elements  as  a  function  of  hd  and 
5  [Eq.  (5.43)]. 

It  is  observed  from  the  above  formula  that,  when  the  spacing  k0d  is  a  multiple 
of  half  a  wavelength  (k0d  =  pit,  p  =  1,  2,  3,  . . .),  the  denominator,  indepen¬ 
dently  of  <5,  is  equal  to  1/n.  Now,  in  this  case  the  visible  range  is  2 kod  =  2pw; 
therefore,  at  least  one  direction  B0  exists  in  which  the  numerator  of  (5.43) 
attains  the  maximum  value  1.  In  this  direction  we  thus  find  Dj  —  n,  that  is, 
the  geometrical  directivity  is  equal  to  the  number  of  elements  in  the  array. 
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From  this  it  is  seen  that,  for  a  broadside  array,  the  directivity  n  again  occurs 
when  the  spacing  is  half  a  wavelength.  In  the  ordinary  end-fire  case  (5  =  —kod) 


DA  0)  = 


1 


n—  1 


n  —  m 


-+-2z  ,, 

n  n  2  mk0d 


sin  2m  kod 


The  directivity  n  thus  is  obtained  when  —  5  =  k0d  =  w/2.  In  Fig.  5.8a  to  d  are 
shown  curves  for  Df  for  uniform  arrays  with  two,  three,  four,  and  ten  elements 
as  a  function  of  5  and  k0d  with  Df  as  a  parameter.  The  lines  5  =  0  and 
5  =  —kod  correspond  to  broadside  and  ordinary  end-fire  arrays,  respectively, 
while  the  domain  in  between  these  lines  corresponds  to  arrays  with  other  maxi¬ 
mum  directions.  In  the  area  in  between  the  lines  5  =  —kod  and  5  =  —  r  the 
array  is  still  end  fire.  However,  for  n  >  3  the  magnitude  of  the  main  lobe  may 
become  less  than  the  largest  side  lobe,  and  the  maximum  directivity  is  then 
obtained  in  other  directions.  The  part  of  each  diagram  corresponding  to  such 
values  of  5  and  k0d  is  left  empty. 

We  shall  illustrate  these  matters  by  means  of  a  four-element  array.  In 
Fig.  5.9a  the  array  factor  is  shown  for  an  ordinary  end-fire  array  determined  by 
5  =  —  kod  =  —  7 r.  The  geometrical  directivity  of  this  array  Df  =  4,  and  from 
Fig.  5.9c  it  is  seen  that  the  visible  range  is  so  placed  that  precisely  two  main 
lobes  occur.  In  Fig.  5.96  is  shown  the  array  factor  for  5  increased  to 
—  3tt/4.  The  length  of  the  visible  range  is  unchanged,  but  it  is  displaced  by  an 
amount  7r/4  to  the  right.  Therefore  two  principal  maxima  still  occur  and  Df  is 
still  equal  to  4.  On  the  other  hand,  the  directions  of  the  principal  maxima  have 
been  altered  with  respect  to  those  of  Fig.  5.9a.  The  very  broad  main  lobe 
of  Fig.  5.96  is  due  to  the  large  visible  range.  If  kod  is  reduced  so  that 
kod  =  —  5  =  —  37r/4,  corresponding  to  Fig.  5.9c,  only  one  principal  maximum 
occurs  (for  0=0)  and  the  radiation  is  zero  in  the  opposite  direction.  By  in¬ 
sertion  of  these  values  into  (5.43),  it  is  found  that  Df  =  5.58  in  contrast  to  4.00 
for  an  ordinary  end-fire  array.  Now,  from  Fig.  5.8c  it  appears  that,  for 
kod  =  0.7 l7r  and  5  =  —  0.897T,  the  maximum  directivity  Df  =  8.28  is  obtained. 
The  corresponding  array  factor  is  shown  in  Fig.  5.9d.  The  side-lobe  level  is 
slightly  increased  with  respect  to  Fig.  5.9c,  but  the  main  lobe  simultaneously 
has  become  more  narrow.  This  improvement  has  been  obtained  at  the  expense 
of  the  amplitude  of  the  main  lobe,  which  has  been  reduced  by  20  percent 
approximately.  As  is  seen  from  Fig.  5.9c,  this  is  due  to  the  fact  that  the  princi¬ 
pal  maximum  is  now  outside  the  visible  range. 

The  problem  of  maximizing  the  directivity  of  an  array  will  be  treated  later 
in  more  detail.  However,  at  the  present  stage  we  shall  mention  the  so-called 
Hansen-Woodyard  condition4  for  increased  directivity,  because  it  is  often 
cited  in  the  literature.  By  graphical  methods  these  authors  found  that  an  in¬ 
creased  directivity  could  be  obtained  if,  for  an  ordinary  end-fire  array  with 
the  condition  5  =  —kod}  the  phase  constant  was  changed  to 


5  =  —  kod 


t r 

n 


(5.44) 


UNIFORMLY  SPACED  ARRAYS 


157 


where  n  is  the  number  of  elements.  This  is  the  Hansen- Wood vard  condition. 

7 

and  it  is  observed  that  the  formula  is  not  an  equation  which  allows  the  deter¬ 
mination  of  the  optimum  value  of  5  but  is  a  condition  which,  when  applied  to 


Fig.  5.9  Dependence  of  radiation  pattern  on  visible  range  for  a 
four-element  uniform  array. 


an  array  with  given  spacing,  yields  a  5  giving  a  larger  directivity  than  obtained 
by  5  =  —  k0d.  The  condition  is  derived  in  principle  for  very  long  antenna 
arrays  with  many  elements,  and  it  therefore  gives  the  best  result  in  such  cases. 
In  the  diagrams  in  Fig.  5.8  the  condition  (5.44)  may  be  pictured  as  a  straight 
line.  It  is  seen  that  it  generally  yields  larger  directivity  than  the  corresponding 
ordinary  end-fire  condition,  but  also  that  even  higher  directivities  may  be  ob¬ 
tained  by  a  uniform  end-fire  array.  However,  we  shall  later  return  to  the 
problem  of  optimizing  the  directivity  of  a  linear  array.  We  shall  find  that  the 
optimum  directivity  is  obtained  with  an  excitation  which  in  the  general  case  is 
not  uniform. 


158  ANTENNA  THEORY 

5.5  Linear  Arrays  with  Tapered  Current  Distribution. 

The  excitation  coefficients  am  for  a  linear  array  can  be  thought  of  as  complex 
numbers  ascribed  to  the  corresponding  element  positions  z  =  zm .  We  may 
visualize  them  by  plotting  the  absolute  values  and  the  phases  of  ah  a2,  . . . ,  an 
as  points  in  a  coordinate  system  with  one  axis  coinciding  with  the  array  axis. 
By  drawing  a  continuous  curve  through  each  set  of  points,  a  current 
(magnitude)  distribution  function  and  a  phase  distribution  function  can  be 
constructed.  Infinitely  many  complex  distribution  functions  corresponding  to 
the  same  set  of  excitation  coefficients  are,  of  course,  possible.  One  of  them  may 
seem  to  be  the  most  “natural.”  Often  the  situation  is  such  that  the  excitation 
coefficients  are  defined  in  the  first  place  as  sampled  values  of  some  continuous 
function.  A  technique  of  analyzing  arrays  with  excitation  coefficients  obtained 
in  this  manner  is  described  later  in  this  section. 

In  a  linear  array  with  tapered  current  distribution  the  phase  of  the  excitation 
coefficients  is  usually  taken  as  linearly  progressing  as  for  the  uniform  array. 
The  absolute  value  of  am,  however,  now  depends  on  m.  Accordingly,  a  larger 
variety  of  array  patterns  than  for  the  uniform  array  can  be  produced.  In 
particular,  by  this  added  degree  of  freedom,  it  is  possible  to  gain  control  of  the 
magnitude  of  the  side  lobes  in  the  array  pattern.  This  is  obtained  by  tapering 
the  current  distribution  function  toward  the  ends  of  the  array. 

Schelkunoff' s  Polynomial  Method 

A  convenient  method  for  the  analysis  of  linear  arrays  with  tapered  current 
distribution  has  been  described  by  S.  A.  Schelkunoff.5  From  (5.28)  with 
i  =  m —  1  the  array  factor  for  an  equispaced  linear  array  with  the  z  axis  as 
array  axis  is  given  by 

n—  1 

f(e)  =  E  al€*Mc o.»  (5.45) 

1  =  0 

By  writing  at  =  \ai\ej(5i+m  we  can  separate  the  phase  of  at  into  a  linear  progres¬ 
sive  part  id  and  an  individual  part  8i.  This  process  is  unique  if  we  prescribe 
8i  =  0  for  i  =  n  —  1.  With  y  =  8  +  k<4  cos  6  as  usual,  we  have 

n—  1 

/  =  E  (5.46) 

i—  0 

By  further  introducing  the  new  variable  f  =  ejy,  the  array  factor  can  be  written 
as  a  complex  polynomial  in  f 

/  =  E  \a,\e*<{‘  (5.47) 

i=0 

The  polynomial  is  called  Schelkunoff ?s  polynomial  or  the  array  polynomial. 

The  importance  of  SchelkunofFs  method  lies  in  the  recognition  of  the  array 
factor  as  a  complex  polynomial.  Hereby  the  whole  theory  of  complex  poly- 
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nomials,  including  the  fundamental  lemma  of  algebra,  is  at  the  disposal  of 
array  analysts. 

We  shall  here  restrict  ourselves  to  arrays  with  linearly  progressive  phase  i.e., 
current  distributions  with  5,  =  0,  i  =  6,  1. .  . .  ,  n  -  1.  Then  SchelkunofFs 
polynomial  takes  the  simple  form 

n—  1 

/  =  Z  Hr'  (5.48) 

i=0  ' 

As  6  varies  through  its  range  0  <  6  <  it,  f  remains  on  the  unit  circle  in  the 

complex  plane;  the  part  of  this  circle  which  will  be  described  depends  on  5  and 

d.  Corresponding  to  d  =  x/2  is  f  =  e,s ;  this  point  is  the  midpoint  of  the  range 

on  the  unit  circle  traversed  by  f .  The  element  spacing  d  determines  the  length 

of  the  range.  Ford  =  X0/2  the  range  is  2w.  For  d  <  Xo/2  the  range  is  less  than 

one  full  circuit.  The  part  of  the  circle  which  is  covered  is  called  the  visible 

range  of  f.  In  the  example  illustrated  in  Fig.  5.10  the  visible  range  of  f  is  less 
than  2w. 


Fig.  5.10  Unit  circle  in  plane  and  visible 
range  of  f . 


A  clear  insight  into  the  connection  between  the  algebraic  form  (5.48)  of  the 
array  factor  and  the  shape  of  the  array  pattern  is  obtained  by  using  the  funda¬ 
mental  lemma  of  algebra.  According  to  this,  we  have 

/  =  k- i|(r  -  fO(f  —  r2) — cr  —  fn-i)  (5.49) 

where  fi,  fs, . . . ,  fn-i  are  the  zeros  of  the  polynomial  in  (5.48).  The  absolute 
value  and  phase  angle  of  /  now  have  simple  geometrical  interpretations.  For 
each  value  taken  by  0 ,  |/|  is  proportional  to  the  product  of  the  lengths  of  the 
distances  dh  d2, . . . ,  dn- 1  between  the  zeros  ft,  . . . ,  ?n-x  and  the  point  P  on 
the  unit  circle  corresponding  to  the  value  of  6  in  question.  This  is  illustrated 
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for  a  simple  case  in  Fig.  5.11.  Likewise,  apart  from  a  constant,  the  phase 
angle  of/  is  equal  to  the  sum  of  the  phase  angles  of  each  of  the  parentheses  in 
(5.49).  The  zeros  ft,  ft, ,  ft_i  will  correspond  to  nulls  of  the  array  pattern 
only  when  they  are  located  in  the  visible  range  of  f .  To  each  root  configuration 
corresponds  one  particular  set  of  excitation  coefficients  (apart  from  a  constant 


Fig.  5.11  Root  configuration  in  complex  f  plane. 


multiplier).  In  general,  the  converse  is  not  true.  However,  if  all  roots  are  on 
the  unit  circle,  there  is  a  one-to-one  correspondence  between  the  relative  varia¬ 
tion  of  |/|  and  the  root  configuration.  The  proof  of  this  theorem  as  well  as  the 
proof  of  many  other  theorems  regarding  SchelkunofFs  polynomial  can  be 
found  in  a  paper  by  T.  T.  Taylor  and  J.  R.  Whinnery6  or  in  the  original  paper 
by  Schelkunoff. 

Exercise  5.5  Consider  a  four-element  array  with  d  =  X0/2,  5  =  0  and  excitation  co¬ 
efficients  of  magnitude  1,  3,  3,  1,  respectively.  Plot  the  zeros  of  ft  and  indicate  the 
visible  range.  Sketch  the  array  pattern.  This  current  distribution  is  an  example  of  the 
binomial  distribution. 

Z-transform  Method 

As  shown  by  D.  K.  Cheng  and  M.  T.  Ma,7  the  array  factor  for  a  large  class 
of  linear  equispaced  arrays  with  tapered  current  distribution  can  be  expressed 
in  “closed  form/7  By  this  we  mean  that  the  summation  (5.45)  can  be  per¬ 
formed  analytically.  Formula  (5.32)  is  a  simple  example  of  an  array  factor 
written  in  a  closed  form.  It  should  be  clear  that  the  existence  of  an  expression 
without  summation  sign  for  the  array  factor  of  an  array  will  facilitate  its 
analysis.  The  tool  proposed  by  Cheng  and  Ma  to  achieve  this  is  the  theory  of 
Z  transforms  originally  developed  for  sampled  data  systems.8 
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The  Z  transform  Z  [/(.r) }  of  a  continuous  function /(.r)  of  a  real  variable  x  is 
defined  as  the  sum  of  the  infinite  series 

co 

z  {/Ml  =  Z  fdd)g~' 

i=0 

=  F(g)  (5.50) 

where  £  is  the  transform  variable  and  d  the  “sampling  interval.”  The  Z  trans¬ 
form  has  a  simple  relationship  to  the  Laplace  transform,  but  this  will  not  be 
discussed  here.f  As  examples  of  Z-transform  pairs  we  refer  to  Table  5.1. 


Table  5.1  Z-transform  Pairs 


Function 

Definition 

Z  transform 

Unit  step 

r 

u(x)  =  • 

► 

0  x  <  0 

1 

1  x>0 

1  “  8~l 

Unit  gate  with  n 

0  x  <  0 

l  —  x~n 

sampling  points 

Qnipo)  = 

1  0  <  x  <  (n  —  1  )d 

0  x  >  (n  —  1  )d 

<7 

i  -g~l 

The  theorems  of  Laplace  transform  theory  have  their  Z-transform  equiva¬ 
lents.  We  shall  mention  without  proof  the  following: 

z  { cf  (x)  j  =  cF(g) 

and  +  f2(x) }  =  Fi(g)  +  F2(g) 

which  express  the  rules  for  multiplication  by  a  constant  and  the  sum  of  two 
transforms,  respectively.  Further,  we  have  the  theorem  of  complex  translation 

Z  {e~bxf(x)\  =  F{ebdg} 

where  b  is  a  (complex)  constant,  and  the  theorem  regarding  differentiation  with 
respect  to  a  parameter 

Exercise  5.6  From  the  definition  (5.50)  derive  the  above  theorem  of  complex  trans¬ 
lation. 

The  application  of  Z-transform  theory  to  the  treatment  of  linear  antenna 
arrays  is  based  on  the  fact  that  the  array  factor  for  an  n-e lenient  array  can  be 

fit  is  not  difficult  to  show  that  F(g)  is  the  Laplace  transform  of  the  function  f*(x)  —  f(x) 

CO 

^  5(x  —  id),  where  8  denotes  the  delta  function. 
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written  as  a  Z  transform.  To  show  this  we  let  hx  =  0  in  (5.45)  and  introduce 
the  transform  variable 

g  =  Q~h 


where  7  =  5  +  kod  cos  6  as  usual.  The  array  factor  then  becomes  a  function  of  g 


71—1 


£ 

i-0 


=  Z{a(z)gn(z) } 


(5.51) 


Here  gn{z)  is  the  unit  gate  function  defined  previously  and  a(z)  any  real  con¬ 
tinuous  function  (current  distribution  function)  of  argument  z  which  takes  the 
values  of  the  magnitude  of  the  excitation  coefficients  \am\  at  the  positions  zm  of 
the  array  elements. 

An  example  of  the  function  a(z)  is  illustrated  in  Fig.  5.12.  In  practice  it  is 
often  possible  to  choose  for  a  (z)  a  simple  algebraic  or  transcendental  function 
of  the  ^  coordinate.  In  (5.51)  the  array  factor  for  an  n-element  array  with 


tapered  current  distribution  is  expressed  as  the  Z  transform  of  the  current 
distribution  function  a(z)  times  the  unit  gate  function  gn(z). f 

Let  us  now  apply  the  rule  of  complex  translation  to  the  unit  gate  function. 
We  thereby  obtain 

Zle~>*gn(z)}  =  F(e™3) 


1  —  e~nbdg~n 

1  —  e~bdgrl 


(5.52) 


By  using  the  rules  of  multiplication  by  a  constant  [we  choose  the  constant 
(  — h)p ,  where  p  is  an  integer]  and  differentiation  with  respect  to  a  parameter 

fNote  that  this  result  may  be  extended  to  cover  the  case  of  excitations  with  nonlinear 
phase  distribution  functions.  We  only  need  to  allow  a(z)  to  attain  complex  values.  The 
array  factor  then  may  be  written  as  a  Z  transform  plus  the  imaginary  unit  times  another 
Z  transform. 
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(we  differentiate  p  times  with  respect  to  the  constant  b)  we  arrive  at  the  follow  ¬ 
ing  transform:9 

Z  {{hzye^gn(z)\  =  ^~hy  (5-53) 

With  suitable  choice  of  h,  p,  and  b  in  (5.53)  and  with  application  of  the  pre¬ 
viously  given  rules  we  are  able  to  obtain  in  closed  form  the  array  factor  for 
linear  arrays  with  n  equispaced  elements  when  the  current  distribution  func¬ 
tion  is  linear,  parabolic,  exponential,  sinusoidal,  etc.  The  transform  (5.53)  is  a 
generalization,  particularly  wrell  adapted  for  array  theory,  of  the  well-known 
summation  formula  for  a  finite  geometrical  series. 


Exercise  5.7  Carry  out  the  detailed  derivation  of  (5.53). 


Exercise  5.8  Let  us  compute  the  array  factor  for  an  array  with  current  distribution 
function  a(z)  =  sin  (hz) .  From  (5.52)  we  have 


Z  \e±ih*gn(z)  1  = 


1  —  e±ihndg~n 
1  —  e±ihdg~l 


Application  of  Euler’s  formula  then  gives 


Z  {sin  (hz)  gn(z) } 


g  sin  (hd)  —  g~n+2  sin  ( nhd )  +  g~n+l  sin  [(n  —  1  )hd] 

g 2  —  2 z  cos  (hd)  +  1 


(5.54) 


wrhere  g  =  e~3(5+kQd  008  $K  If  wre  choose  h  so  that  sin  (hd)  —  0  for  z  —  (n  —  l)d,  the 
array  is  excited  symmetrically.  In  this  case  the  expression  for  the  array  factor  takes  a 
particularly  simple  form.  Derive  the  array  factor  for  this  special  case. 


5.6  Circular  Arrays 


Array  Factor 


A  circular  array,  or  ring  array,  is  an  array  in  wrhich  the  elements  are  placed 
along  the  circumference  of  a  circle.10'12  We  consider  only  the  case  wrhen  the 
elements  are  equidistantly  spaced.  If  the  reference  antenna  is  placed  at  the 
center  of  the  circle  (of  radius  a),  wre  find  for  the  mth  position  vector 


wrhere 


rm  —  xa  cos  vm  +  ya  sin  vm 


and  n  is  the  number  of  elements.  By  insertion  into  the  general  expression 
(5.10)  for  the  array  factor  w^e  find 

n 

^^gj7:0a(eoa  rm  sin  8  cos  4>  +  sin  vm  sin  8  sin  <p) 


fm  =  Z 


(5.55) 
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For  an  equispaced  circular  array  with  excitation  coefficients 


m 


the  array  factor  becomes 


sm 


t  K 

m—  1 


ejl&m  +  f  COS  (4>  — 


(5.56) 


with  f  =  kQa  sin  6.  The  main  difference  between  this  expression  and  that  for 
an  equispaced  linear  array  is  that  the  array  factor  is  now  a  function  of  both 
6  and  <f>.  This  corresponds  to  the  fact  that  a  circular  array  does  not  have  an 
axis  of  complete  rotational  symmetry. 

In  analogy  with  the  definition  of  a  uniform  linear  array,  we  define  a  uniform 
circular  array  as  an  equispaced  circular  array  for  which  the  phases  of  the  excita¬ 
tion  coefficients  decrease  uniformly  along  the  circle  so  that  the  total  decrease 
after  one  circuit  is  an  integral  multiple  v  of  2?r.  If  it  is  assumed  that  the  cur¬ 
rent  in  the  reference  antenna  is  equal  to  the  sum  of  the  absolute  values  of  the 
currents  in  the  individual  elements,  the  excitation  coefficients  may  be  ex¬ 
pressed  through 

am  =  -  (5.57) 

n 


When  this  is  inserted  into  (5.56),  we  obtain  the  expression 

g—jlvvm  —  t  COS  (0  —  ®m)] 

1 

for  the  array  factor  of  a  uniform  circular  array. 


(5.58) 
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As  an  example  of  a  nonuniform  circular  array  we  consider  a  directive  array, 
i.e.,  a  circular  array  which  concentrates  most  of  the  radiated  field  within  a 
small  solid  angle  about  some  given  direction  (0o,0o),  called  the  main  direction. 
In  this  case  the  excitation  coefficients  must  be  chosen  in  such  a  manner  that  the 
fields  from  the  individual  elements  are  all  in  phase  in  this  direction.  From 
(5.56)  it  is  seen  that  if  we  let 

8m  —  —  kQa  sin  80  cos  (0O  —  vm) 


the  fields  from  the  individual  elements  will  all  have  the  relative  phases  zero  in 
the  main  direction.  If,  further,  \am\  =  1/n,  we  obtain 


=  -  Z 


71  m—  1 


g—jkya,[&\YL  cos  (4>q  —  —  sin  0  cos  ( 4>  — 


(5.59) 


For  convenience  we  introduce  the  two  quantities  £  and  p  by 


cos  £  = 


sin  8  cos  0  —  sin  80  cos  0O 


V(sin  0  cos  0  —  sin  80  cos  0O)2  +  (sin  8  sin  0  —  sin  0O  sin  0O)2 


and  p  —  ayj( sin  8  cos  0  —  sin  8Q  cos  0O)2  +  (sin  8  sin  0  —  sin  80  sin  0O)2 
After  some  elementary  manipulations,  we  find  the  expression 


n 


fM  =  I  gj&op  cos  (£  —  Vm) 

71  m  =  1 


(5.60) 


for  the  array  factor  of  a  directive  circular  array  with  the  main  direction  (#o,0o). 

In  the  theory  of  linear  arrays  it  is  convenient  first  to  consider  arrays  with 
discrete  elements  and  then  proceed  to  continuous  arrays.  However,  for  the 
description  of  circular  arrays  the  opposite  procedure  is  preferable.  This  is  due 
to  the  fact  that  the  array  factor  of  a  discrete  circular  array  is  expressed  most 
conveniently  by  the  array  factor  for  a  corresponding  continuous  circular  array 
plus  some  correction  terms.  These  terms  are  then  a  measure  of  the  deviation 
of  the  array  factor  for  the  discrete  array  from  that  of  the  corresponding  com 
tinuous  array.  As  will  be  seen  from  the  following,  the  array  factor  for  a  contin¬ 
uous  array  can  be  expressed  in  a  rather  simple  manner. 


Continuous  Circular  Arrays 


In  order  to  determine  the  array  factor  for  a  continuous  uniform  circular 
array,  we  let  the  number  of  elements  n  tend  to  infinity;  the  angle  between  the 
radii  to  two  adjacent  elements,  Avm  =  2w/n,  then  goes  to  zero.  From  Eq. 
(5.58)  we  now~  find 


/(0,0)  =  lim 


_L 

2i r 


m—  1 


g  —  jlvvm  —  f  cos  (0  —  vm)  J  AVm 
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When  passing  to  the  limit,  vm  tends  to  v,  which  is  then  a  continuous  variable  in 
the  interval  (0,2w).  Simultaneously,  the  summation  is  replaced  by  an  integra¬ 
tion.  Accordingly,  we  find 


g—jlvv  —  f  cos  (<f>  —  v)  ]  ^y 


which  may  be  written 


gjlv(<t>  ~  »)+{■  COS  (<£  —  t>)J  rfy 


From  the  integral  formula  for  the  Bessel  functions 

1  r  2* 

j’J,( f)  =  /  e“”  + 1  cos ’>  dv 

Ztt  Jo 


(5.61) 


it  is  then  seen  that  the  array  factor  can  be  expressed  through 

=  e-*+  ~  '/2)J,(f)  (5.62) 

Thus  the  absolute  value  of  the  array  factor  is  simply  given  by  the  Bessel 
function  of  vth  order 

I/I  =  |/,(f)|  =  \J,(kQa  sin  6)\  (5.63) 


Fig.  5.14  Continuous  uniform  circular  array  with  k0a  =  6  and  (a)  v  —  0,  (6)  v  =  1. 
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In  this  case  |/|  does  not  depend  on  <£;  accordingly,  the  continuous  circular  array 
is  perfectly  omnidirectional.  The  horizontal  array  pattern  is  therefore  a  circle, 
and  the  vertical  pattern  can  be  obtained  in  a  simple  manner  by  a  slight  modifi¬ 
cation  of  the  previously  mentioned  method  for  constructing  array  patterns. 
Now  Jv( 0)  =  $0r,  and  accordingly  the  array  with  v  =  0  is  the  only  circular 
array  which  radiates  in  the  directions  normal  to  the  plane  of  the  array.  In 
Fig.  5.14  are  shown  the  array  patterns  of  two  ring  arrays  with  fc0a  =  6  and 
v  =  0  and  1,  respectively.  From  graphs  of  the  Bessel  functions,  it  is  imme¬ 
diately  seen  that  the  radiation  in  directions  near  0  =  0  and  r  is  reduced  when  v 
is  increased  and  that  more  minor  lobes  occur  when  the  radius  a  is  increased. 

Exercise  5.9  By  placing  a  center  element  in  a  circular  array  with  ^  =  0  it  is  possible, 
by  a  suitable  choice  of  the  excitation  coefficient  a0  for  the  center  element,  to  reduce  the 
radiation  in  the  directions  6  =  Bo.  Under  the  condition  that  the  original  array  can  be 
considered  as  a  uniform  array,  find  the  excitation  coefficient  Oo  for  which  the  array 
factor  of  the  entire  system  is  zero  for  6  =  So. 

In  order  to  obtain  the  array  factor  for  a  continuous  directive  array,  we  let 
n— >  oo  in  (5.60)  and  find 

1  A 

/(#,<£)  =  lim  —  22  ejk«p  008  “ Vm)  Avm 

n— >oo  to T  m—  1 
1  f  2r 

=  —  /  e’kop  co* (*  ~  v)  dv 
2ir  Jo 

By  means  of  formula  (5.61),  we  obtain 

~  Jo(ko p) 

for  the  array  factor  of  a  continuous,  directive  circular  array. 

We  first  consider  the  special  case  in  which  the  main  direction  is  vertical 
(0O  =  0).  We  then  find  p  =  a  sin  0,  which  yields  the  expression 

f(6,4>)  =  Jo(kQa  sin  6) 

Accordingly,  this  array  is  identical  with  the  omnidirectional  array  with  v  =  0 
as  shown  by  the  formula  (5.63)  . 

As  another  example,  we  consider  an  array  with  a  horizontal  main  direction 
(0o, ^o)  =  (ir/2,0o)  and  find 

p  =  1  —  sin  0)2  +  4  sin  6  sin2  3^(<£  —  $o) 

and  1/(0, <£)|  =  [«/o[/c0a V(1  —  s*n  ^)2  +  4  sin  6  sin2  3^(0  ~  0o)] 

The  vertical  pattern  in  a  plane  through  the  main  direction  is  determined  from 

|/(0,0O)|  =  \J0[k0a(l  -  sin  0)]| 
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while  the  horizontal  pattern  is  given  by 

J 0[2/c0a  sin  3^(4>  —  <t>o)]\ 

From  this  formula  it  is  seen  that  the  horizontal  pattern  depends  only  on  the 
angle  v  =  <t>  —  <j>o.  Therefore,  if  the  main  direction  is  shifted  through  an  angle 
A<j>o  by  changing  the  phases  of  the  excitation  coefficients,  the  whole  pattern  will 
be  shifted  through  the  same  angle  A<£0  without  change  of  shape.  In  Fig.  5.15 


Fig.  5.15  Array  pattern  of  continuous  directive  circular  array,  (a)  Horizontal  pattern; 
(6)  vertical  pattern. 

the  vertical  and  horizontal  patterns  are  shown  for  kQa  =  t.  Again  it  is  obvious 
that,  when  the  radius  a  is  increased,  in  general  the  number  of  minor  lobes  in¬ 
creases  and  the  beam  width  of  the  main  lobe  decreases. 

Omnidirectional  Circular  Array 

We  now  turn  to  the  more  complicated  case  of  an  omnidirectional  circular 
array  with  discrete  elements.  We  return  to  the  formula  (5.58)  and  introduce 
the  relation13 

oo 

eif  cob  “  =  y  ikjk  cos  ( ka )  Jk{$)  (5.64) 

k  =  0 

where  ek  is  Neumann's  number  defined  by 

jl  k  =  0 

[2  k  9^  0 


ek  = 


(5.65) 
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We  then  find 


/(«,♦)  =  r  £ 


71  rn  —  1 


OO 


^  €jt_f  cos  k(<j>  —  vm)Jk(£) 

k  =  0 


By  interchanging  the  order  of  summation  and  utilizing  Euler's  formulas,  the 
expression  can  be  rewritten  in  the  following  manner 


co 


f(0,4>)  =  X 

A-  =  0 


1  - 

tkjkJk($)  ~  e~~jPVm  cos  K<t>  —  Vm) 

n  m  =  1 


00 


z 

*  =  o  L 


1 


n 


n 


tkjkJk(£)  K-U**  Z  e~K  '  +  «*•»  +  e-J'^Z 

\  m=  1  1 


m 


(5.66) 


Now,  for  k  and  n  integers  we  have  the  formula 


i  « 

__  V  g— j2*(kln)m 

n 


1 


k 

-  integer 
n 

k 


0  -  otherwise 

n 


wrhich  show7s  that  the  finite  series 


i  »  i  71 

—  e~j(v±k)vm  —  _  V)  g— j27r(v±/c)m/n 

71  rn  —  1  71  rn=  1 

contributes  only  w7hen  (y  ±  &)/n  is  an  integer.  Therefore,  in  the  first  sum  with 
respect  to  m  in  (5.66),  wre  let  q  =  (v  +  &)/7i;  now7  &  >  0  and  therefore 


k  =  nq  —  v  >  0 


3 


>  - 
““  71 


In  the  second  w7e  let  —q=  (v  —  &)/n,  winch  yields 

k  —  nq  +  v  >  0  q  > 

*  ~  n 

For  the  tw7o  series  we  then  find 


n 

g±jk<j>  z  e~  j2ic[(v±k)Jn]m  —  Qj{nq^v)<t> 

m—  1 


When  this  result  is  inserted  into  the  expression  for /(#,<£)  and  q  is  introduced  as 
a  new  index  of  summation,  we  get 

oo 

f(fi,4>)  =  3^  Z  6n5-^9-,(f)ej(n?-‘,,w  +  T/2> 

q  >v/n 

+  3^  Z  ^  +  Jnq  +  ^)eHn'1  +  '’H*-rm 

q>  —  v/n 

where  the  factor/ has  been  included  in  the  exponential.  The  notation  q  >  v/n 
and  q  >  —  v/n  means  that  the  summation  should  begin  with  the  first 
integer  >  v/n  or  >  — v/n  and  that  q  assumes  only  the  integral  values  of 
(v  db  77i ) fn  for  m  —  0,  1,  2, ...  . 
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We  now  assume  that  n  >  \v\,  which  is  always  the  case  in  practical  applica¬ 
tions.  We  then  have  \v\/n  <  1,  which  means  that  the  summation  always  starts 
at  q  =  0  or  at  q  =  1.  When  the  above  formula  is  written  for  convenience 
in  the  form 

f(0,cj>)  =  ]/2  ^2  F i (nq  —  v)  +  3^2  F +  v) 


we  find,  because  v  is  an  integer,  the  following  cases 


f 


M<t>)  = 


00 


CO 


3^  Z  ^  (nq 

9=0 


v)  +  l/2  S  F^nq  +  v) 

9=  1 


<  -1 


CO 


OD 


< 


lA  Z  Unq 

9=0 


v)  +  l/2  ^2  F2 (nq  +  v) 
9=  o 


*  -  0 


OD 


CO 


^  Z  Fi  (nq 

9=  1 


v)  +  34  F*  {nq  +  v) 

9=0 


P  >  1 


These  expressions  may  now  be  written  in  a  simpler  fashion.  It  is  seen  that  the 
terms  corresponding  to  q  >  1  always  appear;  we  therefore  consider  the  terms 
corresponding  to  q  =  0  in  the  three  cases.  When  the  formula 


is  introduced,  the  expressions  for  the  zeroth  term  may  be  written 


J_.(f)e-^  +  T/2)  = 

=  y2[J +  */2)  +  M  fie  - 

1 

I 

K) 

"w 

y  — 

AJoit)  +  Yi-hiX)  = 

=  V2[J o(f)  +  •/<>«■)] 

V  =  0 

J  v($)e-jv{4‘  ~  Tn)  = 

=  y2[J-^)e-^  +  ^  +  J,(?)e- 

1 

*0* 

>1 

I 

IV 

and  accordingly  we  find  the  general  formula 

m<t>)  =  KZ  +  +  +  (5.67) 

for  the  array  factor  of  a  uniform  circular  array. 

It  is  now  easy  to  compare  this  result  with  the  array  factor  for  the  correspond¬ 
ing  continuous  circular  array.  If  we  separate  out  the  zeroth  term,  we  find 

f(0,4>)  = 

OD 

+  Z  [A.-,0-)ci(K4-,,(*  +  ’r,i) +A,  +  r( $■)«-*»« +  '>»-"«]  (5.68) 

9=  1 

which,  as  seen  from  (5.62),  expresses  the  array  factor  for  a  discrete  circular 
array  as  the  array  factor  for  the  corresponding  continuous  array  plus  an  infinite 
series.  The  sum  of  this  series  thus  is  a  measure  of  the  difference  between  the 
array  factors  for  the  discrete  array  and  the  corresponding  continuous  array. 

As  seen  from  the  above  formula,  the  continuous  array  is  a  good  approxima¬ 
tion  only  when  the  sum  of  terms  for  q  =  1,  2, ...  is  much  smaller  than  the 
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term  for  q  =  0.  If  n  >  2\v\,  which  is  usually  the  case  in  applications,  the  order 
of  the  Bessel  function  in  the  zeroth  term  will  be  lower  than  that  of  every  Bessel 
function  in  the  remainder.  Now  the  value  of  a  Bessel  function,  for  a  constant 
argument,  tends  to  zero  When  the  order  increases  and,  accordingly,  the  terms  in 
the  series  are  decreasing.  This  not  only  shows  that,  when  n  is  increased,  the 
continuous  array  becomes  a  still  better  approximation  but  also  indicates  that 
only  a  few  terms  are  usually  necessary  to  obtain  a  good  estimate  of  the  sum  of 
the  series.  In  fact,  for  practical  purposes,  the  first  term  alone  often  gives 
sufficient  accuracy. 

While  the  horizontal  pattern  for  a  continuous  array  is  a  circle,  it  is  a  nearly 
circular  wave-line  curve  for  a  discrete  array14  in  accordance  with  the  fact  that 
this  array  is  not  perfectly  omnidirectional.  For  \v\  >  1  the  amplitudes  of  the 
oscillations  decrease  when  n  is  increased,  as  would  be  expected,  but  for  v  =  0  it 
turns  out  that  2 n  —  1  antennas  give  a  less  wavy  pattern  than  2 n  antennas.15 
This  rather  surprising  fact  is  of  importance  in  practical  cases. 


Directive  Circular  Array 

To  derive  the  array  factor  for  a  directive  circular  array  with  a  finite  number 
of  elements  we  return  to  the  expression  (5.60) 


1  n 

=  -  X)  e’k(iP  cos  (*  ”  8m) 

71  m—  1 


We  insert  the  expression 


CO 


e,v  «ot «  -  »„)  =  £  ekjkJ k(k0p)  cos  fe(|  -  vm) 

k—Q 


analogous  to  (5.64)  and  find  by  a  procedure  similar  to  that  used  in  the  preced 
ing  section 

1  ” 

ekjkJk(kop)  ~  X)  cos  fc(£  —  vm) 


fm  =  z 

k  =  0  L 


71  m—  1 


and 


oo 


w,*)  =  Z 

k  =  0 


1 


n 


n 


e kjkJk(hp )  ~  (  eik(  Z)  e~’k&rln)m  +  e~M  Z  eM2*ln) 

\  m—  1  1 


m 


Again  the  sums  of  the  finite  series  are  different  from  zero  only  when  q  =  k/n  is 
an  integer.  Therefore,  when  q  is  introduced  as  a  summation  index,  the  expres¬ 
sion  may  be  written 

/(M  =  Z  [*JnqJm(hp)y2(e™  +  e-J"4{)] 

Q—  0 

OO 

=  Z  cos  (nq£) 
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and,  by  isolating  the  zeroth  term,  the  array  factor  for  a  discrete  directive  array 
may  be  expressed  through 

co 

f(0,0)  =  J o (A’op)  +  2  X  jnqJnq(kop )  cos  (nq$)  (5.69) 

i.e.,  as  the  array  factor  for  the  corresponding  continuous  array  plus  an  infinite 
series  of  correction  terms.  In  this  case,  again  because  a  Bessel  function  of 
constant  argument  goes  rapidly  to  zero  when  the  order  is  increased,  the  series 
is  rapidly  convergent  when  n  >  kQa,  so  that  in  practice  only  a  few  terms  will 
suffice.  Thus  the  array  pattern  again  resembles  that  for  the  continuous  array 
apart  from  some  oscillations.  While  for  the  continuous  array  a  shift  of  a 
horizontal  main  direction  through  A <£0  makes  the  whole  pattern  turn  by  the 
same  angle,  this  is  not  the  case  for  a  discrete  array.  In  this  case,  a  shift  of  the 
main  direction  will  be  accompanied  by  some  deformation  of  the  pattern. 

Other  Arrays 

We  conclude  the  section  on  circular  arrays  by  briefly  mentioning  some  other 
types  of  arrays  which  may  be  derived  from  the  circular  arrays.  Among  them 
the  fading-reducing  antenna  consisting  of  a  ring  array  plus  a  center  element  has 
attracted  attention.16  In  Ref.  17  is  discussed  the  application  of  several  con¬ 
centric  ring  arrays  in  order  to  obtain  reduced  side-lobe  level.  A  circular  arc 
array  consisting  of  a  part  of  a  ring  array  is  described  in  Ref.  18.  Recently  a 
theory  displaying  a  connection  between  elliptical  and  circular  arrays  has  been 
presented.19  Antenna  systems  which  possess  some,  but  not  all,  of  the  properties 
of  an  array  are  called  quasi-arrays.  As  an  example  of  quasi-arrays  we  mention 
the  tangential  and  radial  dipole  ring  quasi-array.  These  antennas  consist  of 
dipoles  arranged  equidistantly  along  a  circle  and  oriented  tangentially  or 
radially  with  respect  to  the  circle.12  The  theory  of  quasi-arrays  is  more  compli¬ 
cated  because  a  factorization  of  the  field,  as  discussed  in  Sec.  5.2,  cannot  be 
accomplished  in  general. 

5.7  Array  of  Arrays 

In  this  section  we  discuss  an  important  method  for  the  determination  of  the 
array  factor  for  arrays  which  can  be  considered  as  a  combination  of  simpler 
arrays.  By/i  we  denote  the  array  factor  for  an  array  with  n  elements,  of  which 
the  pth  element  is  employed  as  a  reference  element.  We  now  look  for  the  array 
factor  of  an  array  of  mn  antennas,  which  is  formed  by  m  identical  arrays  of  the 
first-mentioned  type.  As  previously  shown,  it  is  not  necessary,  when  deriving 
the  array  factor  for  an  array  of  antennas,  to  make  any  assumptions  with  regard 
to  the  type  of  elements  used  in  the  array.  Therefore,  we  can  consider  each  of 
the  above-mentioned  m  arrays,  the  subarrays,  as  elements  in  an  array  with  m 
elements,  the  superarray.  We  use  the  gth  subarray  as  a  reference  element  and 
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denote  the  corresponding  array  factor  for  the  superarray  by/2.  It  is  then  im¬ 
mediately  seen  that  the  array  factor  for  the  entire  system  may  be  expressed 
through 

/  -  /1/2 

with  the  pth  element  in  the  qth  subarrav  as  a  reference  element. 

This  procedure,  of  course,  can  be  repeated  to  form  superarrays  of  still 
higher  order,  so  that  we  find 

/=  iiu 

m—  1 

for  the  array  factor  for  an  array  of  pih  order  with  an  element  in  the  array  of 
lowest  order  as  a  reference  element. 

The  most  obvious  application  of  this  method,  often  referred  to  as  the  method 
of  pattern  multiplication,  is  the  determination  of  array  factors  for  two-  and 
three-dimensional  arrays.  As  an  example  we  consider  a  simple  curtain  antenna 
consisting  of  two  uniform  arrays  each  with  four  elements  located  as  shown  in 
Fig.  5.16.  We  assume  that  the  subarray  is  broadside  (5  =  0)  with  element 
spacing  X0/2  and  find  the  subarray  factor  shown  in  Fig.  5.16a.  By  the  use  of 
two  arrays  of  this  type  we  wish  to  suppress  the  lobe  in  the  direction  of  the 


Fig.  5.16  Principle  of  pattern  multiplication.  The  pattern  (c)  is  obtained  by  multiplying 
the  patterns  (a)  and  (6). 
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negative  y  axis  without  appreciably  disturbing  the  radiation  in  the  opposite 
direction.  From  Fig.  5.4  it  is  seen  that  if,  for  the  two  subarrays,  we  choose  the 
spacing  d  —  X0/4  and  the  phase  difference  8  =  t/ 2,  we  obtain  the  superarray 
factor  shown  in  Fig.  5.165.  By  multiplication,  the  pattern  for  the  whole  array, 
shown  in  Fig.  5.16c,  results.  This  simple  example  illustrates  that  it  is  possible, 
with  knowledge  of  the  array  patterns  of  simple  arrays,  to  estimate  the  patterns 
of  more  complicated  arrays. 

The  application  sketched  above  does  not  exhaust  the  possibilities  of  the 
method  of  pattern  multiplication.  Thus  we  shall  show  that  it  is  easy  to  derive 
the  array  factors  for  some  tapered  arrays  by  this  method.  As  an  example  we 
take  the  linear  array  with  a  triangular  current  distribution.  We  consider  as  the 
subarray  a  uniform  linear  array  of  n  elements  with  spacing  d  and  phase  differ¬ 
ence  8  between  adjacent  elements  and  excited  by  currents  of  magnitude  1. 
From  n  of  these  subarrays  we  construct  a  superarray,  which  we  imagine  to  be 
formed  when  the  subarray  is  translated  n  —  1  times  an  amount  d  in  the  direc¬ 
tion  of  the  array  axis.  Simultaneously,  at  each  translation,  the  phase  of  the 
excitation  coefficient  in  each  element  is  increased  by  8.  As  shown  by  the  sum¬ 
mation  in  Fig.  5. 17,  we  hereby  obtain  an  antenna  system  which  can  be  regarded 


Fig.  5.17  Array  factor  for  a  linear  array  with  triangular  current  distribution  obtained  by 
the  principle  of  pattern  multiplication.  At  right  the  subarrays  are  shown  separately.  At 
left  the  excitation  coefficients  of  these,  when  considered  as  elements  of  the  super  array,  are 
shown.  Below  is  the  resulting  array. 


as  a  linear  array  of  2 n  —  1  elements  with  a  triangular  current  distribution  and 
linear  phase  progression  and  with  the  center  element  as  a  reference  element. 
The  pattern  of  this  array  is  immediately  found  because  the  subarray  factor  is 
expressed  through 

f.  =  c-«.  -  iuv/2)  (ny/2) 

3  sin  (7/2) 
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while  the  superarray  factor  is  given  by 


f2  =  gi(n- l)(7/2) 


sin  (n7/2) 
sin  (7/2) 


when  the  first  subarray  is  used  as  a  reference  element.  The  array  factor  for  the 
entire  system  is  thus  given  by 


/  —  /1/2  — 


“sin  (717/2) 
_  sin  (7/2) 


2 


with  the  center  element  as  a  reference  element.  The  array  factor  for  the  tri¬ 
angular  array  may,  of  course,  also  be  computed  directly  from  (5.11).  By  doing 
this  and  equating  the  result  with  the  above  expression,  we  obtain  a  simple 
derivation  of  the  summation  formula  (5.42). 


Exercise  5.10  Find  the  array  factor  for  a  linear  array  of  an  even  number  of  elements 
with  triangular  current  distribution  and  linear  phase  progression  when  the  reference 
antenna  is  placed  in  the  center  of  the  array.  Then  derive  the  formula 


n  —  1 

2  X)  (n  —  m) cos  (m  +  lA)y 

m=  0 


sin  (717/2)  sin  (n  +  1)7/2 
sin  (7/2)  sin  (7/2) 


As  another  example  we  shall  derive  the  array  factor  for  the  binomial  array. 
We  consider  a  uniform  array  with  two  elements  separated  by  the  distance  d 
and  with  the  phase  difference  5  as  shown  in  Fig.  5.18a.  We  now  construct  a 


ia) 


U) 


(c) 


Fig.  5.18  Array  factor  for  binomial  arrays  obtained  by  the  principle  of 
pattern  multiplication,  (a)  two  elements;  (6)  three  elements;  (c)  four 
elements. 

superarray  by  adding  to  this  array  an  array  formed  by  a  translation  d  in  the 
direction  of  the  array  axis  and  a  simultaneous  increase  of  the  phase  by  an 
amount  d.  We  then  have  the  configuration  shown  in  Fig.  5.186.  In  an 
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analogous  manner  we  form  from  this  array  a  new  superarray  (of  third  order) 
as  shown  in  Fig.  5.18c.  It  is  now  seen  that  the  repetition  of  this  procedure  leads 
to  the  following  excitation  coefficients  for  the  superarray  of  pth  order 


Thus  the  excitation  coefficients  are  given  by  the  binomial  coefficients  and,  ac¬ 
cordingly,  the  array  is  called  the  binomial  array.  It  is  immediately  seen  that 
the  array  factor  is  given  by 

/  =  (1  +  e*y 


where  y  =  5  +  k0d  cos  6  which  shows  that  the  array  pattern  for  the  binomial 
array  has  the  same  nulls  as  the  two-element  array  from  which  it  is  derived. 

In  Fig.  5.19  the  array  patterns  for  broadside  arrays  with  seven  elements, 
d  =  X0/2,  and  uniform,  triangular,  and  binomial  current  distributions  are 
shown.  As  mentioned  earlier,  it  is  seen  that  a  certain  tapering  of  the  current 
magnitudes  reduces  the  number  and  the  level  of  the  side  lobes,  but  simulta¬ 
neously  gives  rise  to  a  broader  main  lobe.  Accordingly,  the  binomial  array  is  in 
a  certain  sense  optimal  because  the  side  lobes  for  this  array  have  completely 
disappeared. 


5.8  Excitation  of  an  Array 


The  Array  as  an  n-Pair  Terminal  Network 

Until  now  we  have  completely  avoided  the  problem  of  realizing  a  given 
system  of  element  currents  on  an  array.  In  order  to  obtain  control  over  the 
current  distribution  we  now  consider  the  currents  and  voltages  at  the  terminals 
of  the  array.  As  in  any  linear  system  with  n  pairs  of  terminals,  the  following 
set  of  linear  equations  connecting  the  terminal  currents  Im  and  voltages  Vm, 
m  =  1,  2, ... ,  n,  is  valid: 


Vi  —  Znh  +  Z 12-1 2  +  *  *  *  +  ZinIn 

I  2  —  Zzill  +  Z22I2  H - K  Z 2nI  n 


(5.70) 


V  n  ~  Z n\I  1  +  ZnoIo  +  *  *  *  +  Znnln 
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where  the  quantities  Zmi  are  called  self-impedances  when  l  —  m  and  mutual 
impedances  for  l  ^  m.  Because  of  reciprocity  the  impedance  matrix  is  sym¬ 
metric,  that  is,  Zmi  =  Zim . 

The  self-  and  mutual  impedance  Zmi  in  (5.70)  may  be  separated  into  real  and 
imaginary  parts.  The  real  part  has  the  form  Rml  +  8miRioss  in  general.  Here 
Rmi  is  the  mutual  radiation  resistance,  whereas  R\oss  is  the  equivalent  loss  re¬ 
sistance;  bmi  is  the  Kronecker  delta.  We  have  here  made  the  assumption  that 
all  elements  have  the  same  equivalent  loss  resistance  R\oss.  For  lossless  arrays 

Zmi  =  Rml  +  jXml. 

In  the  following  we  shall  use  normalized  impedances  mainly.  These  are  ob¬ 
tained  by  dividing  ZmX  by  the  radiation  resistance  for  a  reference  antenna. 


2  3  4  5  6  7  m  ir/7  tt  8 


Fig.  5.19  Excitation  coefficients  and  array  patterns  for  a  seven- 
element  linear  broadside  array  with  d  =  X 0/2  and  (a)  uniform, 
(6)  triangular,  and  (c)  binomial  current  distribution. 
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Element  No.  1  may  conveniently  serve  as  a  reference  antenna.  We  shall  de¬ 
note  normalized  impedances  by  small  letters.  In  this  way  we  have,  for  in¬ 
stance,  zmi  =  Zmi/R ref,  where  Rrei  =  Rn. 

In  general,  the  impedances  depend  in  a  complicated  manner  on  the  specific 
type  of  element  employed  and  on  the  position  of  all  elements.  Numerical 
values  are  therefore  usually  difficult  to  compute.  Often  one  makes  the  simpli¬ 
fying  assumption  that  every  array  element  experiences  the  same  surroundings 
as  all  other  elements  in  the  array.  This  implies  that  the  mutual  interaction  be¬ 
tween  any  two  elements  is  independent  of  the  location  of  the  rest  of  the 
elements  and  that  all  self-impedances  are  equal.  The  first  discussion  of  im¬ 
pedance  relations  for  arrays,  given  by  Carter,20  was  based  on  this  assumption. 
If  the  elements  are  far  from  each  other  in  comparison  with  their  size  and  the 
wavelength,  the  mentioned  approximation  may  be  rather  good,  but  frequently 
a  more  refined  theory  is  necessary.21,22  In  any  case,  however,  for  a  physical 
array,  the  impedances  involved  are  well-defined  quantities,  which  can  be 
determined  by  measurement. 

A  related  question  is  how  the  current  distribution  on  the  individual  radiators 
is  influenced  by  the  other  elements  in  the  array.  We  must  remember  that,  al¬ 
though  it  can  be  generalized  to  different  elements,23  the  whole  pattern  theory 
as  we  have  derived  it  depends  on  the  assumption  that  the  current  distributions 
on  the  antennas  that  together  form  the  array  are  similar.  However,  the  spatial 
distribution  of  the  radiated  field  from  an  element  is  usually  relatively  inde¬ 
pendent  of  the  actual  form  of  the  current  distribution  on  it.  This  means  that 
in  general  the  array  concept  and  the  factorization  of  the  field  are  meaningful 
for  physical  arrays. 

Corresponding  to  the  impedance  matrix  for  the  array,  an  equivalent  n-pair 
terminal  network  can  be  constructed.  This  network  will  be  passive  for  a  trans¬ 
mitting  array  but  active  (provided  an  incident  field  is  present)  for  receiving  or 
diffracting  arrays.  For  the  two  last  cases  the  following  extension24  of 
TMvenin’s  theorem  applies: 

Every  active  n-terminal  linear  network  (such  as  an  antenna  array)  can  be 
simulated  —  so  far  as  the  action  on  another  network  is  concerned  —  by  the 
corresponding  inactive  network,  provided  we  place  in  series  with  (across)  the 
terminals  voltage  (current)  sources  such  that,  on  open  circuit  (closed  circuit), 
the  original  network  and  the  simulating  network  are  indistinguishable.  The 
corresponding  inactive  network  is  derived  from  the  active  network  by  replac¬ 
ing  voltage  generators  by  short  circuits  and  current  generators  by  open  circuits. 

In  the  applications  the  n  ports  of  the  array  are  usually  either  connected 
through  some  (n  +  l)-port  network  to  a  single  generator  or  load  or  merely 
interconnected  through  an  n-port  network.  The  modes  of  operation  men¬ 
tioned  correspond  to  the  transmitting,  receiving,  and  diffracting  cases,  re¬ 
spectively.  They  are  illustrated  symbolically  in  Fig.  5.20. 

It  is  well  known  that  the  transmitting  and  receiving  patterns  for  any  an¬ 
tenna  (or  antenna  plus  connecting  network)  are  similar.  This  is  a  consequence 
of  the  reciprocity  theorem  and  is  derived  in  Chap.  4.  The  reradiation  pattern, 
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however,  is  usually  different  from  the  pattern  characterizing  receiving  and 
transmitting.  This  follows  from  the  fact  that  the  current  distribution  on  an 
array  is  different  in  the  receiving  and  transmitting  cases. 


Fig.  5.20  (a)  Transmitting  array;  (6)  receiving  array; 


(c) 

(c)  diffracting  array. 


To  see  this  we  place  in  series  with  the  load  in  Fig.  5.20  a  voltage  source  Ex  of 
such  magnitude  that  it  just  balances  the  open-circuit  voltage  from  the  network. 
In  this  case,  the  current  through  the  load  will  be  zero.  The  element  currents, 
however,  will  clearly  not  be  zero  in  general.  They  will,  rather,  adopt  a  current 
distribution,  the  idling  current  distribution ,  of  a  shape  dependent  on  the  inci¬ 
dent  field,  the  array,  and  the  connecting  network.  The  array  can  now  be 
brought  back  to  its  normal  state  if  we  add  another  voltage  source  E2  in  series 
with  Ei  to  cancel  it.  But  E2  will  produce  on  the  array  a  pure  transmitting 
current  distribution.  Thus,  the  receiving  current  distribution  on  the  array  is 
formed  by  the  superposition  of  the  idling  current  distribution  and  the  trans¬ 
mitting  current  distribution.  Only  when  these  two  current  distributions  have 
the  same  shape,  which  cannot  be  expected  in  general,  will  the  reradiation  take 
place  with  the  same  polar  diagram  as  transmitting  and  receiving. 

In  order  to  illustrate  the  use  of  the  above  we  shall  consider  the  primitive  case 
of  a  two-element  array  in  a  qualitative  manner.  In  Fig.  5.21  an  equivalent 


Fig.  5.21  (a)  Equivalent  circuit  and  (6)  connecting  network  for  a  two- 

element  array. 
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circuit  of  two  coupled  antennas  with  terminals  1-1'  and  2-2'  is  shown  together 
with  a  simple  connecting  network  to  be  placed  in  parallel  with  it.  In  the  trans¬ 
mitting  case  a  generator  is  connected  to  the  terminals  3-3'.  With  all  im¬ 
pedances  known  the  resulting  element  currents  I\  and  /2  are  then  easily  found. 
In  the  receiving  case  a  load  must  replace  the  generator.  Further,  in  accordance 
with  the  theorem,  the  now  active  equivalent  circuit  of  the  two  antennas  can  be 
thought  of  as  being  the  circuit  in  Fig.  5.21a  with  voltage  sources  inserted  in 
series  with  the  terminals  V  and  2'.  These  sources  are  to  be  the  open-circuit 
voltages  across  the  array  terminals  when  receiving.  Hence  they  are  merely 
equal  to  h  •  E,  where  h  is  the  effective  height  of  one  element  and  E  is  the  electric 
field  of  the  primary  (plane)  wave  at  the  terminals.  With  the  open-circuit 
voltages  known,  the  current  through  the  load  and  the  element  currents  — 
which  give  rise  to  the  scattered  field  —  are  determined.  This  type  of  array  is  a 
simple  example  of  the  so-called  Van  Atta  array.25’26 

Exercise  5.11  Consider  a  two-element  diffracting  array  as  shown  in  Fig.  5.22.  The 
array  consists  of  two  dipoles  of  self-impedance  Zx  and  mutual  impedance  Z2  separated 
by  a  distance  d.  The  elements  are  interconnected  by  a  transmission  line  of  length  l  and 


Fig.  5.22  Two-element  diffracting  array  with  the 
elements  interconnected  by  a  transmission  line  of 
length  l. 


characteristic  impedance  Z3.  The  array  is  exposed  to  a  plane  wave  of  field  strength  E 
with  the  direction  of  propagation  forming  an  angle  6i  with  the  array  axis.  By  assuming 
an  equivalent  T  network  for  the  transmission  line,  compute  the  array  factor  f(6i,6)y 
with  respect  to  one  of  the  elements  as  a  reference  antenna,  for  the  reradiated  field. 

The  above  discussion  of  an  array  (of  idealized  elements)  viewed  as  an  ??-pair 
terminal  network  in  parallel  with  an  (n  +  l)-pair  connecting  network  is  based 
on  a  paper  by  Bloch.24  A  rigorous  formulation,  in  terms  of  network  parameters, 
of  the  receiving  and  transmitting  problems  for  antenna  arrays  consisting  of 
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physical  elements  has  been  given  by  Harrington.27  (See  also  Chap.  4  for  a  dis¬ 
cussion  of  the  receiving  antenna.)  The  impedance  behavior  of  single  elements 
and  arrays  has  been  discussed  by  Oliner  and  Malech.1 


Array  Parameters  Expressed  by  Terminal  Quantities 


We  shall  now  express  some  of  the  array  parameters  discussed  in  Sec.  5.3  by 
the  excitation  coefficients  and  the  mutual  and  self-impedances  for  the  elements. 
We  consider  an  arbitrary  array  of  n  elements.  The  relationships  between 
terminal  voltages  and  currents  are  then  given  by  (5.70).  For  convenience,  we 
take  the  first  element  (with  losses  neglected)  as  the  reference  antenna.  The 
input  resistance  of  the  reference  antenna  (with  all  other  antennas  open- 
circuited)  is  then  Rie{  =  Rn.  The  input  power  Pref  to  the  reference  antenna 
becomes 

Pref  =  (5.71) 

where  the  factor  l/2  arises  because  I\  denotes  the  maximum  value  of  the  current. 
The  array  input  power  is  expressed  by 

n  n 

Plot  =  }/2  S  S  ImI*(Rml  +  <5mjPioss)  (5.72) 

m  —  l  l  —  l 


Only  a  part  of  the  input  power 


n  n 


is  radiated.  The  rest 


P'  ad  =  HE  E 

m~  11=1 

n  n 

P  loss  =  J 4  EE  mlR  loss 

m—  11=1 


(5.73) 


=  HE  |/m|2fl.oss  (5.74) 

m=  1 

is  lost  as  heat.  As  mentioned  in  the  preceding  subsection,  we  use  the  approxi¬ 
mation  that  all  elements  have  the  same  equivalent  loss  resistance  R\088. 


Exercise  5.12  Derive  the  result  given  by  (5.72). 


As  in  Sec.  5.3,  it  is  convenient  to  introduce  dimensionless  quantities.  The 
relative  input  power  to  the  array  is 


7ft  —  1 


n 

^  ^  (r ml  4“  loss) 

i-  I 


(5.75) 


where,  according  to  (5.8),  am  —  Im/h  is  the  excitation  coefficient  for  the  mth 
antenna  and  where  rmi  =  Rmi/ Pref  is  the  normalized  mutual  radiation  resistance 
between  element  m  and  L  The  relative  radiated  power  is  obtained  in  a  similar 
manner 


prad  “ 


Frad 

pref 


ft  ft 

^  ^  ^  ^  amal  r  mi 

7ft  =  11=1 


(5.76) 
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Finally,  from  (5.71)  and  (5.74)  we  find 


'pioss  =  'Qrrr  =  E  E  ama*b 


piei 


ml^l  oss 


m=  U=  1 


n 


E  k 


Hoss 

m~  1 


From  (5.11)  we  have  for  the  array  factor 


n 


f(d,4>)  =  E  aroe;'““(M) 

m—  1 


(5.77) 


n  n 


/l2  =  EE  ama*e,Ume~,u‘ 

m=  1  Z=  1 


(5.78) 


where  um(B,4>)  =  kQ(xm  sin  0  cos  4>  +  xjm  sin  6  sin  $  +  zm  cos  6)  as  before.  We  are 
now  in  a  position  to  write  down  formulas  for  the  relative  directivity  and  gain. 
From  (5.76)  and  (5.78) 

i/i2 


Dre  1  = 


prad 

n  n 

E  E  amafeiume~jul 

m=  1  /=  1 _ 

n  n 

E  E  dm(l  l^ml 

m  =  1  l—  1 


The  relative  gain  becomes 

b'rel  :=: 


/ 


ptot 


n  n 

E  E  ama?e>Ume~M 

m  =  1  1=1 
n  n 

^  ^  ^  ^  dm(li  {t ml  "4“  ^mi^loss) 
m=  1  i=  1 


(5.79) 


(5.80) 


It  is  seen  that  the  relative  gain  is  less  than  or  equal  to  the  relative  directivity. 
We  have 

1  *  '  "™*  (5.81) 


1  ,  /  loss 

4“ 


GTe\  Dr  el  F 


The  deviation  of  Grei  from  Drei  depends  on  the  ratio  r\oss/F,  where 


n  n 


F  = 


E  E  ama*e’Ume~inl 

m=  11=1 


n 


(5.82) 


E  k 


m 


m=  1 


is  called  the  efficiency  index.  We  shall  see  later  that  the  highest  value  that  can 
be  taken  by  F  is  obtained  when  the  so-called  ordinary  or  normal  excitation  is 
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used ;  rn  this  case  F  is  equal  to  the  number  of  elements.  Other  excitations,  in 
particular  those  which  yield  high  values  of  the  relative  directivity,  will  lead  to 
lower  values  of  F.  For  such  excitations  the  relative  gain  may  deviate  consider¬ 
ably  from  the  relative  directivity. 

In  a  later  section  we  shall  use  the  above-derived  expressions  for  the  relative 
directivity,  gain,  and  efficiency  index.  We  conclude  this  section  by  giving  — 
without  derivation  —  some  numerical  values  of  the  normalized  mutual  radia¬ 
tion  resistance  between  two-array  elements  in  the  idealized  cases  for  which  the 
elements  are  (1)  isotropic  radiators,  (2)  infinitesimal  (hertzian)  parallel  dipoles 
(perpendicular  to  the  array  axis),  and  (3)  infinitely  thin,  half-wave  dipoles 
with  sinusoidal  transmitting  current  distribution  and  the  same  orientation 
as  in  (2). 


Table  5.2  Normalized  Mutual  Radiation 
Resistance  ri2  Between  Two  Antennas 


Distance  in  wave 
lengths  between 
antennas  d/\0 

Isotropic 

radiators 

Hertzian 

dipoles 

Half-wave 

dipoles 

0.00 

1.00000 

1.00000 

1.00000 

0.10 

0.93549 

0.92270 

0.92074 

0.20 

0.75683 

0.70987 

0.70282 

0.30 

0.50455 

0.41336 

0.40006 

0.40 

0.23387 

0.10315 

0.08501 

0.50 

0.00000 

-0.15198 

-0.17137 

0.60 

-0.15592 

-0.30280 

-0.31879 

0.70 

-0.21624 

-0.33155 

-0.33998 

0.80 

-0.18921 

-0.25423 

-0.25287 

0.90 

-0.10394 

-0.11309 

-0.10242 

1.00 

0.00000 

0.03800 

0.05486 

1.10 

0.08504 

0.15030 

0.16852 

1.20 

0.12614 

0.19403 

0.20856 

1.30 

0.11644 

0.16509 

0.17220 

1.40 

0.06682 

0.08325 

0.08165 

1.50 

0.00000 

-0.01689 

-0.02581 

1.60 

-0.05847 

-0.09884 

-0.11155 

More  values  of  rn  may  be  computed  by  the  principle  outlined  in  Prob.  5.8. 
For  isotropic  radiators  we  have  simply  rn  =  sin  (hod) /k0d.  For  hertzian  dipoles 


we  have2’28 


sin  k0d 
hod 


cos  kQd 

"(WF 


sin  kQd 


(5.83) 


A  table  of  mutual  radiation  resistance  for  thin  half-wave  dipoles  with  assumed 
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sinusoidal  current  distribution  has  been  published  by  Stearns.29  For  values 
pertaining  to  physical  antennas  the  reader  is  referred,  for  example,  to  the 
papers  by  King  and  Sandler21-22  and  to  later  chapters. 

SYNTHESIS  OF  ARRAYS 
5.9  Synthesis  of  Array  Patterns 

The  theory  of  synthesis  of  antenna  arrays  usually  deals  with  the  problem  of 
evaluating  the  system  of  excitation  coefficients  on  an  antenna  array  that  will 
produce  a  prescribed  array  factor  to  within  specified  error  limits.  For  practical 
purposes,  the  complex  array  factor  /,  defined  for  all  directions  in  space,  seldom 
forms  the  basis  of  a  synthesis  process.  Often  the  array  pattern  |/[  is  the  only 
specified  function.  This  gives  the  designer  the  extra  problem  of  choosing  a 
convenient  phase  function. 

Historically,  the  first  treatments  of  the  array  synthesis  problem  were  given 
by  Berndt,30  Wolff,31  and  Schelkunoff.5  Basically  these  papers  deal  with  the 
development  of  the  prescribed  array  factor  into  a  Fourier  series  which  is  then 
truncated  to  a  finite  number  of  terms.  The  trigonometric  polynomial  obtained 
in  this  way  may  then  in  turn  be  realized  exactly  by  an  array  with  the  proper 
number  of  elements.  Examples  of  the  method  are  shown  in  the  book  by 
Jordan.32  When  only  the  magnitude  of  the  array  factor  is  specified,  the  synthe¬ 
sis  problem  becomes  more  involved  and  the  solution  is  not,  in  general,  unique. 
This  case  has  been  considered  by  Eaton,  Eyges,  and  Macfarlane33  and  by 
Taylor  and  Whinnery.6 

If  the  prescribed  array  factor  contains  discontinuities,  which  is  often  the 
case,  the  Fourier  series  method  leads  to  difficulties.  This  is  because  a  truncated 
Fourier  series  can  approximate  a  given  function  in  the  vicinity  of  a  discontinu¬ 
ity  only  within  a  tolerance  >9  percent.  This  results  in  a  relatively  high  side- 
lobe  level  when  synthesis  of  patterns  with  a  steep  slope  is  attempted.  Methods 
for  improving  this  situation  may  be  based  on,  for  example,  F6j4r’s  summation 
technique.  Such  methods  have  been  devised  by  Jaeckle.34 

A  more  general  approach  has  been  described  by  Simon,30  who  viewed  the 
synthesis  problem  for  linear  arrays  as  being  a  question  of  approximating  a 
periodic  function  (the  prescribed  array  pattern)  by  a  sum  of  trigonometric 
functions.  Instead  of  the  total-mean-square-error  criterion,  which  leads  to  the 
Fourier  series,  Simon  suggested  the  use  of  the  maximum-error  criterion. 
Several  theorems  from  the  mathematical  theory  of  approximations  are  con¬ 
cerned  with  this  problem.36  Further  development  of  the  synthesis  of  array 
patterns  based  on  approximation  theory  or  interpolation  theory  has  been 
described  by  Ma37  and  by  Jagermann.38  Synthesis  of  arrays  by  a  direct  numeri¬ 
cal  method  has  been  described  by  Michelson  and  Schomer.39  Recently,  array 
synthesis  procedures  based  on  eigenfunction  expansions  have  been  sug¬ 
gested.40-41 
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A  review  of  the  development  of  synthesis  theory  for  antenna  arrays  and 
aperture  antennas  has  been  given  by  FeFd  and  L.  D.  Bakhrakh42  and  is  also 
discussed  in  general  terms  in  Chap.  7. 

In  this  section  we  shall  give  a  brief  account  of  Schelkunoff’s  synthesis  method 
for  array  patterns  in  a  version  described  by  Hoffman.43  Other  types  of  synthe¬ 
sis  problems  will  be  considered  in  the  following  sections. 

As  we  have  seen,  the  array  factor  for  an  n-element  equispaced  linear  array 
can  be  expressed  as  the  polynomial 

n—  1 

Z  at1  =  (5.84) 

i=  0 

where  the  a/s  are  the  complex  excitation  coefficients  and  f  =  exp  (jkQd  cos  6). 
Let  us  assume  that  we  want  to  construct  an  array  factor  which  for  a  given  set 
of  m  directions  in  space  0Oj  0h  d2 . .  . ,  0m_i  attains  the  values  S0,  Sh  . . . ,  &m_i, 
respectively.  By  virtue  of  the  polynomial  formulation  above,  this  synthesis 
problem  is  a  standard  problem  from  numerical  analysis:  Find  a  polynomial 
i(f)  that  for  a  given  set  of  the  independent  variable  f0,  f  i,  • . . ,  i  fits  the 
prescribed  values  S0)  Sh  . . . ,  Sm~ i  as  closely  as  possible.  When  n  <  m,  the 
problem  may  be  solved  by  the  method  of  least  squares.  If  n  —  m,  we  have 
from  (5.84) 

n  —  1 

XI  ~  So 

i~0 

X  a£il  =  Si 

i—  0 


n—  1 

^  n— 1  ~  $n— 1 

t=  0 


where  f  =  exp  (jk0d  cos  6)  as  above.  Expressed  in  matrix  form  we  have 
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(5.85) 


from  which  the  unknown  excitation  coefficients  may  be  found.  As  shown  in  the 
paper  by  Hoffman,  the  inverse  of  the  square  matrix  in  (5.85)  always  exists.  A 
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simple  example  of  an  array  factor  for  a  ten-element  array  with  d  =  X0/4  ob¬ 
tained  by  the  application  of  the  method  sketched  above  is  illustrated  in 

Fig.  5.23. 


Fig.  5.23  Synthesis  of  array  pattern  of  a  10-element  end-fire  array  with  d  =  Xo/4. 

5.10  Optimization  of  Array  Patterns  (Dolph-Chebyshev  Arrays) 

By  comparison  of  the  array  patterns  produced  by  the  uniform,  the  tri¬ 
angular,  and  the  binomial  current  distributions  (Sec.  5.7)  it  appears  that  a 
high  degree  of  tapering  of  the  current  distribution  on  a  broadside  array  leads  to 
a  low  level  of  side  lobes.  This  is  obtained,  however,  at  the  expense  of  a  broad 
main  beam.  We  may  therefore  expect  that  the  design  of  an  array  from  which 
the  main  radiation  takes  place  within  a  sharp  beam  and  which  has  vanishing 
radiation  in  other  directions  is  bound  to  involve  a  compromise  between  beam 
width  and  side-lobe  level. 

In  this  section  we  consider  a  one-parameter  family  of  current  distributions 
with  linearly  progressive  phase  which  selects  the  best  compromise  in  the 
sense  that  for  a  prescribed  beam  width  the  side-lobe  level  is  as  low  as  possible. 
If,  on  the  other  hand,  the  side-lobe  level  is  prescribed,  the  beam  width  between 
the  first  nulls  is  minimized.  Not  surprisingly,  it  turns  out  that  this  optimum 
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property  is  obtained  when  for  a  given  number  of  elements  the  array  pattern 
contains  as  many  side  lobes  as  possible  and  these  all  have  the  same  level.44 

The  current  distribution  mentioned  was  proposed  by  Dolph45  for  the  case  of 
broadside  arrays.  The  derivation  is  based  on  the  optimum  properties  of 
Chebyshev  polynomials.  We  shall  give  a  brief  account  of  these  polynomials 
first. 

The  Chebyshev  Polynomials 

The  Chebyshev  polynomials  may  be  defined  by 

i 

(— l)n  cosh  (n  cosh”1  |x|)  x  <  — 1 
Tn(x)  =  '  cos  (?icos~lx)  \x\  <  1  (5.86) 

cosh  (n  cosh"1  x)  x  >  1 

The  first  few  polynomials  are 

T0(x)  =  1 

T\(x)  =  x 

T2(x)  =  2x2  -  1 

Tz(x)  =  4x3  —  3x 

T4(x)  =  8x4  -  8x2  +  1 

Polynomials  of  higher  degree  can  be  obtained  from  the  recurrence  rela¬ 
tionship  Tn+X(x)  =  2 xTn(x)  —  Tn_i(x)  or  from  the  functional  equation 
Tmn(x)  =  Tm[Tn(x)]  =  Tn[Tm(x)l 

Some  of  the  Chebyshev  polynomials  are  plotted  in  Fig.  5.24.  They  have  the 
following  properties:  The  polynomial  Tn(x)  is  of  nth  degree.  For  n  even  (odd) 
it  contains  x  in  the  even  (odd)  powers  only.  The  polynomials  pass  through  the 
points  (1,1)  and  (— 1,(—  l)n)  and  oscillate  between  the  bounds  ±1  in  the  inter¬ 
val  | x |  <  1.  For  n  >  1  the  extrema  are  all  in  the  interval  \x\  <  1  and  occur  at 
x  =  cos  [(7r /n)p],  p  =  1,  2, . . . ,  n  —  1.  For  n  >  0  the  zeros  are  all  in  the 
interval  \x\  <  1  and  occur  at  x  =  cos  [(7r/2n)(2p  +  1)],  p  =  0,  1, . . . ,  n  —  1. 
For  any  nth  degree  polynomial  Pn(x)  through  (xo,R),  R  >  1,  which  crosses 
the  x  axis  at  a  point  x2  in  the  interval  X\  <  x2  <  xo,  where  Xi  is  the  largest  zero 
of  Tn(x),  we  must  have  \Pn(x)\  >  1  for  at  least  a  part  of  the  interval  \x\  <  1. 
This  follows  from  the  fundamental  lemma  of  algebra,  since  Pn(x)  and  Tn(x) 
must  have  at  least  n  +  1  points  in  common.  In  other  words,  among  all 
polynomials  of  degree  n  which  pass  through  two  given  points  (xo,R)  and 
(x2,0),  Tn(x)  minimizes  the  largest  absolute  value  in  the  interval  |a;|  <  1.  The 
opposite  is  also  true:  Among  all  polynomials  Pn(x)  of  degree  n  which  pass 
through  a  given  point  (x0yR)  and  which  remain  within  the  bounds  ±1  in  the 
interval  \x\  <  1,  the  Chebyshev  polynomial  Tn(x)  minimizes  the  distance 
Xo  —  x2,  where  x2  is  the  largest  zero  of  P„(x). 
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We  shall  make  use  of  the  above-mentioned  optimum  properties  of  Chebyshev 
polynomials  in  the  design  of  optimum  arrays.  For  information  about  other 
aspects  of  the  theory  of  Chebyshev  polynomials,  the  reader  is  referred  to  the 
literature.46 


Fig.  5.24  The  Chebyshev  polynomials  Tn(x)  for 
n  =  3,  4,  5. 


Application  to  Arrays 


As  the  starting  point  for  the  derivation  of  the  Dolph-Chebyshev  cur¬ 
rent  distribution  we  consider  symmetric  excitations,  i.e.,  excitations  with 
\dm I  =  |an_m+i[.  It  is  then  advantageous  to  let  the  midpoint  of  the  array  coin¬ 
cide  with  2  =  0.  With  the  numbering  of  the  elements  being  slightly  modified 
from  the  numbering  used  for  the  tapered  array  with  linearly  progressive  phase 
in  Sec.  5.5,  the  array  factor  may  now  be  expressed  in  the  following  way 


n/2 

2  23  \am\  C0S 

m  —  1 

(n— 1)/2 

+  2  23 

m—  1 


(2m  —  1)y 


am  |  cos  my 


n  even 

n  odd 


(5.87) 
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where  am  are  the  excitation  coefficients  and  y  =  8  +  kod  cos  6  as  usual.  The 
function  cos  px ,  where  p  is  an  integer,  can  be  expressed  as  a  polynomial  of 
degree  p  in  cos  x.  Consequently,  the  array  factor  can  be  written  as  a  poly¬ 
nomial  in  cos  y  when  n  is  odd  and  as  a  polynomial  in  cos  (y/2)  in  both  cases. 
Choosing  the  latter  possibility,  we  write 


n  even 

n  odd 


(5.88) 


where  am  are  new  (real)  coefficients.  The  degree  of  both  polynomials  is  n  —  1. 
When  n  is  even  (odd),  the  corresponding  polynomial  contains  only  odd  (even) 
powers  of  cos  (y/2). 

The  idea  of  Dolph  is  to  optimize  the  polynomials  (5.88)  by  identifying  them 
with  Chebyshev  polynomials.  The  Chebyshev  polynomial  chosen  obviously 
must  be  Tn_i(x).  The  identification  can  be  accomplished  in  many  ways  de¬ 
pending  upon  the  transformation  of  variables  used.  We  introduce  the  follow¬ 
ing  family  of  transformations 


(5.89) 


where  b  >  1  is  a  parameter.  Expressed  in  terms  of  the  Chebyshev  polynomial, 
the  array  factor  thus  obtained  is 

f(y)  =  Tn- 1  (b  cos  |)  (5.90) 


Exercise  5.13  When  the  number  of  elements  is  known,  the  excitation  coefficients 
yielding  an  array  factor  of  the  form  (5.90)  may  be  obtained  in  the  following  two  steps. 
To  obtain  the  coefficients  a'm  equate  the  explicit  form  of  the  right-hand  side  of  (5.90) 
with  the  explicit  form  of  the  appropriate  right-hand  side  of  (5.88).  To  obtain  |am| 
equate  (5.88)  with  (5.87). 

Show  that  for  a  five-element  optimum  array  a0  =  364  —  462  +  1,  |ai|  =  264  —  2b2, 

M  =  V2b 4. 


In  order  to  illustrate  how  the  transformation  (5.89)  works  we  shall  refer  to  a 
geometrical  construction  which  is  a  simple  extension  of  the  geometrical  con¬ 
struction  described  earlier  for  the  uniform  array.  The  construction  is  shown  in 
Fig.  5.25  for  a  broadside  array  and  in  Fig.  5.26  for  an  end-fire  array.  For 
Fig.  5.25  the  element  spacing  is  X0/2.  The  quantity  8  and  the  radius  kod  of  the 
circle  determine  the  part  of  the  curve  x  =  b  cos  (y/2)  that  applies.  As  6  in¬ 
creases  from  0  through  tt/2  to  i r,  x  goes  from  b  cos  [(kod  +  5)/2]  through 
b  cos  (8/2)  to  b  cos  [(  —  kod  +  8)/ 2].  In  the  (ytx)  and  (xj)  coordinate  systems 
the  corresponding  points  on  the  curves  x  —  b  cos  (y/2)  and  /  =  Tn_i(x)  move 
from  A  through  B  to  C  and  A'  through  Bf  to  C",  respectively.  The  array  factor 
f(y)  obtained  in  this  manner  will  have  an  absolute  maximum  R  corresponding 
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to  a  main  lobe  and  extrema  ±1  corresponding  to  side  lobes.  The  side-lobe 
level  is  1  /R. 

Let  us  examine  the  broadside  array  (Fig.  5.25).  For  a  broadside  array  maxi- 


Fig.  5.25  Geometrical  construction  of  array  pattern  for  broadside  Dolph- 
Chebyshev  array  with  d  =  X0/2. 


mum  radiation  takes  place  in  the  direction  6  =  w/2.  Therefore,  we  have  5  =  0. 
Assuming  the  number  of  elements  n  and  the  spacing  k0d  to  be  fixed  quantities, 
we  first  consider  the  case  when  the  beam  width  2a  between  the  first  nulls  of  the 
pattern  is  specified. 

The  first  null  of  the  pattern  corresponds  to  the  largest  zero  xj  =  cos  [ir/  (2 n  —  2)  ] 
of  the  Chebyshev  polynomial  Tn_i(x).  This  determines  the  parameter  b  in  the 
transformation  (5.89) 


=  b  cos 


h0d  cos  (tt/2  —  a) 
2 


b 


cos  [t/(2 n  —  2)] 
cos  [(kod  sin  a)/ 2 


(5.91) 
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With  b  known,  the  side-lobe  level  follows  from  R  =  T„_i(6),  or,  since  b  >  1, 

R  —  cosh  [(n  —  1)  cosh”1  b]  (5.92) 

Equations  (5.91)  and  (5.92)  express  the  relation  between  the  prescribed  beam 
width  2 a  and  the  corresponding  side-lobe  level  1/R,  which,  according  to  the 
optimum  property  of  the  Chebyshev  polynomial,  is  as  small  as  possible. 

If,  instead  of  the  beam  width,  the  side-lobe  level  1/R  is  the  required  quan¬ 
tity,  we  must  have 

T„-i(&)  =  R  R  >  1 

The  solution  to  this  algebraic  equation  follows  directly  from  (5.86) 

b  —  cosh  (— — -  cosh ~~XR 

yi  —  1 


Fig.  5.26  Geometrical  construction  of  array  pattern  for  end- 
fire  Dolph-Chebyshev  array  with  d  =  Xo/4. 
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The  optimum  beam  width,  which  goes  together  with  the  specified  side-lobe 
level,  can  be  obtained  by  solving  (5.91)  for  a. 

Since  5  =  0,  the  points  A'  and  Cf  in  Fig.  5.25  coincide.  Note  that  if  the 
radius  k0d  of  the  circle  is  so  small  that  the  abscissa  x3  of  Ar  and  Cf  is  positive, 
the  transformation  (5.89)  does  not  make  full  use  of  the  Chebyshev  polynomial. 
In  this  case  it  might  well  be  that  there  exists  a  polynomial  Pn_i(x)  of  degree 
n—1  and  correct  parity  which  passes  through  the  point  (x0,P),  R  >  1,  and 
which  yields  a  “better”  array  factor  than  the  array  factor  produced  by  the 
Chebyshev  polynomial.  The  reason  for  this  is  that  Pn~ i(x)  is  restricted  to  stay 
within  the  bounds  ±1  only  in  the  range  x3  <  \x\  <  1,  where  x3  >  0,  and  may 
therefore  cross  the  x  axis  at  a  point  x2  in  the  interval  Xi  <  x2  <  x0,  where  Xi  is 
the  largest  zero  of  i(x).  Hence,  for  d  <  X0/2  the  Chebyshev  polynomial 
does  not  yield  an  optimum  array  factor  for  a  broadside  array.  Note  also  that  if 
the  radius  kod  of  the  circle  is  taken  so  large  that  x0  cos  (kod/ 2)  <  —1,  addi¬ 
tional  main  lobes  will  start  to  appear. 


Exercise  5.14  Compare  the  beam  width  of  the  five-element  broadside  arrays  with 
d  —  Xo/3  and  R  >  3.3  generated  by  the  polynomials  T^x)  =  SxA  —  Sx2  +  1  and 
P4(x)  =  14.2x4  -  19.3s2  +  5.56. 


We  now  turn  to  the  end-fire  array.  Here  the  maximum  radiation  is  in  the 
direction#  =  0.  The  geometrical  construction  is  shown  in  Fig.  5.26.  We  must 
now  have  x  =  Xq  at  6  —  0  and  x  =  —  1  at  6  =  ir,  respectively.  The  last  condi¬ 
tion  ensures  that  the  full  number  of  complete  side  lobes  is  included  in  the  array 
pattern.  If  the  side-lobe  level  is  specified,  we  have 


Xq  =  cosh 


cosh-1/? 


The  transformation  (5.89)  yields 

Xq  =  b  cos 


kod  5 
2 


with  the  solutions 


—  1  =  5  cos 


—  kod  +  5 
2 


5  =  [(1  +  -r02)  +  2x0  cos  kod] H 

sin  kod 

8  =  -2  tan-*  £?-+■ . 

Xq  —  1 


(5.94) 

(5.95) 


If  instead  the  beam  width  is  specified,  we  must  solve  the  equations 


cos 


=  5  cos 


kod  cos  a  +  5 
2 

—  kod  -f*  5 


for  5  and  5. 


1=5  cos 


2 
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Hereby  the  derivation  is  complete.  The  array  factor  is  given  by  (5.90),  and 
the  excitation  coefficients  may  be  found  in  the  same  way  as  indicated  in 
Exercise  5.13. 

We  conclude  this  section  by  remarking  that  the  method  described  yields 
optimum  array  patterns  for  broadside  arrays  with  interelement  spacing  not 
less  than  one-half  wavelength.  For  end-fire  arrays  there  is  no  lower  limit  for 
the  interelement  spacing.  A  discussion  of  the  range  of  validity  of  the  Dolph- 
Chebyshev  approach  to  the  design  of  optimum  antenna  arrays  has  been  given 
by  Pritchard.47 

Review  of  Dolph-Chebyshev  Theory 

As  mentioned  earlier,  the  idea  of  using  the  Chebyshev  polynomials  for  the 
purpose  of  constructing  linear  arrays  with  the  narrowest  beam  width  for  a 
prescribed  side-lobe  level,  or  with  the  lowest  side-lobe  level  for  a  prescribed 
beam  width,  originated  in  the  now  classical  paper  by  Dolph.45  Dolph  applied 
the  transformation  (5.89)  in  identifying  the  array  factor  for  an  n-element 
broadside  array  with  the  Chebyshev  polynomial  of  order  n  —  1.  However,  as 
pointed  out  by  Riblet,48  the  method  of  Dolph  will  lead  to  a  nonoptimum  design 
(as  we  have  seen  is  the  case  for  d  <  A0/2),  if  fewer  than  the  maximum  possible 
number  of  complete  side  lobes  are  included  in  the  visible  range.  The  task  of 
obtaining  the  excitation  coefficients  by  the  process  of  identification  of  the  array 
factor  with  a  Chebyshev  polynomial  becomes  rather  involved  as  more  elements 
are  used.  Dolph’s  expressions  for  the  currents  were  simplified  by  Barbiere,49 
who  used  the  orthogonality  properties  of  the  cosine  functions  to  obtain  them. 
Barbiere’s  formulas,  however,  required  the  subtraction  of  two  (large)  numbers 
of  almost  the  same  magnitude.  Methods  better  adapted  to  computation, 
especially  for  arrays  with  a  large  number  of  elements,  were  given  by  Stegen,50 
Van  der  Maas,51  and  Van  der  Maas  and  Gruenberg.52  In  the  last-mentioned 
paper  the  limiting  cases  for  small  side-lobe  levels  and  for  a  large  number  of 
elements  received  special  attention.  The  question  of  the  directivity  obtained 
was  considered  by  Stegen.53  Tables  of  excitation  coefficients,  directivities,  and 
beam  widths  for  broadside  arrays  have  been  published  by  Brown  and  Sharp.54 
Dolph’s  method  was  also  used  by  Rhodes55  to  produce  an  end-fire  pattern  with 
a  single  main  beam,  but  only  for  one  specific  element  spacing.  However,  it  was 
demonstrated  by  Pritchard47  that  the  method  of  Dolph  could  be  used  for  end- 
fire  arrays  also  —  even  without  any  restrictions  on  the  interelement  spacing. 
The  Dolph-Pritchard  approach  has  been  described  in  the  preceding  section. 
The  directivity  of  optimum  end-fire  arrays  was  considered  by  Ma56  and  by  Ma 
and  Hyovalti.57 

The  above-mentioned  restriction  for  the  broadside  array  was  removed  by 
Riblet,48  who  used  the  transformation  x  =  b  cos  y  +  c  in  connection  with  the 
Chebyshev  polynomial  Tn(x)  for  a  (2 n  +  l)-element  array.  This  approach, 
which  is  restricted  to  arrays  with  an  odd  number  of  elements,  was  extended  by 
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DuHamel58  to  cover  the  end-fire  case  also.  DuHameks  expressions  for  the  ex¬ 
citation  coefficients  were  rather  complicated,  and  much  effort  has  been  devoted 
since  then  to  their  simplification.  DuHamel  showed  that  the  problem  of  ob¬ 
taining  the  excitation  coefficients  could  be  reduced  to  the  determination  of  bm 

11 

in  the  expansion  Tn(bx  +  c)  =  ^  bmTm(x).  An  elegant  matrix  method  of 

VI—  1 

solving  this  problem  was  proposed  by  Herscovici.59  Other  methods  were  given 
by  Salzer60  and  by  Brown,6162  who  applied  the  orthogonality  properties  of  the 
Chebyshev  polynomials.  Drane63  derived  a  recurrence  relation  for  the  bm  co¬ 
efficients,  thereby  simplifying  the  current  expressions  given  previously  by 
Salzer  and  Brown.  A  general  approach  to  the  design  of  arrays  in  which  the 
ratio  between  beam  width  and  side-lobe  level  is  optimized  and  where  all  cases 
of  end-fire,  off-axis,  and  broadside  radiation  for  arrays  with  an  even  as  well  as 
an  odd  number  of  elements  are  covered  has  been  given  by  Pokrovskii. 64,65 
Numerical  data,  however,  are  not  yet  available. 

Two-dimensional  optimum  arrays  have  been  considered  by  Baklanov.66 


5.11  Optimization  of  Performance  Indices 

We  conclude  this  chapter  on  uniformly  spaced  arrays  by  considering  pro¬ 
cedures  for  optimizing  such  array  performance  indices  as  the  relative  directiv¬ 
ity  and  the  efficiency  index.  These  quantities  were  defined  in  Sec.  5.8. 

One  of  the  main  purposes  of  dealing  with  arrays  is  to  obtain  large  values  of 
directivity,  or  gain.  As  we  shall  see,  a  theoretical  maximum  exists  for  the 
relative  directivity  of  an  array  with  a  given  element  configuration.  This 
upper  limit  is  a  function  of  the  element  type  and  spacing.  For  closely  spaced 
arrays  it  may  be  considerably  higher  than  the  relative  directivity  obtained 
with  the  ordinary  end-fire  excitation  or  the  Hansen-Woodyard  excitation  re¬ 
ferred  to  earlier.  Unfortunately,  however,  the  current  distributions  which  lead 
to  these  large  relative  directivities  for  closely  spaced  arrays  simultaneously 
yield  low  values  of  the  efficiency  index.  Arrays  with  such  excitations  are  called 
super-gain  arrays. 

In  this  section  we  consider  criteria  for  optimizing  the  efficiency  index  F  and 
the  relative  directivity  Dre i.  Since  these  quantities  cannot  in  general  be 
maximized  by  the  same  set  of  excitation  coefficients,  the  design  of  an  array 
usually  involves  a  compromise  between  them.  Here,  however,  we  consider  the 
two  optimizing  criteria  separately. 

We  shall  need  some  of  the  basic  array  quantities  expressed  in  the  language  of 
algebra.67  As  shown  in  Sec.  5.2,  the  array  factor  for  an  arbitrary  array  may  be 
written 


f(6,4> )  =  ameiu^e-*) 

m—  1 
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where  um(6,<j>)  =  k0(xm  sin  6  cos  4>  +  iym  sin  6  sin  (f>  +  zm  cos  6)  in  the  usual  nota¬ 
tion.  By  introducing  the  following  complex  vectors  of  n  dimensions 


a  =  (ai,a2, . . . ,  an)  (5.96) 

e  =  [exp  (  jui) ,  exp  ( —jut ), . . . ,  exp  (-jun)}  (5.97) 

which  we  shall  call  respectively  excitation  vector  and  radiation  vector,  the 
array  factor  can  be  expressed  as  the  complex  scalar  product 

/  =  (a,e)  =  a*e*  (5.98) 

The  square  of  the  modulus  of  the  array  factor  can  be  written  simply 

I/I2  =  i(a,e)|2  (5.99) 

or,  alternatively,  as  the  hermitian  quadratic  form 

|/|2  =  (a,C-a)  (5.100) 

where  C  is  an  n  X  n  hermitian  matrix  with  the  elements  Cmi  =  C*m  =  exp 


( — jUm)  exp  (Jui).  The  dot  signifies  the  matrix  product  of  C  with  a. 


Exercise  5.15  By  using  the  definition  of  the  complex  scalar  product  adopted  here, 

n—  1 

that  is,  (a,b)  =  amb*,  where  6*  denotes  the  complex  conjugate  of  bm,  show  that 

m—  1 

(5.99)  and  (5.100)  are  equivalent. 


The  relative  radiated  power  (5.76) 


n 


n 


jPrad  ^  ^  Q'm.Q'lT'ml 


m—1  l—  1 


may  be  written  as  the  positive  definite  hermitian  form  (a,  R*a),  where  the 
elements  of  the  matrix  R  are  the  normalized  mutual  radiation  resistances  rmi. 
F  urther, 


TfX  —  1 


We  now  have  from  (5.79),  (5.80),  and  (5.82),  respectively, 

(a,C-a) 

(a,  R  •  a) 

r  =  (a,C-a) 

rel  (a,R-a)  +  noss(a,a) 

(a,C-a) 

(a, a) 


(5.101) 

(5.102) 


(5.103) 
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whereby  the  relative  directivity,  relative  gain,  and  the  efficiency  index  have 
been  written  as  ratios  of  hermitian  forms  in  which  the  denominators  are  posi¬ 
tive  definite.  On  the  basis  of  the  expressions  derived  for  l)Te \  and  F,  we  shall 
now  consider  their  optimization. 


The  Traveling-wave  Theorems 

The  efficiency  index  F  has  been  introduced  in  Sec.  5.8  in  connection  with 
considerations  of  the  decrease  in  relative  gain  due  to  the  presence  of  power 
losses  in  the  elements.  We  found 


1 


(5.104) 


As  seen  from  this  formula,  high  values  of  F  will  diminish  the  influence  of  the 
(normalized)  loss  resistance. 

Another  interpretation  can  be  given  to  F,  Let  us  assume  that  we  have  syn¬ 
thesized  an  array  which  has  a  prescribed  radiation  pattern.  In  any  physical 
realization  we  cannot  expect  to  be  able  to  establish  precisely  the  designed 
values  of  element  positions  and  excitation  coefficients.  They  will  contain  small 
(random)  errors.  The  effect  of  these  on  the  relative  directivity  must  be  dis¬ 
closed  by  a  statistical  analysis. 

The  numerator  in  the  expression  for  Drei  is  equal  to  the  array  factor  absolute 
squared,  or  relative  power  pattern,  of  the  array.  Based  on  simple  assumptions 
with  regard  to  the  nature  of  the  errors,  it  has  been  shown68  that  the  mean  ex¬ 
pected  value  ((a,C*a))  of  the  numerator  is  proportional  to  (a,C*a)  +  A2(a,a), 
where  A2  is  a  small  number  (an  aggregate  variance)  describing  the  eff  ect  of 
both  position  and  excitation  errors.  The  effect  of  the  errors  is  thus  to  add 
(small)  positive  numbers  to  the  diagonal  terms  in  the  C  matrix.  In  other 
words,  in  the  average  (of  a  large  number  of  sample  arrays)  an  omnidirectional 
“background”  pattern  A2(a,a)  is  superimposed  on  the  prescribed  pattern 
(a,C*a).  The  extent  to  which  the  desired  pattern  dominates  over  the  back¬ 
ground  pattern  depends  on  A2  and  on  (a,C-a)/(a,a)  =  F. 

Likewise,  the  effect  on  the  denominator,  which  is  equal  to  the  relative 
radiated  power,  is  to  add  positive  numbers  A2  to  the  diagonal  terms  of  the  R 
matrix.  We  then  have 


/n  \  =  (a,C-a)  +  A2(a,a) 
TeV  (a,R.a)+A*(a,a) 


(5.105) 


Obviously,  for  />r,i  »  1,  we  may  disregard  the  second  term  in  the  numerator  in 
(5.105).  We  then  have 


1 


(5.106) 


which  is  of  the  same  form  as  (5.104).  An  analogous  expression  for  l/((?rei)  may 
be  obtained  by  adding  the  term  noss/F  to  the  right-hand  side  of  (5.106). 
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From  the  above  remarks  it  is  seen  that  the  efficiency  index  is  a  measure  of 
the  reluctancef  of  the  array  radiation  against  element  losses  and  random  errors 
in  element  position  and  excitation  coefficients.  F  —  F(d}4>)  has  the  same  de¬ 
pendence  on  the  direction  in  space  as  |/(0,<£)[2;  its  maximum  value  occurs  in  the 
direction  (60,<j> 0)  of  the  main  beam.  The  magnitude  of  F  in  this  direction  de¬ 
pends  on  the  particular  set  of  excitation  coefficients. 

We  now  have  motivation  for  considering  the  following  optimization  problem: 
For  a  given  element  configuration  and  main  beam  direction  (0o,<£o),  determine 
the  set  of  excitation  coefficients  which  will  maximize  F(0o,<£o)  absolutely.  The 
solution  to  this  problem  follows  immediately  from  Schwartz's  inequality 
I(a,e)|  <  |a||e|,  where  the  equality  sign  is  valid  only  when  a  =  ce,  where  c  is  a 
constant.  Hence 


F  < 


(5.107) 


where  n  is  the  number  of  elements.  The  excitation  vector  which  yields  the 
maximum  value  n  is  determined  by  a  =  ce,  where  c  is  an  arbitrary  constant. 

This  result  can  be  formulated  in  the  following  traveling -wave  theorem  I:  For 
any  array  the  maximum  efficiency  index  F(d0,<f> 0)  is  less  than  or  equal  to  the 
number  of  elements.  The  particular  excitation  coefficients  which  yield  the 
absolute  maximum  value  n  are  proportional  to  the  values  at  each  element 
position  of  the  field  strength  of  a  plane  electromagnetic  wave  traveling  across 
the  array  in  the  given  main-beam  direction  (0o,<£o).  The  excitation  indicated  in 
this  theorem  is  the  so-called  normal  or  ordinary  excitation  referred  to  earlier. 
In  the  sense  described  above  this  excitation  is  an  optimum  excitation. 

We  next  consider  the  problem  of  maximizing  the  relative  directivity  Z)rei  of 
an  arbitrary  array  in  some  specified  direction  (d0,<t> 0).  The  solution  to  this 
problem  can  also  be  found  in  a  theorem  from  linear  algebra:  The  maxi¬ 
mum  value  that  can  be  taken  by  a  ratio  of  hermitian  quadratic  forms 
Drei  =  (a,C*a)/(a,  R  •a),  where  the  denominator  is  positive  definite,  is  equal 
to  the  largest  eigenvalue  X  =  X0  of  the  (extended)  eigenvalue  problem 
C*a  =  XR-a.  Hence,  the  maximum  possible  relative  directivity  that  can  be 
obtained  in  a  given  direction  from  an  array  with  prescribed  element  positions 
is  the  largest  solution  X  =  X0  to  the  determinantal  equation  det  (C  —  XR)  =0. 
It  can  be  shown  (see  Exercise  5.17)  that  of  the  n  roots  of  the  determinantal 
equation  only  one,  X0,  differs  from  zero. 

An  excitation  vector  a  with  which  the  maximum  value  of  Dre i  is  actually  ob¬ 
tained  satisfies  the  characteristic  equation  C  •  a  =  X0  R  •  a.  Since  the  elements  of 
the  matrix  C  are  of  a  form  which  is  separated  with  respect  to  the  indices,  the 
corresponding  eigenvector  a  can  be  found  almost  by  inspection  and  without 

flnstead  of  the  efficiency  index  F  the  reciprocal  quantity  K  =  l/F  is  often  used.  K  is 
called  the  sensitivity  factor. 


198 


ANTENNA  THEORY 


any  prior  knowledge  of  X0.  Explicitly  written,  the  characteristic  equation  is  as 
follows 

n  n 

Y  e~jUm{dMejui{8Mai  =  X0  X  rmiai  m  —  1,  2, . . . ,  n 

1  z=i 

The  last  two  factors  under  the  summation  sign  on  the  left-hand  side  are  inde¬ 
pendent  of  the  index  m.  We  therefore  conclude  that  the  unknown  excitation  co¬ 
efficient  a  i  must  satisfy  the  set  of  inhomogeneous  linear  equations 

n 

X  rmidi  —  ce~ju™(9M  m  =  1,2,...,  n  (5.108) 

i= i 

or  R-a  =  ce  (5.109) 

a  =  c  R™1  •  e  (5.110) 

where  c  is  an  arbitrary  constant.  The  quantity  on  the  left-hand  side  of  (5.108) 
is  called  the  resistance  voltage  of  the  mth  element  and  is  equal  to  the  voltage 
that  would  exist  across  the  terminals  of  this  element  provided  all  mutual  and 
self-reactances  were  canceled. 

This  result  may  be  formulated  in  the  following  traveling-wave  theorem  II:  For 
any  array  with  n  elements  the  relative  directivity  DTe\  <  X0j  X0  being  the 


c//\q 


Fig.  5.27  Curves  of  maximum  relative  gain  G rei  of  two-,  three-, 
and  four-element  equally  spaced  end-fire  arrays  of  thin  parallel 
half-wave  dipoles  with  rios*  as  a  parameter. 
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largest  eigenvalue  of  the  eigenvalue  problem  C*a  =  XR-a.  The  particular  ex¬ 
citation  coefficients  which  yield  the  maximum  value  X0  are  determined  by  the 
condition  that  the  resistance  voltages  across  the  terminals  of  the  elements  be 
proportional  to  the  field  strength  of  a  plane  electromagnetic  wave  traveling 
across  the  array  in  the  given  main  beam  direction  (0o,0o). 

The  excitation  required  for  maximum  gain  may  also  be  found  from  the 
theorem.  To  do  this  we  need  only  add  noss  to  the  diagonal  elements  of  R  in 
(5.109).  Curves  of  optimum  directivity  and  gain  for  end-fire  arrays  of  two, 
three,  and  four  thin  parallel  half-wave  dipoles,  obtained  by  the  above  method, 
are  shown  in  Fig.  5.27. 


Exercise  5.16  In  order  to  illustrate  the  optimizing  criteria  considered  above  we  now 
examine  the  simplest  array  possible,  i.e.,  the  two-element  array.  We  assume  the  ele¬ 
ments  to  be  situated  at  z  =  Oandz  =  d  on  the  z  axis  of  a  rectangular  coordinate  system. 
With  the  reference  antenna  at  the  origin  we  have  a  —  [ai,a2]  and  e  =  [1,  exp  ( — jw2)], 
where  u2  —  hod  cos  0.  Further 


1 

exp  ( -ju2) 


exp  (ju2) 
1 


and 


where  r  denotes  the  normalized  mutual  radiation  resistance  between  the  antennas. 

Show  that  the  excitation  corresponding  to  traveling-wave  theorem  I  yields  F  —  2 
and  Drei  —  1/(1  +  rcosw2).  Further,  show  that  the  excitation  corresponding  to 
traveling-wave  theorem  II  yields  Dre\  =  2(1  —  r  cos  / ( 1  —  r2),  F  —  (1  —  r  cos  w2)/ 
(1  -f*  r2)  and  a  =  [(1  —  r  exp  (—  ju2))/(l  —  r2),  (exp  (—  ju2)  —  r)/(l  —  r2)]. 


Exercise  5.17  By  performing  row  operations  (or  otherwise),  show  that  X  =  0  is  an 
(n  —  l)-double  root  of  the  determinantal  equation  det  (C  —  XR)  —  0. 


Exercise  5.18  Show  that  the  maximum  relative  directivity  of  an  array  is  given  by 
lire)  —  Xo  —  (e,  R”1*  e). 


Review  of  Optimization  Theory 

The  first  solution  to  an  optimization  problem  for  antenna  arrays  was  given 
by  Uzkov,69  who  observed  that  if  there  is  no  mutual  power  exchange  between 
the  antennas  in  an  array,  i.e.,  if  rmi  =  0  for  ni  ^  l,  the  maximum  directivity  is 
equal  to  the  sum  of  the  directivities  of  the  individual  radiators  (see  Fig.  5.28). 
In  arrays  of  isotropic  elements,  for  example,  we  have  rmi  =  5mi  when  the  dis¬ 
tance  s  between  the  elements  are  multiples  of  X0/2.  In  this  case  Dre  1  =  F ;  hence 
from  traveling-wave  theorem  I,  the  maximum  value  is  n.  (Note  that  here  the 
uniform  and  the  optimum  excitation  coincide.)  For  other  spacings  the  maxi¬ 
mum  value  of  Drei  may  be  obtained  by  an  orthogonalization  process.  For  d  — » 0 
a  maximum  end-fire  relative  directivity  of  n 2  is  obtained.  This  represents  the 
absolute  maximum  of  the  relative  directivity  that  can  be  obtained  with  arrays. 
Bloch,  Medhurst,  and  Pool70  solved  the  same  problem  by  a  variational  principle 
and  obtained  explicit  expressions  for  the  maximum  relative  directivity  of 
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arrays  of  arbitrary  spacings.  The  formulation  of  the  condition  that  the  cur¬ 
rents  must  satisfy  in  order  to  yield  the  maximum  I)rv\  was  given  by  these 
authors  as  the  traveling-wave  theorem  II  discussed  in  the  preceding  subsection. 
Numerical  calculations  for  end-fire  arrays  of  half-wave  dipoles  based  upon  the 


Fig.  5.28  Maximum  end-fire  directivity  of  equally  spaced  isotropic  ele¬ 
ments.  (After  Uzkov.m) 


mentioned  paper  were  reported  by  Stearns.71  The  traveling-wave  theorem  I  as 
well  as  the  solution  to  the  problem  of  optimizing  the  relative  directivity  subject 
to  the  constraint  that  the  efficiency  index,  or,  alternatively,  the  Q  factor,  de¬ 
fined  by  Q  =  (a,a)/(a,  R*a)  =  Dre\/F,  take  a  prescribed  value  was  given  by 
Gilbert  and  Morgan68  and,  independently,  by  Uzsoky  and  Solymar.72  The 
problem  considered  by  the  above  writers  is  of  importance  because  it  estimates 
construction  requirements  in  a  quantitative  manner.73  The  statistical  analysis 
of  the  influence  of  random  errors  on  array  parameters  on  which  the  above 
papers  (and  the  preceding  subsection  of  this  chapter)  are  based  has  recently 
been  generalized  considerably.74 

In  an  interesting  paper,  Bloch24  gave  an  independent  proof  of  the  traveling- 
wave  theorem  II  by  applying  to  the  equivalent  network  of  the  array  (con¬ 
sidered  as  a  receiving  antenna)  a  generalization  to  n-pair  terminal  networks  of 
the  well-known  condition  ZL  =  Z*  for  the  maximum  power  transfer  from  a 
two- terminal  active  network  with  internal  impedance  Z  to  a  load  ZL. 
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The  uniqueness  of  the  solution  of  Bloch,  A  led  hurst,  and  Pool  to  the 
optimum-directivity  problem  follows,  as  shown  by  Krupitskii,75  directly  from 
the  fact  that  all  eigenvalues  of  C  —  XR  are  zero  except  X0  =  max  (DTe\)  (see 
Exercise  5.17). 

The  above-cited  papers  on  optimization  of  the  performance  of  arbitrary 
antenna  arrays  have  been  followed  by  many  papers  dealing  with  these  prob¬ 
lems.  A  bibliography  of  superdirective  antennas  covering  the  period  until  1960 
has  been  given  by  Bloch  et  al.76  Later  work  includes  investigations  of  optimum 
broadside  arrays  of  eollinear  and  parallel  short  dipoles,28  optimum  arrays  of 
nonidealized  physical  elements,27  and  optimum  circular  and  elliptical  arrays.77 

Another  aspect  of  (receiving)  array  performance  that  can  be  treated  by  the 
optimization  techniques  described  in  this  section  is  the  signal-to-noise  problem 
also  considered  by  Gilbert  and  Morgan  and,  in  more  detail,  by  Kritikos.78  The 
signal-to-noise  ratio  can  be  expressed  as  the  quotient  of  hermitian  quadratic 
forms  (a,C-a)/(a,A-a)  ,  where  the  denominator  represents  relative  noise  power. 
The  elements  ami  of  A  are  determined  from 

(1ml  =  {  e~iume’ult(d  ,<j>)  dSl 

4 T  J  4t 

where  the  weight  function  is  the  normalized  noise  temperature  distribu¬ 
tion  and  the  other  symbols  have  their  usual  meaning.  This  optimization 
problem  can  also  be  solved  with  the  constraint  that  the  Q  factor  is  prescribed. 
This  was  done  in  a  paper  by  Lo,  Lee,  and  Lee,79  who  also  gave  explicit  solutions 
to  several  other  optimization  problems  for  arrays. 

Optimization  of  arrays  for  broadband  signals  or  signals  with  other  frequency 
spectra  can  be  carried  out  by  the  use  of  principles  similar  to  those  used  above. 
This  problem  has  been  considered  by  Sharpe  and  Crane.80 

We  conclude  this  section  by  stressing  that  the  formulation  and  solution  of 
array-optimization  problems  in  the  above  manner  provide  no  guarantee  in 
regard  to  the  details  of  the  radiation  pattern.  The  optimization  criteria  are  all 
of  an  integrated  type.  Optimization  problems  with  what  we  might  call  differ¬ 
ential  criteria  are  far  more  difficult.  A  simple  example  of  the  latter  type  of 
optimization  problem  would  be  to  maximize  the  directivity  of  an  array  in  some 
given  direction  subject  to  the  condition  that  the  radiation  in  all  other  direc¬ 
tions  outside  the  main  lobe  is  below  a  prescribed  level.  This  problem  has  not 
yet  been  treated  in  the  literature. 


PROBLEMS 

5.1  Determine  the  horizontal  and  the  vertical  radiation  patterns  for: 

а.  A  four-element  broadside  array  of  eollinear  half-wave  dipoles 

б.  A  four-element  end-fire  array  of  parallel  half-wave  dipoles 
In  both  cases  d  =  L2X0. 

5.2  The  antennas  1  to  4  are  similar  and  similarly  orientated  and  located  at  the  points 
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(d, 0),  (0,d),  (— d,0)  and  (0,— d)  in  the  xy  plane.  Neighboring  antennas  are  excited  in 
opposite  phases  with  currents  of  the  same  magnitude.  For  d  =  find  and  plot  the 
absolute  value  of  the  array  factor: 

a.  By  means  of  the  general  formula  (5.10) 

b.  By  means  of  the  method  of  pattern  multiplication 

c.  By  considering  the  array  as  two  crossed  two-element  arrays 

d.  By  considering  the  array  as  a  ring  array 

5.3  An  antenna  system  is  constructed  from  four  short  dipoles  tangential  to  the  circle 
x2  +  y2  —  1  and  located  at  the  intersections  of  the  circle  and  the  x  and  y  axes.  The 
dipoles  are  oriented  in  accordance  with  the  positive  sense  of  the  circle.  They  are  fed  by 
currents  of  the  same  magnitude  while  the  phase  increases  by  90°  from  dipole  to  dipole 
in  the  positive  sense  of  the  circle.  Find  in  a  spherical  coordinate  system  the  far-field 
components  of  the  electrical  field  from  this  antenna  system. 

5.4  Find  the  directivity  D  of  an  n-element  array  of: 

a.  Collinear  short  dipoles 

b.  Parallel  short  dipoles 

with  spacing  d  and  phase  progression  constant  5. 

Answer: 


where 


D 


f{d)g(d,<£) 


2  71—1 

^  n  —  m 

9  2^  1  j 

n2  i  mkod 


ai  sin  mkod  +  a2  cos  mk&d\  cos  m3 


Elements 

CLq 

ai 

a  2 

Isotropic . 

1 

1 

n 

1 

0 

Collinear  dipoles .  .  . 

sin2  6 

2 

3n 

2 

(mkod)  2 

2 

mkod 

Parallel  dipoles . 

1  —  sin2  6  cos2  4> 

2 

3n 

1 

~  (mkod)2 

I 

1 

mkod 

The  case  of  an  isotropic  element  has  been  included  for  comparison. 

5.5  As  shown  in  the  text,  the  maximum  geometrical  directivity  of  a  two-element  array 
is  Dj>  =  n2  —  4.  This  maximum  is  achieved  with  a  uniform  excitation  for  5  — ►  —  w  and 
simultaneously  kod  — >  0.  From  a  study  of  the  behavior  along  a  small  circle  in  the 
kod  —  3  plane  with  its  center  at  (M,5)  —  (0,  —  ir)  determine  the  constraint  between  3 
and  kod  which  for  k0d  — >  0  yields  the  desired  result. 

Answer:  3  =  l^kod  —  tt. 

5.6  For  an  n-element  binomial  array  of  isotropic  sources  d  = 

a.  Show  that  the  maximum  geometrical  directivity  is  independent  of  3  and  given  by 


2n  -  1  YijijTm 
'  4  I>  +  Vi) 

where  r(z  +  1)  =  xF(x)  =  x  \  and  V(y2)  =  V71' 
b.  Find  Df  for  n  =  6. 
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5.7  By  the  Z-transform  method  compute  the  array  factor  for  a  linear  equispaced 
array  with  the  current  distribution  function 

a.  a(z)  —  cos  hz 

b .  a(z)  =  hz 

where  h  is  a  real  constant. 

5.8  The  elements  of  a  two-element  array  are  located  at  the  points  (d/2,0,0)  and 
(—d/2,0,0)  in  a  rectangular  coordinate  system  xyz.  The  elements  are  assumed  to  be 
parallel  to  the  z  axis,  so  that  their  radiation  pattern  g(6)  is  a  function  of  the  polar  angle 
only.  By  equating  the  input  power,  as  computed  from  terminal  quantities,  to  the 
radiated  power,  as  computed  from  far-field  quantities,  derive  the  following  formula  for 
the  mutual  radiation  resistance  between  the  elements 


j  \g(0)\2Jo(hd  sin  6)  sin  6  d6 


Hint:  Use  the  formula  Jo(a) 


1 


2ir 


r  2jt 

I  cos  (a  cos  v)  dv. 


5.9  In  a  uniformly  spaced  linear  array  a  uniform  current  distribution  with  the  phase 
constant  8  =  —  k<4  —  50  is  assumed.  Show  that,  for  this  current  distribution,  which 
for  5o  =  0  and  50  =  ft/n  yields  the  normal  excitation  and  the  Hansen- Woody ard  ex¬ 
citation,  respectively,  the  efficiency  index  is  given  by 


IT  sin  (n8o/2) 
n  _  sin  (50/2) 


for  all  values  of  the  element  spacing. 

5.10  Show  that,  for  an  arbitrary  array,  the  maximum  relative  directivities  obtainable 
in  the  direction  (0o,<£o)  and  in  the  opposite  direction  (t  —  60,  <j>o  +  ft)  are  equal. 

5.11  By  using  the  expressions  derived  in  Exercise  5.16  for  the  optimum  relative 
directivity  and  the  efficiency  index  of  a  two-element  end-hre  array,  compute  the  limit¬ 
ing  values  of  Dre \  and  F  for  d  —  >  0.  Assume  isotropic  elements  with  ri2  =  sin  (kod)/kod. 
Answer:  Drei  =  4,  F  =  0. 
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CHAPTER  6 


NONUNIFORM  ARRAYS 

Merrill  I.  Skolnik 


6.1  Introduction 


Most  array  antennas  employ  equal  spacings  between  adjacent  elements. 
The  theory  is  well  understood,  and  convenient  analytical  procedures  are  avail¬ 
able  for  antenna  design  and  radiation  pattern  synthesis.  It  is  possible,  how¬ 
ever,  to  operate  array  antennas  with  nonuniform,  or  unequal,  spacings  between 
adjacent  elements.  The  element  spacings  provide  another  parameter,  in 
addition  to  the  amplitude  and  phase  of  the  element  current,  with  which  to 
control  the  radiation  pattern.  This  chapter  is  concerned  with  arrays  of 
this  type. 

Following  this  introductory  section  the  various  methods  available  for  syn¬ 
thesizing  radiation  patterns  with  unequally  spaced  elements  are  briefly 
described  (Sec.  6.2).  The  specific  technique  known  as  density  tapering  is 
selected  for  detailed  discussion.  In  this  method,  the  density  of  unequally 
spaced,  equal-amplitude  elements  at  any  point  within  the  aperture  is  made 
proportional  to  the  amplitude  that  a  conventional  array  of  equally  spaced 
elements  would  have  at  the  same  point  if  designed  with  an  amplitude  illumina¬ 
tion  taper  (Sec.  5.5).  A  deterministic  method  of  density-taper  design  is  dis¬ 
cussed  in  Sec.  6.3,  and  a  statistical  method  in  Sec.  6.4.  The  analysis  of  an 
array  with  randomly  missing  elements  (such  as  might  occur  because  of 
catastrophic  failure)  is  similar  to  that  of  the  unequally  spaced  array  and  is 
therefore  included  in  this  chapter  in  Sec.  6.5.  The  chapter  closes  with  a  dis¬ 
cussion  of  the  effects  of  phase  and  amplitude  errors  in  conventional  arrays, 
Sec.  6.6.  This  section  is  included  because  the  analysis  is  similar  to  that  of  the 
statistical  density  taper  and  because  an  array  with  random  errors  is  one  which 
can  be  called  nonuniform. 

The  pattern  of  a  linear  array  of  M  identical  isotropic  radiating  elements 
with  arbitrary  spacing  between  elements  and  with  equal  current  at  each 
element  may  be  written. 


cos  2tt £nu 


f  \  2 

(  2Z  sin  2T%nu  J 

\n  —  1  / 


where  u  —  sin  6 ,  6  is  the  angle  measured  with  respect  to  the  normal  to  the 
array,  and  £n  is  the  distance  of  the  nth  element,  measured  in  wavelengths,  with 
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respect  to  some  reference.!  The  array  is  assumed  located  along  the  x  axis,  and 
since  the  pattern  has  rotational  symmetry  about  the  array  axis,  the  angle 
variable  is  chosen  for  convenience  as  u  =  sin  6  instead  of  u  —  sin  6  cos  <f>.  This 
is  equivalent  to  looking  at  the  pattern  in  the  x  z  or  <£  =  0  plane,  which  is  suffi¬ 
cient  in  view  of  the  rotational  symmetry.  In  general,  this  expression,  called  the 
array  factor  or  space  factor,  is  difficult  to  handle  analytically.  For  convenience 
it  is  usually  assumed  that  the  elements  are  arranged  symmetrically  in  pairs 


Fig.  6.1  Unequally  spaced  elements  symmetri¬ 
cally  arranged  in  pairs  about  the  center  element. 


about  the  center  element  and  that  the  center  element  is  the  reference  from 
which  the  phase  is  measured  (Fig.  6.1).  With  these  assumptions  the  array 
pattern  of  (6.1)  becomes 

N 

f(u)  =  1  +  2  ^  cos  2?r dnu  (6.2) 

n=  1 

where  dn  is  the  element  distance,  measured  in  wavelengths,  from  the  center 
element.  The  total  number  of  elements  is  2N  +  1.  The  problem  in  unequally 
spaced  array  design  is  to  select  the  N  values  of  the  element-pair  spacings  dn  to 
achieve  some  desired  radiation  pattern. 

The  array  of  unequally  spaced  elements  whose  pattern  is  given  b}^  (6.2)  has 
N  degrees  of  freedom  with  which  to  specify  the  pattern.  In  principle  it  should 
be  possible  to  approximate  a  desired  radiation  pattern  with  the  expression  of 
(6.1)  just  as  with  a  conventional,  equally  spaced  array  of  2 N  +  1  elements 
occupying  the  same  aperture.  The  pattern  of  the  equally  spaced  array  is 

N 

fea(u)  =  1+27!  in  cos  2 t mdu  (6.3) 

n  =  1 

where  d  is  the  spacing  between  adjacent  elements.  In  the  equally  spaced  array, 
it  is  the  N  values  of  the  currents  in  at  the  N  element  pairs  that  are  to  be  deter¬ 
mined.  With  the  unequally  spaced  array,  it  is  the  N  values  of  dn. 

There  is  an  important  limitation,  however,  which  does  not  permit  the  prac¬ 
tical  unequally  spaced  array  to  achieve  a  pattern  equivalent  to  that  of  the 
equally  spaced  arra}^.  This  limitation  is  the  minimum  spacing  between  adja¬ 
cent  elements.  For  (6.2)  and  (6.3)  to  yield  equivalent  patterns  there  should  be 

fThe  notation  in  this  chapter  differs  from  that  used  in  Chap.  5,  since  for  the  problems 
treated  here  it  is  convenient  to  normalize  the  element  spacing  relative  to  the  wavelength. 


NONUNIFORM  ARRAYS 


209 


no  restriction  on  the  element  spacings  dn.  In  practice,  however,  array  elements 
cannot  be  located  much  closer  than  a  half  wavelength.  Closer  spacing  results 
in  increased  mutual  coupling  which  changes  the  aperture  illumination. 
Furthermore,  the  sizes  of  practical  antenna  elements  are  of  the  order  of  a  half- 
wavelength  dimension,  and  it  would  be  difficult  to  make  elements  much  smaller 
without  loss  of  efficiency. 

An  aperture  that  contains  M  elements  equally  spaced  at  half-wavelength 
intervals  contains  more  elements  than  if  the  spacings  are  made  unequal  and  if 
the  minimum  spacing  is  a  half-wavelength.  Since  the  unequally  spaced  array 
contains  fewer  elements  than  the  conventional  array  occupying  the  same 
aperture,  it  is  said  to  be  “thinned. ”  The  conventional  array  with  half- wave¬ 
length  spacing  is  called  a  “filled”  array.  The  degree  of  thinning  is  expressed  by 
the  percentage  of  elements  removed  from  the  filled  array.  For  example,  a 
90  percent  thinned  unequally  spaced  array  of  1,000  elements  means  that  the 
filled  array  would  contain  10,000  elements.  The  pattern  of  the  thinned  array 
cannot  be  controlled  as  well  as  that  of  a  filled  array,  and  its  average  side  lobes, 
relative  to  the  peak  gain,  will  not  be  as  low.  If  the  thinning  is  not  too  severe 
(of  the  order  of  half  the  elements  removed)  the  peak  side  lobe  can  be  kept  to  a 
reasonable  value  and  can  be  made  competitive  with  that  of  a  conventional 
design.  The  side  lobes  of  an  array  severely  thinned  (perhaps  90  percent  of  the 
elements  removed)  will  not  be  at  all  similar  in  amplitude  to  the  side  lobes  of  the 
filled  array. 

Unequally  spaced  arrays  may  be  used  to  obtain  radiation  patterns  with  low 
peak  side  lobes  without  the  need  for  an  amplitude  taper.  This  might  be  of  im¬ 
portance  in  applications  where  it  is  not  convenient  to  individually  adjust  the 
amplitude  of  the  current  at  the  elements.  Since  the  beam  width  of  an  array  is 
determined  primarily  by  the  extent  of  the  aperture  and  is  relatively  insensitive 
to  the  arrangement  of  elements  within  the  aperture  (compare,  for  example,  the 
pattern  of  the  circular  planar  aperture  with  that  of  a  ring),  the  unequally 
spaced  array  can  approximate  the  beam  width  of  a  conventional  filled  array. 
Although  the  beam  width  of  the  unequally  spaced  array  may  be  as  narrow  as 
that  of  the  filled  array,  the  theoretical  resolution  capabilities  are  not  as  good, 
since  resolution  depends  on  both  the  beam  width  and  the  received  signal-to- 
noise  ratio.  The  latter  depends  on  the  number  of  elements. 

It  is  difficult  to  operate  a  conventional  equally  spaced  array  over  a  wide 
frequency  range  without  the  formation  of  undesirable  grating  lobes.  (Grating 
lobes,  as  explained  in  Sec.  5.4,  are  equal  in  magnitude  to  the  main  lobe  and  are 
formed  in  equally  spaced  arrays  when  the  electrical  spacing  between  elements 
is  wide  enough  to  cause  phase  differences  between  adjacent  elements  of  more 
than  2tt  radians.)  The  unequally  spaced  array  permits  the  antenna  to  operate 
over  a  wide  frequency  range  without  the  appearance  of  grating  lobes.  Similar¬ 
ly,  the  unequally  spaced  array  can  be  scanned  over  a  wide  angle  without  the 
formation  of  the  grating  lobes  that  could  appear  with  the  equally  spaced  array. 

The  availability  of  the  spacing  as  an  additional  parameter  provides,  in 


210 


ANTENNA  THEORY 


principle,  more  flexibility  in  array-pattern  synthesis.  But,  as  mentioned  pre¬ 
viously,  this  property  is  restricted  in  utility  by  practical  requirements  on  the 
permitted  spacings. 

The  gain  of  a  thinned  array  of  isotropic  elements  each  radiating  equal  power 
is  approximately  equal  to  the  number  of  elements  within  the  aperture.  The 
beam  width  is  of  the  order  of  X0/D,  where  X0  is  the  wavelength  and  D  is  the 
aperture  dimension.  Removing  elements  in  the  thinned  array  results  in  re¬ 
duced  gain  compared  with  a  filled  array  with  the  same  beam  width.  In  a  re¬ 
ceiving  array  there  is  a  decrease  in  signal-to-noise  ratio.  The  average  side-lobe 
level  of  a  highly  thinned  array  relative  to  that  of  the  main  beam  approaches  a 
value  equal  to  the  reciprocal  of  the  number  of  elements  remaining  in  the  array. 
The  fraction  of  the  total  energy  within  the  side  lobes  is  approximately  equal  to 
the  fraction  of  elements  removed.  For  comparison,  the  energy  in  the  side  lobes 
of  a  uniformly  illuminated  circular  aperture  is  about  15  percent  of  the  total. 

6.2  Synthesis  with  Unequally  Spaced  Arrays 

A  number  of  methods  exist  for  synthesizing  radiation  patterns  of  conven¬ 
tional-array  antennas  with  equally  spaced  elements,  as  discussed  in  Chaps.  5 
and  7.  The  theoretical  basis  for  the  synthesis  of  equally  spaced  array  radiation 
patterns  is  well  developed;  practical  procedures  have  been  devised  for  its  im¬ 
plementation;  and  the  limitations  to  be  expected  in  design  are  understood. 
The  same  is  roughly  true  for  unequally  spaced  arrays,  but  not  to  the  same 
extent.  The  theory  developed  for  equally  spaced  arrays  is  in  general  not 
directly  applicable  to  arrays  with  unequally  spaced  elements.  The  theoretical 
analyses  that  have  been  applied  to  unequally  spaced  arrays  are  of  limited 
utility  in  practice  and  are  difficult  to  employ  with  arrays  of  a  large  number  of 
elements.  One  of  the  few  theoretical  approaches  that  has  been  applied  to  un¬ 
equally  spaced  arrays  is  the  finite  Fourier  series  approximation,12  but,  because 
of  the  need  to  invert  a  matrix  equal  to  the  number  of  elements  contained  in  the 
array,  this  method  is  difficult  to  use  in  practice. 

In  situations  where  theory  is  difficult  to  formulate  in  simple  terms  it  is  not 
surprising  to  find  that  much  of  the  initial  exploration  is  performed  by  trial-and- 
error  experimentation  in  order  to  obtain  some  appreciation  of  the  problem. 
This  was  true  with  unequally  spaced  arrays.  Likely  element  configurations 
were  postulated  and  the  resulting  radiation  patterns  examined.  Obviously 
poor  techniques  can  be  eliminated  and  guides  can  be  provided  for  the  designer. 
The  empirical  trial-and-error  approach  is  generally  inefficient  for  discovering 
optimum  procedures,  if  indeed  the  optimum  can  be  found  at  all  by  such 
methods.  Digital  computers  may  be  employed  to  remove  some  of  the  drudgery 
of  the  trial-and-error  approach  and  to  speed  the  examination  of  the  many 
possible  configurations  of  element  locations.  Three  approaches  to  the  trial- 
and-error  method  of  unequally  spaced  array  design  with  the  aid  of  digital  com¬ 
puters  have  been  considered  in  the  past.  These  may  be  classified  as  (1)  total 
enumeration,  (2)  perturbation,  and  (3)  dynamic  programming. 
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Total  enumeration  as  applied  to  unequally  spaced  arrays  consists  in  examin¬ 
ing  all  possible  configurations  of  element  locations  and  selecting  that  which  is 
best.  It  is  often  an  impractical  method  because  of  the  large  number  of  cases 
that  must  be  examined.  For  example,  if  the  array  consists  of  ten  element  pairs 
which  can  be  placed  in  any  of  50  possible  locations,  approximately  1  billion 
combinations  must  be  examined  in  order  to  ensure  obtaining  the  best  pattern. 

In  the  perturbation  method  of  design  a  likely  configuration  of  elements  is 
chosen  and  the  computer  is  programmed  to  vary,  or  perturb,  the  location  of 
each  element  one  at  a  time  and  to  select  that  position  which  produces  the  best 
pattern.  After  the  locations  of  all  the  elements  are  perturbed,  the  process  is 
repeated  until  perturbing  the  element  locations  offers  no  significant  improve¬ 
ment  of  the  radiation  pattern.  The  success  of  this  method  depends  on  the 
choice  of  the  initial  element  locations  and  how  much  freedom  the  computer  is 
allowed  in  the  examination  of  the  possible  alternate  locations  for  each  element. 
The  perturbation  method  is  an  approximation  to  the  total  enumeration 
method.  It  eliminates  many  of  the  possible  combinations  to  be  examined  by 
the  proper  selection  of  the  initial  configuration  and  the  choice  of  element  loca¬ 
tions.  The  limit  to  this  method  is  computer  capacity  and  speed. 

Another  application  of  computers  to  unequally  spaced  array  pattern  syn¬ 
thesis  is  the  technique  of  dynamic  programming}  This  is  a  method  for  deter¬ 
mining  an  optimum  solution  to  a  multistage  problem  by  optimizing  each  stage 
of  the  problem  on  the  basis  of  the  input  to  that  stage.  As  applied  to  arrays,  the 
various  “stages’7  of  the  dynamic  programming  problem  are  the  selection  of  the 
spacings  of  each  element  pair.  Unlike  the  perturbation  method,  an  initial  set 
of  element  locations  need  not  be  postulated.  Although  a  computer  is  not  a 
fundamental  part  of  the  technique,  it  is  difficult  to  solve  practical  problems 
without  it. 

The  advantage  of  dynamic  programming  as  compared  with  total  enumera¬ 
tion  is  that  it  drastically  reduces  the  number  of  combinations  that  must  be 
examined.  This  is  accomplished  by  converting  a  single  A-dimensional  opti¬ 
mization  problem  into  a  sequence  of  N  one-dimensional  optimization  problems. 
A  considerable  reduction  in  the  computations  that  must  be  performed  in 
dynamic  programming  is  had  by  using  the  fact  that  many  of  the  computations 
in  total  enumeration  need  not  be  performed  more  than  once.  Dynamic  pro¬ 
gramming  will  give  the  same  answer  as  total  enumeration  if  the  so-called 
principle  of  optimality  applies.  Unfortunately,  it  has  not  been  proved  that  the 
principle  of  optimality  applies  to  the  problem  of  unequally  spaced  array  design. 
Nevertheless,  dynamic  programming  has  been  employed  for  unequally  spaced 
arrays  with  interesting  and  useful  results.  A  similar  situation  occurs  in  the 
application  of  scalar  Kirchhoff  theory  to  the  analysis  of  the  radiation  pattern 
from  an  aperture  (Sec.  3.6),  in  which  useful  results,  consistent  with  experiment, 
are  obtained  in  spite  of  theoretical  objections. 

In  both  the  perturbation  and  the  dynamic  programming  methods  (as  well  as 
with  total  enumeration)  the  criterion  for  selecting  the  optimum  radiation 
pattern  must  be  carefully  formulated  and  programmed  into  the  computer.  One 
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criterion  that  has  been  used  with  dynamic  programming  is  that  of  minimizing 
the  maximum  side-lobe  level  over  a  specified  region  of  angle. 

Dynamic  programming,  applied  to  the  design  of  linear  arrays  of  unequally 
spaced  elements,  has  achieved  results  equal  or  superior  to  results  with  arrays 
designed  by  other  methods.  It  is  capable  of  application  to  planar  arrays  except 
that  it  becomes  economically  prohibitive  in  terms  of  computer  time  to  design 
large  planar  arrays  with  many  elements.2  Other  techniques,  such  as  density 
tapering,  are  easier  to  apply  to  planar  apertures  and  give  satisfactory  results. 
Planar  arrays  with  circular  symmetry  which  can  be  reduced  to  a  one-angular 
coordinate  problem  present  no  more  difficulty  than  linear  arrays. 

It  has  been  said  previously  that  there  is  little  theoretical  guide  for  the  syn¬ 
thesis  of  unequally  spaced  arrays.  Conventional  antenna  theory,  however, 
describes  the  type  of  aperture  illumination  that  is  needed  to  obtain  a  desired 
radiation  characteristic  (Sec.  3.5).  This  is  based  on  the  fact  that  the  far-held 
pattern  and  the  distribution  of  current  density  across  the  aperture  are  Fourier 
transform  pairs.  The  theory  of  pattern  synthesis  and  design  developed  for 
continuous  apertures  can  be  applied  to  unequally  spaced  arrays  by  arranging 
the  elements  so  that  the  density  of  elements  across  the  aperture  is  of  the  same 
form  as  the  amplitude  of  the  current  density  distribution  of  classical  antenna 
theory.  This  is  called  density  or  space  taper  and  is  discussed  in  more  detail  in 
the  following  two  sections. 

Although  it  is  not  generally  considered  as  an  unequally  spaced  array  tech¬ 
nique,  the  design  of  arrays  with  regular  spacings  other  than  the  rectangular 
grid  can  be  used  to  obtain  a  thinned  array.  Elements  can  be  arranged  on  tri¬ 
angular  and  hexagonal  grids  or  located  at  the  intersections  of  rings  and  radials. 

This  brief  review  does  not  include  all  of  the  many  methods  that  have  been 
considered  for  unequally  spaced  arrays.  The  technique  of  density  tapering  is 
one  of  the  more  practical  methods,  especially  for  large  planar  apertures,  and  it 
will  be  used  to  illustrate  further  the  nature  of  this  class  of  array  antenna. 

6.3  Density  Taper  —  Deterministic 

When  the  element  spacings  are  of  the  order  of  one-half  wavelength,  the 
radiation  pattern  of  the  equally  spaced  array  is  a  close  approximation  to  that 
from  a  continuous  aperture  of  the  same  size  and  illumination  function 
(Sec.  7.4).  With  this  as  a  guide  it  is  of  interest  to  consider  the  design  of  an  un¬ 
equally  spaced  array  by  attempting  to  approximate  the  continuous-aperture 
current  density  with  equal-amplitude  samples  spaced  nonuniformly.  In  so 
doing,  the  density  of  the  equally  excited,  unequally  spaced  radiating  elements 
as  a  function  of  location  within  the  aperture  will  be  of  the  same  form  as  the 
continuous  current  density  function  of  the  conventional  antenna  used  as  the 
model.  This  design  procedure  is  called  density  tapering  to  distinguish  it  from 
the  more  usual  amplitude  tapering.  It  has  also  been  known  as  space  tapering. 
The  continuous  aperture  illumination  from  which  the  density  taper  is  derived 
is  called  the  model  illumination  junction  and  will  be  denoted  by  iQ(x). 
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The  quality  of  the  approximation  to  a  continuous  aperture  current  density 
function  by  an  array  depends  on  the  number  of  elements.  The  thinner  the  array 
the  poorer  the  approximation.  It  is  found  that  the  main  lobe  of  the  density- 
tapered  array  and  the  main  lpbe  of  the  continuous  aperture  used  as  the  ampli¬ 
tude-tapered  model  are  close  approximations  of  one  another.  Also,  the 
near-in  side  lobes  are  generally  similar.  However,  the  far-out  side  lobes  can 
deviate  considerably  and  generally  rise  to  relatively  large  values.  This  will  be 
illustrated  later  in  the  discussion  pertaining  to  Fig.  6.4. 

One  method  of  selecting  the  element  locations  of  the  density-tapered  array  is 
trial  and  error.  Although  this  can  often  produce  satisfactory  engineering  re¬ 
sults,  it  can  be  a  tedious  procedure,  especially  when  the  number  of  elements  is 
large.  This  section  describes  a  systematic  procedure  for  finding  the  element  lo¬ 
cations  by  a  method  other  than  trial  and  error.  It  is  based  on  the  equal-area 
approximation  to  the  aperture  illumination  function  and  uses  the  cumulative 
current  distribution  (integral  of  the  current  density)  rather  than  the  current 
density  itself.  It  is  called  a  deterministic  method  to  distinguish  it  from  the 
statistical  method  discussed  in  the  next  section. 

To  employ  density  tapering,  an  amplitude-tapered  illumination  function  is 
first  selected  as  a  model.  One  criterion  for  its  selection  is  that,  when  used  with 
a  continuous  aperture,  its  radiation  pattern  should  be  similar  to  that  desired  of 
the  density-tapered  array.  The  illumination  function  of  the  amplitude- 
tapered  model  might  be  as  shown  in  Fig.  6.2a.  To  locate  the  positions  of  the  M 
elements  the  area  under  the  curve  is  divided  into  M  equal  parts  and  an  element 
is  placed  at  the  center  of  each  of  the  intervals  defined  by  the  equal  areas,  as 
illustrated  in  Fig.  6.26.  The  density  of  the  equally  excited,  unequally  spaced 
discrete  currents  depicted  in  (6)  is  seen  to  approximate  the  continuous  current 
density  function  of  (a). 

The  element  locations  in  a  linear  array  may  be  determined  with  the  equal- 
area  approximation  applied  to  the  cumulative  distribution  I0(x)  of  the  model 
aperture  illumination,  rather  than  the  current  density  f0(x).  The  relationship 
between  the  two  is  given  by 


Io(x)  =  f  i0(x)  dx  (6.4) 

J  -a/2 

which  is  the  integral  of  the  amplitude-tapered  current  density  io(x)  taken  over 
the  limits  (— a/2,:r),  or  (—  °°,x),  since  i0(x)  =  0  for  x  <  —a/2.  The  cumula¬ 
tive  distribution  is  plotted  in  Fig.  6.2c.  The  equal  areas  may  be  found  by 
dividing  the  ordinate  into  M  equal  increments  and  projecting  these  points  onto 
the  x  axis,  as  shown.  The  elements  are  then  located  within  the  center  of  each 
interval.  The  procedure  is  similar  to  the  trapezoidal  rule  for  approximating 
an  integral. 

The  justification  for  considering  the  density-taper  method  of  unequally 
spaced  array  design  is  that  the  discrete,  equally  excited  currents  of  the  array 
elements  approximate  the  continuous-aperture  amplitude-taper  illumination 
function  used  as  the  model.  There  is  no  guarantee,  however,  that  the  radiation 
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pattern  of  the  density-tapered  array  will  be  a  suitable  approximation  to  the 
radiation  pattern  of  the  amplitude-tapered  model.  It  is  of  interest  to  inquire, 
therefore,  what  relation  the  pattern  of  the  density-tapered  array  has  to  the 


(a) 


( b ) 


Fig.  6.2  Deterministic  density  taper,  (a)  Model  current 
density  illumination  function  (amplitude  taper)  divided  into 
1 1  equal  subarrays ;  (6)  location  of  density- tapered  elements ; 
(c)  cumulative  current  distribution. 


pattern  of  the  model.  This  problem  was  examined  by  Doyle,3  who  has  shown 
that  the  density-tapered  pattern  is  equivalent  to  the  least-mean-square  ap¬ 
proximation  to  the  model  amplitude-tapered  pattern  with  weighting  propor- 
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tional  to  the  inverse  square  of  the  normalized  pattern  argument.  This  is  shown 
below  as  an  analysis  adapted  from  that  of  Doyle. 

The  antenna  pattern  produced  by  an  aperture  extending  from  —a/2  to 
+a/2  with  amplitude  taper  %{x)  is 

/•a/2 

fo(u)  —  /  io(x)  cos  2ttxu  dx  (6.5) 

J  —a  12 

The  cosine  is  employed  in  the  integral  rather  than  the  exponential  because  the 
aperture  illumination  function  is  assumed  symmetrical  about  the  origin  and 
therefore  will  be  real.  The  function  i0(x)  is  used  as  the  model  for  the  density 
taper.  The  unequally  spaced  array  is  also  symmetrical  and,  following  (6.2),  is 

N 

fa(u)  =  1  +  2  X)  cos  27 rdnu  (6.6) 

n=  1 


The  array  illumination  function  can  be  expressed  as  a  summation  of  delta 
functions,  or 


N 


f«(x)  —  5(x)  +  23  S(x  db  dn ) 

n=  1 


(6.7) 


The  array  pattern  may  be  written  similar  to  the  model  pattern  of  (6.5) 


r  a/2 

fa(u)  —  /  ia(x)  cos  2ttxu  dx 

J  -a/2 


The  difference  between  the  model  pattern  (6.5)  and  the  array  pattern  (6.8) 
may  be  expressed  in  a  number  of  ways.  In  this  analysis  the  least-mean-square 
difference  between  the  two  is  selected  as  the  criterion  for  expressing  how  well 
the  density-tapered  pattern  matches  that  of  the  model.  The  difference  between 
the  two,  or  the  error,  may  be  written 


8 


[fo(u)  -  fa(u)f  W(u)  du 


where  W  (u)  >  0  is  a  weighting  function  which  expresses  the  relative  im¬ 
portance  of  agreement  as  a  function  of  the  angular  variable  u.  The  weighting 
function  is  taken  to  be  1/w2,  so  that  the  difference  between  the  two  patterns 
becomes  progressively  greater  with  increasing  distance  from  the  main  beam. 
The  error  to  be  minimized  is  then 


*=  r  Lfo (u)-Uu)]2  -^  (6.10) 

J  ““OO  it 

The  behavior  of  l/u2  near  the  origin  is  of  no  concern  in  the  integral,  since 
lfo(u)  —  fa(u)]2/u2  =  0(u 2).  (Show  as  an  exercise.) 

The  difference  in  the  radiation  patterns  is  related  to  the  difference  in  the 
aperture  current  densities  by  a  Fourier  transform 

r  a/2 

fo(u)  —  fa(u)  =  /  [iq(x)  —  ia{x)]  cos  2i rxu  dx 

J  -a/2 


(6.11) 
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By  integrating  by  parts,  introducing  the  definition  of  the  cumulative  distribu¬ 
tion  function  of  (6.4),  and  assuming  that  the  cumulative  distributions  of  the 
model  aperture  illumination  and  the  array  illumination  are  equal  at  the  end 
points  [that  is,  70(  —  a/2)  =  7a(— a/2)  =  0,  and  70(a/2)  =  7a(a/2)],  it  can  be 
shown  (do  as  an  exercise)  that 

=  rn  [/„(*)  _  /„(*)]  sin  2«w  dx  (6.12) 

ZlTU  J -a/2 

This  establishes  a  Fourier  sine  transform  relationship  between  the  pattern 
difference  and  the  distribution  difference.  Applying  ParsevaFs  theorem  gives 

f  "  I/o.(m)  -  /a(M)]2  du  =  47r2  f  ali  [/„(*)  _  /(*)]!  dx  (6.13) 

J  - co  U2  J  —  a/2 

Minimizing  the  mean-square  difference  of  the  patterns  with  1/u2  weighting 
[left  side  of  (6.13)]  is  thus  equivalent  to  minimizing  the  mean-square  difference 
between  the  current  distributions  [right  side  of  (6.13)]  if  the  total  integrated 
currents  across  the  apertures  in  the  two  cases  are  equal;  that  is,  70(a/2) 
=  7a(a/2).  (This  condition  was  not  always  satisfied  in  many  previous  density- 
taper  designs.) 

The  function  7a(x)  has  the  form  of  a  sum  of  steps  of  equal  height.  To  mini¬ 
mize  (6.13),  70(x)  should  pass  through  each  step  of  7a(;r).  If  the  kth  equal 
interval  of  7a(x)  lying  between  ( k  —  1) /TV  and  k/N  defines  a  region  on  the  x 
axis,  a  <  z  <  f3  (Fig.  6.3),  the  problem  is  to  determine  Xk  within  the  interval 


/U) 


Fig.  6.3  Fitting  of  Ia{x)  to  h(x)  so  as  to  minimize 
mean-square  difference  [Eq.  (6.12)]. 

(a,  13)  so  that  the  mean-square  difference  between  the  model  distribution  and 
the  array  distribution  is  a  minimum.  Thus  it  is  required  to  minimize 

ft*  [ Io(x )  —  Ia(x)]2dx  =  f 

J  a  J  a 


dx 

(6.14) 
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Differentiating  with  respect  to  xk  and  solving  gives 

9  b  —  1 

h(xk)  =  '-~2jy  (6.15) 

which  states  that  each  step  of  Ia(x)  should  be  so  chosen  that  I0(x)  crosses  the 
middle  of  the  step. 

Figure  6.4  shows  the  radiation  patterns  (array  factors)  of  a  density  tapered 
array  with  12,  18,  and  24  isotropic  elements.  These  examples  are  taken  from 
Doyle.3  The  abscissa  is  a  generalized  parameter  that  includes  the  aperture 
size  measured  in  wavelengths,  the  angle,  and  the  number  of  elements.  The 
visible  region  for  a  20-wavelength  array  aperture  is  shown.  Also  shown  is  the 
model  pattern,  which  is  designed  with  20-db  equal  side  lobes  according  to 
Taylor’s  “ideal  space  factor”  (Sec.  7.8).  As  more  elements  are  added  the  fit 
between  the  two  patterns  becomes  progressively  better.  In  Fig.  6.4c,  with  24 
elements,  the  degree  of  thinning  is  60  percent  if  a  20-wavelength  aperture  is 
assumed.  The  closest  spacing  between  adjacent  elements,  0.52  wavelength, 
occurs  between  the  outer  two  elements  of  the  array.  If  considerably  more  ele¬ 
ments  were  to  be  employed  in  the  20-wavelength,  unequally  spaced  aperture, 
the  fit  between  the  theoretical  density-tapered  array  and  the  model  array 
would  be  even  better,  but  it  is  likely  that  element  spacings  less  than  one-half 
wavelength  would  be  necessary.  This  would  make  the  design  an  impractical 
one.  When  practical  elements  are  employed  in  the  array,  the  element  factor 
will  suppress  the  far-out  high  side  lobes  in  an  array  with  a  radiation  pattern 
like  that  of  Fig.  6.4c  and  good  side  lobes  would  be  expected  throughout  the 
visible  region. 

The  patterns  of  Fig.  6.4,  as  well  as  other  density-tapered  array  patterns, 
indicate  that  the  density-tapered  pattern  is  in  close  agreement  with  the  model 
pattern  for  a  number  of  side  lobes,  measured  from  the  main  beam,  approxi¬ 
mately  equal  to  the  number  of  independent  element  locations  to  be  chosen. 
For  example,  in  an  18-element  design  there  are  eight  locations  to  be  determined 
in  a  symmetrical  array  in  which  the  end  elements  are  fixed  beforehand.  It  can 
be  seen  that  the  first  eight  side  lobes  in  Fig.  6.45  follow  the  model  pattern 
reasonably  well.  Beyond  the  eighth  side  lobe,  however,  the  differences  are 
quite  marked. 

The  selection  of  the  model  amplitude-tapered  illumination  function  is  an  im¬ 
portant  part  of  the  density-taper  design.  There  does  not  seem  to  be  a  unique 
criterion  for  selecting  the  best  model.  One  can  be  guided,  however,  by  the 
pattern  that  the  model  illumination  would  produce  if  radiated  by  a  continuous 
aperture  and  by  the  fact  that  the  density-tapered  pattern  is  a  good  approxima¬ 
tion  to  the  model  pattern  in  the  vicinity  of  the  main  beam  and  the  near-in 
side  lobes.  One  model  illumination  function  that  is  not  satisfactory  is  the  uni¬ 
form  current  density.  (Explain  why!) 

The  density-taper  method  described  for  the  linear  array  can  be  extended  to 
the  planar  array.4  The  density  of  elements  in  the  unequally  spaced  planar 
array  is  made  to  approximate  the  double  integral  representing  the  current  on  a 
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(b) 


Fig.  6.4  Comparison  of  density- tape  red  array  pattern  (solid  curve)  and  the  model  ampli¬ 
tude-tapered  array  pattern  (dotted  curve),  (a)  12  elements;  ( b )  18  elements;  (e)  24  elements. 
{From  Doyle. 3) 

planar  aperture  rather  than  the  single  integral  of  the  linear  array.  The  volume 
under  the  surface  defining  the  planar  aperture  current-density  illumination 
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Fig.  6.4  ( Continued .)  (c) 

function  is  divided  into  M  equal  parts,  where  M  is  the  number  of  elements. 
One  element  is  placed  within  each  subvolume  at  the  center  of  the  area  pro¬ 
jected  onto  the  aperture  plane.  In  general  it  is  not  as  convenient  to  implement 
the  design  of  a  density-tapered  planar  array  as  of  a  linear  array. 

The  use  of  the  density-taper  technique  as  described  above  is  basically  a 
graphical  method  with  a  bit  of  trial  and  error  involved.  Another  method  for 
locating  the  elements  in  a  large  planar  array  is  the  probabilistic  or  statistical 
method  of  the  next  section.  This  method  offers  a  definite,  yet  simple,  pro¬ 
cedure  for  determining  the  element  locations  so  as  to  approximate  a  density 
taper. 

6.4  Density  Taper  —  Statistical 

In  this  approach  to  the  design  of  the  density-tapered  array,  the  model 
amplitude-taper  illumination  function  is  employed  to  determine,  on  a  probabi¬ 
listic  basis,  whether  or  not  an  element  should  be  located  at  a  particular  point 
within  the  aperture.5  The  model  illumination  function  serves  a  role  analogous 
to  that  of  the  probability  density  function  of  probability  theory,  although  it 
does  not  necessarily  conform  to  the  strict  definition  of  a  probability  density 
function.  The  elements  are  located  randomly  (actually  pseudorandomly) 
rather  than  in  some  definite  manner  as  in  the  deterministic  density  taper  of  the 
preceding  section.  However,  the  elements  are  not  uniformly  random  across  the 
aperture,  but  their  average  density,  computed  statistically,  follows  the  form  of 
the  model  amplitude-taper  illumination  function.  This  method  is  called  a 
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statistical  density  taper ,  since  the  radiation  pattern  of  a  particular  class  of  de¬ 
sign  can  be  specified  beforehand  only  in  statistical  terms. 

The  procedure  for  designing  a  statistical,  density-tapered  array  may  be 
illustrated  with  the  aid  of  Fig.  6.5.  The  curve  represents  the  amplitude  taper 


Fig.  6.5  Model  aperture  illumination  used  to  determine  placement  of  ele¬ 
ments  in  statistical  density-taper  method  of  designing  unequally  spaced 
arrays. 


io(z)  of  the  model  aperture  illumination.  The  scale  of  the  ordinate  is  so  ad¬ 
justed  that  the  maximum  of  the  model  amplitude  taper  is  equal  to  k ,  where 
0  <  k  <  1.  In  the  present  discussion  and  in  Fig.  6.5,  k  =  F  Along  the  abscissa 
are  N  possible  element-pair  locations.  (The  array  consists  of  pairs  of  elements, 
since  symmetry  is  assumed  throughout  this  chapter  when  considering  linear 
arrays.)  The  possible  element  locations  are  equally  spaced  (generally  one-half 
wavelength).  The  model  amplitude  taper  specifies  the  probability  that  an 
element  pair  will  be  located  at  the  nth  equally  spaced  position  of  the  aperture. 

The  design  of  the  statistical  density  taper  begins  by  selecting  a  continuous 
amplitude  taper  i0(x)  whose  pattern  is  to  be  approximated  by  the  density- 
tapered  array.  From  the  continuous  distribution  iQ(x),  a  discrete  approxima¬ 
tion  is  obtained.  This  is  denoted  An  and  is  the  aperture  illumination  of  an 
amplitude-tapered  filled  array  used  as  the  model  for  the  density  taper,  where 
0  <  An  <  1.  Each  possible  element  location  is  examined  in  turn  to  determine 
whether  or  not  an  element  is  to  be  located  there.  An  element  is  placed  at  a 
particular  point  if  the  value  of  the  amplitude  taper  An  at  that  location  is  less 
than  a  number,  chosen  at  random,  between  the  values  of  0  and  1.  Let  us  say 
that  the  amplitude  taper  An  at  some  element  location  n  has  a  value  of  0.7.  A 
random-number  generator  or  table  is  consulted,  and  a  number  between  zero 
and  one  is  selected.  If  it  is  less  than  An  (in  this  case  0.7),  the  element  remains. 
If  the  random  number  is  greater,  it  is  removed.  If  this  is  repeated  in  many 
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designs,  the  element  will  remain  at  that  particular  location  a  fraction  of  times 
equal  to  the  value  of  the  model  amplitude  taper  at  that  point.  Thus  an  ele¬ 
ment  will  be  allowed  to  remain  seven  times  out  of  ten  on  the  average  in  this 
example.  With  enough  elements,  the  pattern  of  the  statistically  designed 
density-tapered  array  will  approximate  that  of  the  amplitude-tapered  filled 
array  used  as  the  model.  This  is  a  relatively  simple  design  procedure  and  can 
be  readily  implemented  with  a  digital  computer. 

The  degree  of  thinning  achieved  will  depend  upon  the  value  of  k  and  the 
shape  of  the  amplitude  taper.  With  typical  amplitude  tapers,  the  degree  of 
thinning  with  k  —  1  is  about  40  to  60  percent  for  circular  planar  apertures. 
When  k  =  1,  the  design  is  said  to  be  naturally  thinned .  Greater  thinning  is 
obtained  with  values  of  k  less  than  unity. 

The  above  discussion  of  the  statistical  density-tapered  array  assumed  a 
linear  aperture  for  convenience  of  discussion.  The  extension  to  a  planar 
aperture  is  straightforward. 

If  elements  are  removed  from  an  JV-element  “filled’ ’  array,  the  field  intensity 
(array  factor)  in  the  far  field  may  be  written 

f(,9,<t> )  =  2  Fn  exp  O'i/O  (6.16) 

n  ~  1 

where  0,  <j>  are  the  angular  coordinates  describing  the  field,  is  the  phase  of  the 
signal  at  the  nth  element,  and  Fn  is  a  factor  which  is  either  zero  or  unity  accord¬ 
ing  to  whether  the  nth  element  is  removed  or  left  in  place.  The  elements  are 
assumed  isotropic.  This  expression  for  the  field  intensity  does  not  require  the 
geometry  of  the  aperture  to  be  specified,  since  it  is  “hidden”  in  the  phase  factor 
\f/n.  Hence,  it  is  applicable  to  planar  as  well  as  linear  apertures.  Unlike  most 
of  the  other  expressions  for  the  field  intensity  given  in  this  chapter,  (6.16)  uses 
complex  notation.  This  is  done  for  convenience,  although,  it  should  be  cau¬ 
tioned,  it  is  the  magnitude  of  the  complex  expression  which  is  generally  of 
concern  in  practice.  In  the  statistically  designed  density-tapered  array,  Fn  is 
selected  randomly  and  independently  from  element  to  element  so  that  its  en¬ 
semble  average  is  Fn  —  kAn>  where  the  bar  denotes  average  value  and 
0  <  k  <  1  is  the  factor  introduced  to  account  for  greater  thinning  than  would 
be  obtained  from  natural  thinning  (k  —  1).  In  what  follows  fc  is  taken  to  be 
unity.  An  is  the  amplitude  of  the  current  excitation  that  would  be  applied  to 
the  nth  element  of  the  model  amplitude-tapered  filled  array  whose  field  in¬ 
tensity  is 

N 

fo(d,<t>)  =  X)  A„  exp  (j^n)  (6.17) 

1 

The  field-intensity  pattern  of  the  density-tapered  array  (6.16)  is  statistical, 
since  Fn  is  statistical.  By  the  central  limit  theorem  of  statistics,  the  distribu¬ 
tion  of  the  quantity  for  a  given  6  and  <t>  will  be  approximately  gaussian  if 
the  number  of  elements  N  is  large.  The  mean  value  of  the  statistical  pattern  of 
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(6.16)  is  found  by  using  the  fact  that  the  mean  of  the  sum  is  the  sum  of  the 
means: 

f(d,<t>)  =  E  F„  exp  (jipn)  =  E  A„  exp  (j\pn)  =  f0(6,<t>)  (6.18) 

n=  1  n  = 1 

Thus  the  average  field-intensity  pattern  of  a  density-tapered  array  is  identical 
with  the  field-intensity  pattern  of  the  amplitude-tapered  array  used  as  the 
model.  The  square  of  the  field-intensity  pattern  is  the  power  pattern,  or 
radiation  pattern,  and  is 

(6.i9) 

=  E  E  FnFm  exp  j (\pn  —  \pm) 

n  m 

where  f* (6 ,<j>)  denotes  the  complex  conjugate.  There  is  a  theorem  in  statistics 
which  states  that  the  mean  of  a  product  of  statistically  independent  random 
variables  is  equal  to  the  product  of  the  means  of  those  random  variables.  The 
variables  Fn  and  Fm  in  (6.19)  are  independent  if  and  only  if  n  ^  m.  If  n  =  m, 
they  are,  of  course,  identical  and  not  independent.  Therefore,  the  double 
summation  is  separated  into  terms  with  n  =  m  and  terms  with  n  ^  ra,  and  the 
average  is  taken  as  follows: 

If  =  T.FJ  +  y  X)  FnFm  exp  -  tm)  (6.20) 

n  n  m 

riy^m 

Since  the  values  of  Fn  are  either  0  or  1,  Fn 2  =  Fn  and  the  first  summation 
of  (6.20)  becomes 

TJI2  =  I^  =  Ei.  (6.21) 

n  n  n 

Using  the  theorem  mentioned  above,  the  second  summation  of  (6.20)  involving 
terms  with  n  ^  m  becomes 

E  E  A„Am  exp  jty n  -  4,m)  (6.22) 

n  m 
n^m 

This  is  simply  the  power  pattern  corresponding  to  the  model  array  of  (6.17) 
except  that  the  terms  with  n  =  m  are  missing.  When  these  terms  are  restored 
and  subtracted  from  the  result,  the  following  average  power  pattern  for  the 
density-tapered  array  is  obtained: 

W(M?  =  \MeM  +  E  M 1  -  An)  (6.23) 

n 

where  !/o(0,$)i2  is  the  power  pattern  of  the  model  array  with  the  amplitude 
taper  An  applied. 

The  first  term  of  the  average  radiation  (power)  pattern  of  (6.23)  is  the  same 
as  the  radiation  pattern  of  the  model  amplitude-tapered  array  which  depends 
on  the  aperture  illumination  An.  The  second  term  is  independent  of  angle  and 
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depends  only  on  the  model  aperture  illumination  and  the  number  of  elements. 
Thus  the  average  radiation  pattern  can  be  predicted  from  a  knowledge  of  the 
model  amplitude  taper  An.  The  second  term  of  (6.23)  defines  the  average  level 
of  the  statistical  side  lobes.  This  term  dominates  the  pattern  outside  the 
vicinity  of  the  main  beam  and  the  near-in  side  lobes. 

An  example  of  a  radiation  pattern  of  a  statistical  density-tapered  array  is 
shown  in  Fig.  6.6.  The  solid  curve  is  the  computed  radiation  pattern  in  one 
principal  plane  of  a  50- wavelength-diameter  circular  aperture  array  containing 
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u  ~  sin  0  —  sin  90 


Fig.  6.6  Statistical  density-taper  radiation  pattern  designed  with  a  30-db 
Taylor  distribution  as  the  model. 
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3,773  elements.  The  model  aperture  illumination  is  a  Taylor  circular  distribu¬ 
tion  designed  to  give  30-db  near-in  side  lobes  (n  =  3).  The  array  was  naturally 
thinned  ( k  =1)  and,  if  filled,  would  have  contained  about  7,800  elements. 
Consequently,  the  degree  of  thinning  is  about  50  percent.  The  dashed  pattern 
is  that  of  the  model  aperture  illumination.  The  predicted  average  statistical 
side-lobe  level  [second  term  of  (6.23)]  is  also  shown.  Close  to  the  main  beam  the 
pattern  is  determined  by  the  model  pattern,  but  in  the  angular  region  removed 
from  the  main  beam  the  statistical  average  pattern  dominates.  The  side  lobes 
of  the  density-tapered  array  are  seen  to  be  higher  than  those  of  the  model 
pattern.  Thus  the  gain  of  the  density-tapered  array  will  be  less,  in  general, 
than  that  of  the  amplitude-tapered  array  that  is  used  as  the  model.  With 
natural  thinning  this  difference  might  not  be  too  large  when  it  is  considered 
that  the  differences  in  the  two  side-lobe  patterns  are  not  large  when  measured 
on  an  absolute  scale  (rather  than  a  decibel  scale),  even  though  the  differences 
may  appear  impressive  with  the  logarithmic  ordinate  on  which  the  pattern  is 
plotted.  Furthermore,  the  low  side  lobes  predicted  for  the  amplitude-tapered 
array  might  not  always  be  achieved  in  practice  because  of  the  ever-present 
imprecision  which  enters  into  the  construction  of  practical  antennas  (Sec.  6.6). 
Figure  6.7  gives  the  location  of  elements  for  the  particular  array  whose  pattern 
is  shown  in  Fig.  6.6. 

As  with  any  statistical  process,  there  must  be  enough  “samples”  to  ensure 
statistical  regularity.  Thus  the  statistical  density-taper  design  requires  that 
the  array  contain  a  sufficient  number  of  elements.  Empirically,  it  has  been 
found  that  arrays  of  more  than  100  elements  are  probably  adequate  for  apply¬ 
ing  this  technique,  but  arrays  with  as  few  as  25  elements  are  like^  to  result  in 
poorer  patterns  with  the  statistical  design  than  with  other  methods.  For  this 
reason  statistical  density  taper  is  more  applicable  to  the  design  of  large  planar 
arrays  than  of  linear  arrays  with  only  a  moderate  number  of  elements.  In 
practice  it  is  found  that,  for  linear  arrays,  the  deterministic  density  taper  is 
slightly^  better  than  the  statistical  density  taper.  However,  other  methods  (for 
example,  dynamic  programming)  usually  produce  better  designs  for  linear 
arrays  than  either  type  of  density  taper.  Although  both  density-taper  tech¬ 
niques  are  of  academic  interest,  the  statistical  density  taper  has  had  applica¬ 
tion  in  large  array  implementations;  notably  the  Bendix  Corporation  ESAR 
array,  which  contains  760  unequally  spaced  elements  arranged  within  a  50- 
wavelength-diameter  circular  aperture  capable  of  8,000  elements  if  fully  filled. 

It  is  of  interest  to  note  the  basic  difference  between  the  radiation  patterns 
obtained  by  the  two  density-taper  methods.  Equation  (6.23)  predicts  that  the 
average  pattern  of  the  statistical  density  taper  is  the  superposition  of  the  model 
pattern  and  a  statistical  side-lobe  pattern  whose  average  value  is  independent 
of  angle.  Thus  for  angles  beyond  those  corresponding  to  the  near-in  side  lobes 
the  side-lobe  level  should  be,  on  the  average,  uniform.  (However,  in  any 
particular  design,  statistical  variation  about  the  average  is  to  be  expected.) 
With  the  deterministic  density-taper  method  the  pattern  in  the  vicinity  of  the 
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main  beam  is  essentially  that  of  the  model  pattern,  just  as  with  the  statistical 
design.  But  as  the  angle  increases  from  the  main  beam  the  side  lobes  rise  and 
become  progressively  worse  because  the  model  pattern  and  the  density-taper 
pattern  are  least-mean-square  fits  with  a  weighting  inversely  proportional  to 
the  square  of  the  angle. 
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Fig.  6.7  Actual  locations  of  elements  determined  statistically  for  the  naturally  thinned 
30-db  density-taper  array  whose  pattern  is  shown  in  Fig.  6.6. 


6.5  Missing  Elements  in  Equally  Spaced  Arrays 

It  was  seen  in  the  preceding  section  that  the  unequally  spaced  array  de¬ 
signed  with  a  statistical  density  taper  can  be  considered  as  a  filled  array  of 
equally  excited,  equally  spaced  elements  in  which  elements  are  removed  at 
random  (or  not  included  in  the  first  place)  according  to  some  specified  probabil- 


226 


ANTENNA  THEORY 


ity  criterion.  The  results  of  the  preceding  section  may  also  be  applied  to  pre¬ 
dict  the  effect  of  random  element  failures  in  large  arrays  with  equally  excited 
elements.  Although  many  arrays  are  designed  with  an  amplitude  taper 
rather  than  equally  excited  elements,  the  analysis  of  the  antenna  with  equally 
excited  elements  is  included  here  because  it  is  a  straightforward  extension  of 
the  work  already  developed.  It  is  a  convenient  means  for  obtaining  an  insight 
into  this  problem  without  resorting  to  the  more  complete  analysis  required  to 
account  for  random  element  failure  in  arrays  with  amplitude  taper.  (This  is 
reserved  for  the  next  section.)  The  results  for  equally  excited  elements  are 
qualitatively  not  too  unlike  those  for  amplitude-tapered  arrays. 

In  any  practical  phased  array,  failures  can  be  expected  in  the  individual  ele¬ 
ments.  This  is  especially  true  if  the  elements  contain  some  active  device  such 
as  a  transmitter  or  a  receiver.  The  phase  shifter  can  also  be  a  source  of  failure. 
Although  the  failure  of  a  few  elements  in  a  large  array  is  not  likely  to  affect  the 
radiation  pattern  sufficiently  to  be  noticed,  eventually  the  failure  of  enough 
elements  will  result  in  a  degradation  that  must  be  corrected.  (Unfortunately, 
the  fact  that  an  array  can  tolerate  a  certain  amount  of  element  failures  can 
lead  to  the  implementation  of  a  marginal  array.  It  is  sometimes  argued  that  if 
10  percent  failure  of  elements  can  be  tolerated,  then  these  elements  may  be  left 
out  of  the  array  in  the  first  place.  Failure  of  10  percent  of  the  elements  from 
this  “starved”  array  might  then  be  of  concern.) 

The  accidental  failure  of  elements  in  an  equally  excited  array  results  in  a 
thinned  array  and  can  be  considered  as  a  statistical  density  taper  where  the 
model  aperture  illumination  is  uniform  and  of  a  value  which  accounts  for  the 
probability  of  an  element  failure.  The  model  aperture  distribution  is  An  =  1, 
and  the  factor  k  <  1  of  the  preceding  section  is  the  probability  that  a  particular 
element  location  will  contain  a  working  element.  The  fraction  of  elements  that 
fail  is  1  —  k. 

The  average  radiation  (power)  pattern  of  the  statistical  density-taper  array 
with  the  factor  k  included  is 

_  N 

i/(0,<W|2  =  k*\fo(e,<t>)\*  +  £  IcA „ ( 1  -  kAn)  (6.24) 

n  —  1 

where  j/o(0,0)I2  is  the  radiation  pattern  of  the  filled  array  with  aperture  illumi¬ 
nation  An.  With  equally  excited  elements  An  =  1  and  the  radiation  pattern  is 

\im?  =  £2I/o(M)I2  +  (k~  k2)N  (6.25) 

Thus  the  effect  of  random  failures  is  to  cause  a  reduction  of  k2  in  the  peak  of  the 
no-error  pattern  (because  less  energy  is  radiated)  and  to  produce  a  statistically 
uniform,  average  side-lobe  level  (independent  of  angle)  superimposed  on  the 
side  lobes  of  the  original  pattern.  Assuming  the  side  lobes  of  the  original  pat¬ 
tern  decrease  with  increasing  angle  (as  they  do  for  an  equally  excited  array 
with  half-wave  spacing  between  elements),  the  statistical  side  lobes  will 

eventually  dominate  the  side  lobes  of  the  original  pattern  at  angles  far  enough 

( 
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removed  from  the  main  beam.  Consider  the  case  when  10  percent  of  the  ele¬ 
ments  of  an  equally  excited  planar  array  randomly  fail.  The  fraction  of  the 
elements  remaining  is  thus  k  =  0.9.  Assuming  the  original  no-error  array  con¬ 
sisted  of  10,000  isotropic  elements,  the  peak  intensity  would  be  reduced  by  a 
factor  of  0.81,  from  a  value  of  108  to  8.1  X  107,  in  the  units  appropriate  to 
(6.25).  The  average  statistical  side  lobes  on  this  scale  would  be  900  according 
to  the  second  term  of  (6.25).  There  will,  of  course,  be  statistical  variations 
about  this  value.  The  average  statistical  side  lobes,  however,  are  almost  50  db 
down  from  the  main  beam.  The  gain  of  the  array  is  reduced  in  proportion  to 
the  number  of  elements  removed,  so  that  the  10,000-element  array  with  40  db 
gain  is  reduced  to  39  db  when  10  percent  of  the  elements  are  removed.  If 
30  percent  of  the  elements  fail,  the  peak  intensity  will  be  4.9  X  107  in  units 
appropriate  to  (6.25)  and  the  average  side  lobe  level  will  be  2,100,  with  the 
result  that  the  average  side-lobe  intensity  will  be  —43.6  db  relative  to  the 
peak  intensity. 

Only  the  average  level  of  the  statistical  side  lobes  has  been  considered.  It  is 
sometimes  important  to  know  the  variation  to  be  expected  about  the  average. 
This  is  described  by  the  variance  which  may  be  obtained  from  a  knowledge  of 
the  probability  density  function  describing  the  behavior  of  the  statistical 
side  lobes. 


Rando: 


Errors  in  Arrays 


One  of  the  fundamental  principles  of  antenna  theory  is  that  the  radiation 
pattern  is  determined  by  the  amplitude  and  phase  of  the  alternating  currents 
along  the  aperture  (Chap.  3).  The  antenna  designer  can,  in  principle,  specify 
the  form  of  the  current  across  the  aperture  and  expect  the  resulting  radiation 
pattern  to  be  as  predicted.  In  practice,  however,  there  will  be  unavoidable 
errors  in  the  currents  excited  on  the  aperture  and  the  actual  radiation  pattern 
will  differ  from  the  theoretical.  The  agreement  between  the  two  depends  on 
how  well  the  desired  distribution  of  current  across  the  aperture  can  be  achieved. 

Errors  in  the  aperture  currents  can  be  divided  into  two  types  depending  on 
whether  they  are  predictable  or  random.  An  example  of  a  predictable  error  is 
the  finite  quantization  of  the  phase  produced  by  a  digital  phase  shifter.  An¬ 
other  example  is  the  step  approximation  to  the  linear  phase  shift  introduced  by 
an  array  consisting  of  subarrays.  The  effects  of  such  errors  are  predictable, 
and  the  resulting  radiation  pattern  can  be  computed  by  classical  methods  from 
a  knowledge  of  the  array  design. 

Random  errors  are  caused  by  the  accidental  deviations  of  the  antenna 
parameters  from  their  design  value.  Although  they  may  be  small,  they  are 
ever-present  and  can  limit  the  minimum  side-lobe  level  that  can  be  achieved 
just  as  random  noise  limits  the  sensitivity  of  a  radio  receiver.  Random  errors 
cause  a  rise  in  the  side-lobe  level,  a  reduction  in  the  gain,  and  an  error  in  the 
direction  of  the  main  beam.  Only  the  first  two  will  be  considered  here. 
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If  errors  in  an  existing  antenna  can  be  measured,  the  pattern  can  be  cal¬ 
culated  in  the  classical  manner.  It  is  not  possible,  however,  to  know  the  exact 
nature  of  the  random  errors  that  might  be  encountered  in  some  particular 
antenna  from  a  knowledge  of  its  design.  The  actual  existence  of  the  antenna  is 
necessary.  It  is  possible,  however,  to  predict  in  statistical  terms  the  pattern 
behavior  of  a  collection,  or  ensemble,  of  antennas.  The  average,  or  expected, 
value  of  the  pattern  and  the  standard  deviation  about  the  average  are  used  to 
describe  the  antenna  performance.  More  generally,  the  statistical  character  of 
the  array  pattern  due  to  random  errors  can  be  described  by  the  probability 
density  junction.  The  statistical  description  of  random  errors  cannot  be  applied 
to  any  particular  antenna  but  applies  to  the  collection  of  similar  antennas  whose 
errors  are  described  by  the  same  statistical  parameters. 

The  calculation  of  the  effect  of  random  errors  in  array  antennas  requires  the 
application  of  probability  theory,  in  particular  the  concept  of  the  probability 
density  function  and  the  calculation  of  the  average  value.  It  is  realized  that 
probability  theory  is  not  generally  one  of  the  more  familiar  working  tools  of  the 
antenna  engineer.  However,  the  mathematics  needed  for  the  understanding 
of  errors  in  arrays  is  often  introduced  to  the  electrical  engineering  student  in 
courses  in  information  theory  or  the  statistical  theory  of  communications  and 
is  similar  to  the  mathematics  used  in  the  discussion  of  the  statistical  density 
taper  in  Sec.  6.4.  Therefore,  rather  than  review  the  required  probability 
theory,  the  necessary  concepts  will  be  stated  as  needed  in  the  discussion. 

An  array  antenna  radiation  pattern  might  differ  from  the  desired  pattern 
because  of  (1)  errors  in  the  amplitude  of  the  currents  at  each  element,  (2) 
errors  in  the  phase  of  the  current,  (3)  missing  elements  (due  to  catastrophic 
failure),  (4)  rotation  of  the  radiating  elements,  (5)  translational  errors  in  the 
element  location,  and  (6)  errors  in  the  radiation  pattern  of  each  element.  Al¬ 
though  all  of  these  have  been  treated  in  the  literature,6'10  only  the  first  three 
will  be  discussed  here.  A  special  case  of  an  array  with  missing  elements  was  the 
subject  of  Sec.  6.5.  The  analysis  presented  in  this  section  is  based,  in  large 
part,  on  the  basic  work  of  Ruze6  and  the  extensions  made  by  Allen.7  In  the 
following  the  average  radiation  (power)  pattern  will  be  derived  by  taking 
account  of  phase  and  amplitude  errors  as  well  as  missing  elements.  Those 
wishing  to  avoid  the  derivation  may  skip  over  to  (6.40) ,  the  expression  for  the 
average  radiation  pattern. 

The  array  factor  of  a  planar  array  of  M  by  N  isotropic  elements,  arranged  on 
a  rectangular  grid  in  the  xy  plane  with  equal  spacing  d  between  the  elements, 
can  be  written 

M  N 

/(M)  =  2Z  Cn  exp  [jkQd  sin  9(m  cos  0  +  n  sin  <£)]  (6.26) 

m=  1  n= 1 

where  tmn  is  the  current  at  the  ninth  element,  kQ  =  2w/\0}  A0  =  wavelength, 
and  6,  <t>  define  the  usual  angular  coordinate  system  (see,  for  example,  the  co¬ 
ordinate  system  of  Fig.  2.1).  The  field  intensity  is  proportional  to  f(®,<j>).  The 
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radiation,  or  power,  pattern  (which  is  proportional  to  the  radiation  intensity) 
is  obtained  by  multiplying  (6.26)  by  its  complex  conjugate 


E  E  Z  Z  CnC  exP  {jkd  sin  8[(m 

m— \  n  = 1  p— 1  g=l 


—  p)  COS  <j) 

+  (n  —  q)  sin  6 


(6.27) 


The  currents  %mn  (and  ipq)  are  the  actual  currents  at  the  elements  and  are  re¬ 
lated  to  the  desired  (no-error)  currents  imn  in  the  following  manner 


7 

vmn 


imn y  ?nn  (1  +  A 

mn  )  exp  (jS  mn) 


(6.28) 


where  Amn  is  the  fractional  error  in  the  amplitude  of  the  current  at  the  mnth 
element  and  8mn  is  the  error  in  the  phase  (measured  in  radians)  at  each  element. 
The  average  value  of  the  phase  error  5  and  amplitude  error  A  is  assumed  to  be 
zero.  The  phase  and  amplitude  errors  at  any  element  are  taken  to  be  inde¬ 
pendent  of  the  errors  in  any  other  element.  The  factor  rmn  accounts  for  missing 
elements  such  as  might  be  caused  by  catastrophic  failure.  It  has  the  value  of 
unity  with  probability  Pe  and  the  value  zero  with  probability  1  —  Pe.  Thus 
the  probability  of  the  element  mn  being  operative  is  designated  Pe  and  is  as¬ 
sumed  to  be  independent  of  the  location  of  the  element  within  the  array.  The 
probability  Pe  is  also  equal  to  the  average  fractional  number  of  elements  that 
remain  operating  and  is  similar  to  the  parameter  k  introduced  in  Sec.  6.5. 

Inserting  the  current  as  given  by  (6.28)  into  the  power  pattern  expression 
of  (6.27)  yields 

M  N  M  N 

!/($>$)  |~  =  imnipqf mn? pg  ( 1  T"  Amn)(l  T  A pq)  exp  [j (8mn  $pq)] 

m— 1 n= 1 p— l 3=1 

exp  {jkod  sin  6[(m  —  p)  cos  <j>  +  (n  —  q)  sin  <f>]  |  (6.29) 

The  power  pattern  of  (6.29)  is  statistical,  since  r,  A,  and  8  are  statistical.  The 
average  power  pattern  may  be  considered  as  the  average  of  a  large  number  of 
similar  arrays  whose  errors  are  governed  by  the  same  statistical  laws  and 
parameters.  In  obtaining  the  average  of  (6.29)  it  is  convenient  to  separate  the 
summation  into  two  parts  by  separating  those  terms  in  which  m  =  p,  n  =  q 
from  the  remaining  terms  in  which  m  ^  p ,  n  7^  q .  This  is  done  so  that  use  can 
be  made  of  the  theorem  in  probability  theory  which  states  that  the  mean  of  a 
product  of  statistically  independent  random  variables  is  equal  to  the  product  of 
the  means  of  these  random  variables.  The  variables  A and  Apq  are  indepen¬ 
dent  if  and  only  if  m  ^  p,  n  7^  q . 

Considering  only  those  terms  in  the  power  pattern  \f(6,<t>)  |2  which  are 
statistically  independent  and  applying  the  theorem  mentioned  above  gives 
an  average  contribution 

,/(^>$)  \^m^p,n^q  P  e"  ^  ^  i mnipq  eXp  [ j(8mn  5pg)] 

77i  n  p  q 
( m  ?±p,n  j^q) 

exp  {jkQd  sin  9[(m  —  p)  cos  <f>  +  (n  —  q)  sin  <£]}  (6.30) 
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In  obtaining  the  above,  use  was  made  of  the  assumption  that  Amn  =  0  and 
Apq  =  0  and  that  rmn  =  rpq  —  Pe.  It  remains  to  evaluate  the  average  of  the 
exponential  factor  involving  the  difference  of  the  phase  errors.  Most  of  the 
analysis  is  involved  in  this  task.  To  evaluate  the  average  a  description  must 
be  given  of  the  statistical  behavior  of  the  random  phase  error  5mn  (or  8pq).  It  is 
assumed  that  the  phase  error  8  (the  subscripts  are  dropped  for  simplicity)  is 
described  by  the  gaussian  probability  density  function  with  zero  mean 


(6.31) 


where  82  is  the  variance  (generally  denoted  a2)  or  mean-square  value  of  the 
deviation  about  the  average  (the  average  in  this  case  is  zero).  The  probability 
density  function  pi(8),  when  multiplied  by  the  infinitesimal  c/5,  gives  the  proba¬ 
bility  of  finding  the  variable  5  between  the  values  of  5  and  5  +  d8.  The  gaussian 
probability  density  function  is  chosen  not  only  for  mathematical  convenience 
but  also  because  it  is  a  good  description  of  many  types  of  errors  that  occur  in 
practice.  The  gaussian  assumption  will  be  asymptotically  true  if  the  phase 
error  5  is  due  to  a  number  of  causes  and  such  errors  are  small  so  that  a  linear 
relation  exists  between  the  cause  of  the  phase  error  and  the  error  itself. 

Let  y  —  8mn  —  5pg  so  that  the  problem  becomes  that  of  finding  the  average 
value  of  exp  (jy).  From  the  definition  of  the  average  value  we  get 

_  r 00 

exp  (jy)  =  /  exp  (jy)p(y)  dy  (6.32) 

J  —  oo 


where  p(y)  is  the  probability  density  function  for  the  variable  y.  The  probabil¬ 
ity  density  function  for  5  is  given  by  (6.31)  and  is  needed  in  determining  p(y). 
The  variable  y  is  a  function  of  two  independent  variables  8mn  and  8pq  (by  defini¬ 
tion  they  are  independent  so  long  as  m  ^  p,  n  ^  q).  The  joint  probability 
density  function  for  the  two  independent  variables  is  the  product 


p($mnfipq)  Pi  ($mn)Pl  (5pq)  Pity  H-  &pq)Pl(^pq)  (6.33) 


The  density  function  p(y)  can  be  found  by  integrating  the  above  over  the 
variable  8pq  =  8. 

p(y)=  Pi(y  +  5)pi(5)  d8  (6.34) 

J  — oo 


By  substituting  pi(5)  as  given  by  (6.31)  into  the  integral  for  pty),  the  reader 
can  verity  that  the  desired  probability  density  function  is 


(6.35) 


The  integral  of  (6.32)  for  the  average  value  of  the  exponent  may  be 
written  as 


exp 


/. 


co 


f  * 

/  sin  y  p(y)  dy 


oo 


(6.36) 
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The  second  term  is  equal  to  zero.  (Why?)  Substituting  the  probability  density 
function  of  (6.35)  into  the  first  term  and  performing  the  integration  by  using 
(863.3)  of  Dwight11  gives 

exp  ( jy )  =  cosy  =  exp  —  52  (6.37) 

By  substituting  this  result  back  into  the  expression  of  (6.30),  the  average  value 
of  the  power  pattern  for  those  terms  in  which  m  p ,  n  q  is  found.  We  hold 
this  result  in  abeyance  and  next  consider  the  remaining  terms  of  the  power 
pattern  expression  not  included  in  (6.30). 

When  m  =  p,  n  =  q  in  the  power  pattern  of  (6.29),  the  average  value  of 
these  terms  becomes 


_  M  N _ 

f(8,<l>)\m=p,n=q  _=  X/  fmnVmn2  (1  +  Amn)2 

rn—  1  7i  =1 

=  Pe(  1  +  A^5)  E  E  W2 

m  n 


(6.38) 


where  use  has  been  made  of  the  statistical  independence  between  the  amplitude 
errors  and  the  probability  of  a  missing  element.  Since  rmn  takes  on  only  the 
values  0  or  1,  rmn 2  =  rmn  —  Pe ,  the  probability  that  any  particular  element  will 
be  present. 

The  average  power  pattern  is  given  by  the  sum  of  (6.38)  and  (6.30)  (with 
6.37  included  in  6.30).  Combining  the  two  equations  gives 

1  f(0,4>)  I2  =  Pc  exp  (^T2)  E  E  E  E  imJpv 

m  n  p  q 

(m  p^pfn  j*q) 

exp  \jk0d  sin  6[(m  —  p)  cos  <j>  +  (n  —  q)  sin  <^]} 

+  P.(  1  +  A5)  E  E  (6.39) 

m  n 

The  first  summation  is  similar  to  the  no-error  power  pattern  [(6.27)  with  imn 
and  ipq  substituted  instead  of  tmn]  and  ivq  except  that  the  terms  with  m  —  p 
and  n  —  q  are  missing.  Adding  these  terms  to  the  first  summation  to  obtain 
the  no-error  power  pattern  |/o(0,<£))2  and  subtracting  them  as  a  separate  term  so 
as  not  to  include  them  twice,  the  average  power  pattern  becomes 

IM <W I2  =  P c2  exp  (  — 6^)[/o(0,0)|2 

+  [(1  +  A ?)Pe  -  P/  exp  (=?)]  E  E  imn2  (6.40) 

m  n 

This  is  the  sought-for  result.  Thus  the  effect  of  random  errors  is  to  produce 
an  average  power  pattern  that  is  the  superposition  of  two  terms.  One  term  is 
the  no-error  power  pattern  multiplied  by  the  square  of  the  fraction  of  elements 
remaining  and  by  a  factor  proportional  to  the  phase  error.  The  other  term 
depends  on  both  the  amplitude  and  the  phase  errors  as  well  as  on  the  fraction  of 
elements  remaining.  It  also  depends  on  the  aperture  illumination,  but  it  is  in¬ 
dependent  of  the  angular  coordinates  6 ,  <j>.  This  second  term  can  be  thought  of 
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as  a  “statistically  omnidirectional”  pattern.  It  causes  the  far-out  side  lobes  to 
differ  in  the  presence  of  error  as  compared  with  the  no-error  pattern.  The 
shapes  of  the  main  lobe  and  the  near-in  side  lobes,  however,  are  relatively  un¬ 
affected  by  errors.  Note  that  when  the  phase  and  amplitude  errors  are  zero, 
and  if  the  aperture  illumination  is  uniform  (imn  =  1),  the  expression  for  the 
average  power  pattern  reduces  to  that  of  (6.25)  (with  Pe  =  k)  derived  in 
Sec.  6.5  in  a  different  manner. 

For  Pe  =  1  and  small  errors  the  normalized  pattern  is 


m<t>)\2  =  \fo(6M  +  (A2  +  52) 


(6.41) 


This  is  the  expression  originally  derived  by  Ruze.6  For  a  given  error,  the 
second  term  of  (6.41)  indicates  that  the  larger  the  number  of  elements  the 
smaller  will  be  the  statistical  side-lobe  level. 

The  average  power  pattern  is,  of  course,  never  realized  in  practice.  It  repre¬ 
sents  the  average  pattern  of  many  similar  arrays.  The  pattern  of  any 
particular  array  will  exhibit  variation  about  the  mean.  Although  it  will  not  be 
proved  here,  the  statistics  of  the  field-intensity  pattern  can  be  described  by  the 
modified  Rayleigh  probability  density  function 


(a2  +  v2) 

v2 


(6.42) 


where  p(v)  dv  is  the  probability  of  the  field  intensity  (at  some  particular  angle) 
lying  within  the  value  of  v  and  v  +  dv ,  a2  =  first  term  of  (6.41),  a2  =  second 
term  of  (6.41),  and  /q(*)  is  the  modified  Bessel  function  of  the  first  kind. 
[Note  that  (6.42)  is  the  same  distribution  that  describes  the  statistics  of  the 
output  envelope  of  a  narrow-band  filter  when  the  input  is  noise  of  mean-square 
value  <r2/2  and  a  sine  wave  of  amplitude  a.] 

When  the  errors  are  small  (a2  a2),  (6.42)  approaches  the  gaussian  proba¬ 

bility.  This  applies  in  the  vicinity  of  the  main  beam  where  the  no-error  pattern 
is  large  compared  with  the  statistical  side-lobe  pattern.  For  large  errors 
(a2  o'2)  the  original  minor-lobe  radiation  may  be  neglected  and  (6.42)  ap¬ 

proaches  the  modified  Rayleigh  density  function 

p(v)  =  ~  exp  (-^-)  (6.43) 

From  a  knowledge  of  the  probability  density  function  the  probability  that  the 
field  intensity  at  angle  (0,<£)  will  exceed  a  specified  value  v0  may  be  computed 
as  follows: 

-  CO 

Probability  (v  >  vQ)  =  f  p(v)  dv  (6.44) 


In  that  portion  of  the  radiation  pattern  where  the  side  lobes  are  determined  by 
the  statistical  pattern  rather  than  by  the  no-error  pattern  ( a 2  <3C  a2)  the  proba- 
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bility  that  a  particular  side-lobe  level  vQ  is  exceeded  is  found  by  substituting  the 
Rayleigh  probability  density  function  of  (6.43)  into  (6.44). 


Probability  (v  >  v0)  —  exp 


(6.45) 


The  probability  that  the  field  intensity  exceeds  twice  the  average  statistical 
field  intensity  (exceeds  the  average  by  6  db)  is  1.8  percent.  The  probability  of 
it  exceeding  a  value  8  db  above  the  average  is  0.18  percent,  while  the  probabil¬ 
ity  of  it  exceeding  the  average  is  36.8  percent. 

Errors  in  arrays  can  also  cause  a  reduction  in  the  gain  (directivity)  of  an 
antenna.  By  substituting  the  radiation  intensity  of  (6.40)  into  the  definition 
of  directivity  [Eq.  (2.8)],  the  reader  can  show  as  an  exercise  that 


D  =  Pe  ^  Pe 

Do  (1  +  A2)  exp  (-¥)  1  +  A2  +  J2 


(6.46) 


where  D  is  the  directivity  of  the  array  with  errors,  D0  is  the  no-error  directivity, 
Pe ,  as  before,  is  the  probability  that  any  particular  element  will  be  present,  A2 
is  the  mean-square  amplitude  error,  and  52  is  the  mean-square  phase  error.  In 
the  derivation  of  (6.46)  it  was  assumed  that  the  statistical  side-lobe  level  could 
be  neglected  compared  with  the  peak  intensity  in  the  numerator  of  the  ex¬ 
pression  for  directivity.  Note  that  the  relative  reduction  in  directivity  is  inde¬ 
pendent  of  the  number  of  elements  and  depends  only  on  the  mean-square 
value  of  the  errors  and  the  fraction  of  elements  that  remain. 

The  effect  of  errors  on  the  direction  in  which  the  beam  points  can  also  be 
derived  but  will  not  be  derived  here.7-9  The  assumption  that  the  elements  are 
isotropic  radiators  can  be  removed  and  the  element  factor  properly  taken  into 
account.7  These  and  other  more  detailed  analyses  of  the  effect  of  errors  on 
array  antennas  may  be  found  in  the  literature. 


PROBLEMS 

6.1  Determine  the  spacings  of  an  11-element  linear  array  designed  with  a  model 
amplitude  taper  io(x)  =  1.0  +  0.4  cos  (27rx/a),  where  x  is  the  distance  from  the  array 
center  and  a  is  the  aperture  size,  both  measured  in  wavelengths.  Assume  a  =  20 
wavelengths. 

6.2  Derive  the  average  power  pattern  of  a  statistical  density-taper  array  when  k  t*  1. 
[Answer:  Eq.  (6.24)] 

6.3  If  a  1-db  reduction  in  directivity  is  allowed  with  a  100-element  uniform  amplitude 
illumination  array,  what  rms  value  may  be  specified  for  the  phase  error,  assuming  no 

amplitude  error  and  no  missing  elements?  What  amplitude  error,  if  52  =  0,  Pe  =  0? 

What  Pef  if  A2  =  0,  52  =  0?  Repeat  for  a  10,000-element  array. 

6.4  Show  that  the  average  directivity  of  a  statistical  density-taper  array  of  isotropic 

elements  is  approximately  equal  to  the  average  number  Ne  of  elements  remaining. 
[Assume  the  directivity  of  the  model  amplitude-tapered  filled  array  is  (2 A„)2/2A„2 

_  Ar 

and  use  the  fact  that  Ne  =  ^2  Ani  where  the  symbols  are  as  defined  in  Sec.  6.4.] 
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CHAPTER  7 


ANTENNA  PATTERN  SYNTHESIS 

A.  C.  Schell  and  A.  Ishimaru 


7.1  Introduction 

Most  of  this  book  is  concerned  with  the  determination  of  the  radiation 
characteristics  of  a  given  current  distribution  on  an  antenna.  The  assessment 
of  these  characteristics  can  be  termed  the  analysis  of  antennas.  A  comple¬ 
mentary  problem  is  the  one  of  determining  the  antenna  that  produces  a  given 
radiation  characteristic.  Because  this  problem  involves  procedures  that  are 
inverse  to  those  of  analysis,  we  shall  describe  it  as  the  synthesis  problem,  or 
simply  as  antenna  pattern  synthesis. 

The  synthesis  of  antenna  patterns  has  analogies  in  the  fields  of  circuit  theory 
and  waveform  construction.  In  these  fields  we  may  analyze  the  outputs  of  a 
number  of  networks  and  choose  the  most  desirable  among  them,  or  we  may 
attempt  the  inverse  (and  often  more  difficult)  problem  of  finding  the  network 
that  produces  the  desired  output  as  nearly  as  possible.  Frequently  the  output 
of  a  network  is  assumed  to  extend  over  an  infinite  range  of  time;  however,  in 
antenna  synthesis,  the  radiation  pattern  extends  over  a  finite  range  of  angle. 
This  distinction  has  caused  a  great  deal  of  controversy  regarding  the  applica¬ 
bility  of  network  theory  techniques  to  antennas  and  has  pointed  out  the  need 
for  the  ratio  of  reactive  to  radiative  power  to  be  determined,  at  least  approxi¬ 
mately,  for  a  given  antenna  pattern  synthesis  result. 

There  are  many  methods  of  antenna  pattern  synthesis.  At  first  glance,  it 
might  appear  that  many  of  these  methods  are  duplicates  and  that  there  is  little 
or  no  distinction  between  them.  This  is  not  the  case.  Each  method  of  synthe¬ 
sis  is  developed  in  response  to  a  given  class  of  problems.  It  should  be  clear  that 
one  has  no  a  priori  assurance  that  the  technique  for  determining  the  best  linear 
array  will  yield  the  optimum  aperture  distribution  on  a  curved  surface.  It  is 
necessary  to  judge  synthesis  techniques  in  the  light  of  the  intended  use  of  the 
antenna;  otherwise,  the  word  optimum  has  little  or  no  meaning.  To  distinguish 
among  techniques,  we  shall  divide  the  synthesis  problems  into  two  parts. 

The  first  part  is  the  approximation  problem.  Each  antenna  is  intended  to 
meet  the  requirements  for  a  given  set  of  system  applications.  These  require¬ 
ments  are  stated  in  terms  of  the  impedance  characteristics,  the  size  and  shape 
of  the  overall  structure,  and  the  radiation  pattern.  The  desired  pattern  state¬ 
ment  is  invariably  given  such  that  it  cannot  be  exactly  satisfied  by  a  realistic 
antenna.  For  example,  the  desired  pattern  may  be  one  with  sharp  corners  or  no 
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side  lobes  or  an  arbitrarily  narrow  beam.  The  desired  pattern  must  be  approxi¬ 
mated  by  a  functional  representation  that  is  consistent  with  the  general  type 
of  antenna  under  consideration  and  that  satisfies  the  error  conditions  that  are 
relevant.  Thus  the  first  part  of  the  synthesis  procedure,  the  approximation, 
requires  the  use  of  pertinent  criteria.  Some  representative  criteria  are: 

1.  The  gaussian,  or  minimum-mean-square-error  match.1  This  basic  criterion 
is  the  error  measure  for  the  finite  Fourier  series  approximation  of  any  piece- 
wise  continuous  function.  Because  the  use  of  a  truncated  Fourier  series  pro¬ 
vides  the  best  fit  in  the  mean-square  sense,  the  application  of  this  criterion  to  a 
desired  field  pattern  results  in  the  best  use  of  the  available  aperture  power  to 
match  the  desired  pattern.  Thus,  the  Fourier  series  approximation  provides 
the  maximum-gain  answer  to  the  approximation  of  a  point  source  function. 
(There  are  exceptions  to  this  rule  that  are  relevant  when  Fourier  transforms  do 
not  accurately  describe  the  relation  between  far-field  and  antenna  current 
distribution,  but  they  are  not  germaine  here.) 

The  gaussian  error  criterion  is  an  average-error  measure:  it  does  not  specify 
the  excursion  of  the  approximation  function  from  the  desired  function  at  any 
arbitrary  point.  In  the  vicinity  of  a  discontinuity  or  impulsive  behavior  of  the 
desired  pattern,  there  occur  ripples  or  lobes  that  are  the  result  of  the  slow  rate 
of  decrease  of  the  coefficients  of  the  higher  terms  of  the  approximating  series. 
These  oscillations  near  discontinuities,  commonly  referred  to  as  the  Gibbs 
phenomenon,  are  an  inevitable  result  of  mean-square-error  matching,  and  it  is 
often  necessary  to  modify  either  the  desired  pattern  or  the  approximating 
function  to  reduce  them. 

2.  The  Chebyshev ,  or  minimum-deviation  match.  This  criterion  limits  the 
maximum  excursion  of  the  approximating  function  from  the  desired  pattern, 
often  by  the  use  of  Chebyshev  polynomials  as  the  basis  of  expansion.  In  this 
way  the  overshoot  and  ripple  that  are  attendant  on  pattern  discontinuities  can 
be  limited  to  a  specified  value.  Relating  the  Chebyshev  polynomials  to  the 
antenna  characteristics  usually  involves  a  tedious  and  lengthy  computation, 
and  as  a  result  the  Chebyshev  criterion  tends  to  be  used  only  for  approximat¬ 
ing  an  impulse  function.  It  does  not  necessarily  follow  that  the  expansion  of  a 
desired  pattern  in  terms  of  a  truncated  series  of  Chebyshev  polynomials  will 
result  in  approximation  error  consisting  of  equal  ripple  lobes.  A  special  com¬ 
putation  procedure,  often  referred  to  as  “minimax”  matching,  is  needed  to 
find  a  truly  equal  deviation  pattern  fit.  Generally  the  Chebyshev  polynomials 
will  provide  an  equal  ripple  approximation  if  the  error  can  be  expanded  in 
terms  of  a  single  Chebyshev  polynomial. 

The  second  part  of  the  synthesis  problem  is  the  realization  of  the  antenna. 
Once  a  suitable  approximation  to  the  desired  pattern  that  satisfies  the  error 
criterion  has  been  found,  the  next  step  is  to  translate  the  functional  representa¬ 
tion  into  the  currents  on  the  antenna  structure.  This  part  of  the  procedure  re- 
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quires  the  statement  of  the  constraints  that  are  pertinent  in  a  given  realization. 
The  constraint  specification  restricts  the  choice  of  realizations  to  the  one  that  is 
relevant  to  the  intended  application.  Some  representative  constraints  are: 

1.  The  physical  size  and  shape  of  the  antenna.  This  is  an  obvious  constraint, 
and  it  has  a  direct  bearing  on  the  choice  of  the  functional  representation  of  the 
pattern.  Related  constraints  are  the  applicability  of  a  ground  plane  and 
whether  the  antenna  currents  are  located  on  a  curved  surface. 

2.  The  antenna  Q.  For  most  antennas  it  is  very  difficult  to  compute  the  band¬ 
width  of  the  antenna,  and  a  commonly  used  measure  is  the  aperture  Q,  which  is 
the  ratio  of  the  reactive  power  to  the  radiative  power  at  the  aperture.  Al¬ 
though  this  quantity  is  not  in  general  equal  to  the  Q  as  seen  from  the  input 
terminals,  it  provides  a  reliable  indication  of  high-Q  systems,  and  the  dis¬ 
crepancy  between  aperture  Q  and  the  actual  Q  is  relatively  unimportant  if 
both  quantities  are  large. 

3.  The  phase  of  the  far  field.  There  are  many  applications  for  which  only  the 
magnitude  of  the  radiation  pattern  is  specified;  the  phase  of  the  far  field  has  no 
effect  on  system  performance.  An  example  of  this  is  a  conventional  radar, 
which  measures  the  power  returned  from  a  given  direction.  Since  most  syn¬ 
thesis  methods  deal  with  field  quantities,  it  is  necessary  to  specify  the  far-field 
phase  to  carry  out  the  procedure.  This  imposes  a  set  of  constraints  that  may 
unnecessarily  restrict  the  solution.  A  common  choice  of  phase  constraints  is  to 
specify  that  the  desired  far-field  phase  be  a  constant. 

Synthesis  procedures  cannot  in  general  be  dissected  into  the  two  distinct 
parts  of  approximation,  involving  the  criteria,  and  realization,  involving  the 
constraints.  Most  methods  fuse  the  two  parts  by  considering  a  functional 
representation  that  is  intended  to  apply  to  a  specific  set  of  constraints  and 
truncating  a  series  expansion  of  the  functions  to  provide  the  approximation. 

There  is  a  broad  class  of  synthesis  techniques  for  which  the  pattern  specifica¬ 
tion  is  a  single  beam  with  side  lobes  below  a  given  level.  This  sort  of  loose 
description  of  the  desired  pattern  has  resulted  in  the  evolution  of  several 
widely  differing  approaches  to  the  approximation  with  controlled  Gibbs 
phenomenon  of  an  impulse  by  the  pattern  of  an  array  or  continuous  current 
distribution.  Some  of  these  methods  use  the  element  locations  as  well  as  the 
amplitude  and  phase  of  the  element  currents  to  control  the  pattern  behavior. 
However,  most  of  these  techniques  are  not  true  synthesis  procedures:  they 
cannot  be  used  to  synthesize  an  arbitrary  pattern,  and  there  is  not  a  well- 
defined  error  measure.  In  fact,  many  of  these  quasi-synthesis  procedures  are 
the  results  of  the  analysis  of  a  large  number  of  antenna  distributions  of  a  given 
type  by  which  heightened  intuition  is  gained  in  order  to  select  a  distribution 
that  will  satisfy  a  loose  pattern  specification. 

The  antenna  pattern  synthesis  problem  is  basically  the  same  whether  the 
final  antenna  structure  is  an  array  or  an  aperture-type  antenna.  Therefore, 
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we  shall  include  both  types  of  antennas  in  the  discussion.  Some  specific  an¬ 
tenna  array  synthesis  techniques  are  discussed  in  Chaps.  5  and  6,  specifically 
in  Secs.  5.9  to  5.11  and  6.3  and  6.4.  With  the  exception  of  Sec.  5.11,  which 
treats  the  problem  of  optimizing  the  relative  directivity  and  efficiency  index 
for  an  array,  the  emphasis  was  on  array  design  to  yield  patterns  which  were 
optimum  in  a  rather  loosely  defined  way,  e.g.,  narrow  beam  width  and  low 
side-lobe  level.  The  aim  of  this  chapter  is  to  examine  the  synthesis  problem 
from  a  much  broader  and  general  point  of  view. 


7.2  Gaussian  Error  —  Rectangular  Array 


The  synthesis  methods  that  have  as  their  error  criterion  the  gaussian, 
or  minimum-mean-square-error,  match  are  the  most  basic  and  general  ap¬ 
proaches,  and  they  were  the  first  to  be  developed. 

Consider  an  error  criterion  of  the  form 


£ 


/. 


u*+v‘<l 


Sd  —  f  2  du  dv 


u  =  sin  0  cos  <j> 
v  =  sin  6  sin  <f> 


where  the  square  of  the  difference  between  the  desired  radiation  pattern  func¬ 
tion  /d  and  the  approximation  function  /  is  averaged  over  the  visible  region. 
The  coordinate  system  is  given  in  Fig.  3.2,  and  the  kx  and  kv  of  Chap.  3  cor¬ 
respond  to  kou  and  kov,  respectively.  If  fn  is  piecewise  continuous,  it  can  be 
expanded  in  a  double  Fourier  series  with  a  periodicity  equal  to  2  in  both  u 
and  v  as 

oo  co 

}d(u,v)  =  Y  Y,  A Dnm  ejnTU  +  ^ 


where 


Aonrn  =  34  / f _*  / D{u,v)e~in™  ~  du  dv 


With  a  similar  expansion  for/,  the  error  criterion  (7.1)  can  be  written 


c  /: 


Y  ( Aonm  -  Anm)einru  +  ^ 


nfm 


du  dv  =  4X  14  Dnm  —  A 


nm 


n,m 


where  the  integration  has  been  extended  to  include  the  corners  of  the  pattern 
range  outside  the  visible  region,  for  which  u,v  ~  1 .  Let  us  assume  that  we  are 
capable  of  realizing  an  antenna  that  permits  adjusting  the  coefficients  of 
the  first  (2N  +  1)(2 M  +  1)  terms  of  the  summation,  corresponding  to 
—  N<  n  <  N,  —M  <  m  <  M.  All  other  coefficients  of  the  approximation 
series  are  zero.  It  is  obvious  that  the  minimum-error  condition  occurs  when 
each  coefficient  of  the  desired  function  is  equated  to  the  corresponding  coeffi¬ 
cient  of  the  approximation  function: 


leaving  an  error 


A 


Dnm 


A 


nm 


£min  4  ^  A 


Dnm 
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The  approximation  function  is  therefore 

N  M 

/(«,»)=  Z  Z  ADnme*T“  +  >mT°  (7.2) 

n  =  —N  m  —  —  M 

The  next  step  is  to  find  a  physical  realization  for  this  function  (7.2).  This  is 
particularly  simple  in  this  instance,  because  elementary  array  theory  states 
that  a  rectangular  array  of  point  sources,  each  with  an  excitation  current  inm> 
has  a  far-held  radiation  pattern  given  by 

N  M 

f(u,v)  =  z  Z  +  *  o«v  (7.3) 

n  —  —  N  m  —  —  M 


The  function  f(u,v)  is  often  referred  to  as  the  array  factor  in  order  to  distinguish 
the  properties  of  the  array  from  the  properties  of  the  individual  elements.  In 
this  chapter  we  are  concerned  only  with  patterns  and  we  shall  not  deal  with  the 
structure  or  size  of  individual  radiating  elements.  Hence,  the  arrays  are  as¬ 
sumed  to  consist  of  isotropic  radiators.  (See  Chap.  2  or  5  for  further  discussion 
of  element  factors.) 

The  spacing  between  elements  in  any  one  of  the  2 N  +  1  rows  is  dy ;  the  inter¬ 
element  spacing  in  each  of  the  2i¥  +  1  columns  is  dx;  and  the  frequency  of 
operation  is  fQ  —  c/X0  —  k$c/2Tr.  Therefore,  if  the  desired  pattern  fD  is  a  far- 
held  pattern  and  we  choose  k0dx  =  kody  =  w,  Eqs.  (7.2)  and  (7.3)  are  identical 
if  the  element  currents  are  equated  to  the  coefficients  of  the  Fourier  series  ex¬ 
pansion  of  the  desired  pattern. 

The  match  of  the  array  pattern  to  the  desired  pattern  over  the  entire  visible 
region  results  in  interelement  spacings 

7  _  7  _  _£  _ 

dx  "  dy  ”  k0  "  2 

The  half-wavelength  spacing  is  the  “natural”  choice  for  visible-range  pattern 
fit.  If  a  match  over  a  different  angular  extent  is  desired,  the  interelement 
spacing  should  be  adjusted  accordingly. 

The  simple  relation  between  array  pattern  and  truncated  Fourier  expansion 
was  pointed  out  by  Wolff2  in  1937  and  was  later  treated  in  detail  by 
Schelkunoff.3  As  an  example,  consider  the  desired  pattern  of  Fig.  7.1,  which  is 


h{u,v)  = 


1 3  (vhjL  +  v3u2) 

jo 


0  <  u}  v  <  0.5 
elsewhere 


The  coefficients  of  the  Fourier  series  are 


/0.5  r  0.5 

3  jo  (v2u  +  v3u2)  e  - -  jmrv  du  dv 

Note  that  the  desired  pattern  function  is  not  symmetric  or  separable  and  that 
the  array  coefficients  are  complex.  The  radiation  pattern  for  the  gaussian 
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Fig.  7.1  A  specified  “ideal”  pattern. 


error  synthesis  using  a  35  X  35  array  of  point  sources  is  shown  in  Fig.  7.2. 
Notice  that  the  ripple  of  the  approximation  pattern  in  the  v  coordinate  for 
negative  v  is  small,  because  the  desired  pattern  and  its  first  derivative  in  v  are 
zero  at  v  =  0.  The  approximation  pattern  exhibits  large  ripples  near  the  other 
boundaries  of  the  desired  pattern,  where  the  finite  discontinuities  in  fD  produce 
the  Gibbs  phenomenon. 


0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  k 


Fig.  7.2  A  minimum-mean-square-error  approximation  to  the  pattern  of  Fig.  7.1  by  a 
35  X  35  array. 


Exercise  7.1  Will  matching  the  Fourier  coefficients  as  was  done  to  minimize  (7.1) 
also  provide  the  minimum  error  for  higher-order  averaged  errors?  Consider  the  mean- 
fourth-error  criterion 
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Is  the  error  of  a  finite  series  approximation  of  2 N  -f-  1  terms  minimized  by  ADn  =  An 
for  (|n|  <  A)?  Try  a  three-term  series  (N  =  1),  matching  AD 0  =  1,  Adi  =  /1d(-d  =  1, 
Ad2  ==  A  D(~2)  =  Am  —  A D ( — 3)  = 


Gaussian  Error ,  Rectangular  Array;  Even  Number  of  Elements 

The  synthesis  method  described  in  the  preceding  section  used  a  series  expan¬ 
sion  of  the  desired  pattern  that  consisted  of  an  odd  number  of  terms.  Since 
there  is  a  one-to-one  correspondence  between  expansion  coefficient  and  array 
current  with  this  method,  the  realized  array  has  an  odd  number  of  elements. 
This  is  not  a  fundamental  restriction  to  the  method.  Implicit  in  the  choice  of 
an  odd  number  of  half-wavelength  spaced  elements  is  that  the  desired  pattern 
repeats  in  the  angular  intervals  adjacent  to  the  visible  region  as 

fD(u  +  2,  v)  =  fD(u,v) 

fD(u ,  v  +  2)  =  fD(u,v ) 

Instead,  we  may  consider  the  desired  pattern  to  be  antisymmetrically  periodic 
in  u  and  v ;  that  is, 

fn(u  +  2,  v)  =  —fD(u,v)  (7.4a) 


and 


U(u,  v  +  2)  =  —fD(u,v) 


(7.46) 


The  coefficients  of  the  Fourier  decomposition  of  this  pattern  are,  considering 
the  four  angular  regions  of  u  and  v , 


Anm  %  J _xfD  (u,v)e~jnk*d*u  ~  imk^dyV  fa  fa 


xj'J-, 


fD(u,v)e~ink«d^u  + 2)  ~  du  dv 
fD(u,v)e-’nk«‘*u  du  dv 


+  34  /  -if  -  i  / D  (u}v)e~3'nk<Ax(u+2)  “  Mhdy(v+2)  fa  fa 

=  %  f  _jf  ^  fD(u,v)e~3nk*dxU~  *mkodvv  du  dv(  1  —  e~j2nk°dx  —  e~j2mk(Ay 

+  Q— j2  nkqd  x  —  j2mk0dy  )  (7.5) 

Let  us  choose  the  spacings  dx  =  dy  =  X0/4.  Then 
A „m=  34 /!_,/*  !  f D(u,v)e~j,‘(rlih‘  ~ jm(,rinv  du  dv 

(^  —  gjmr  _  gjmir  _J_  g—jmr  —  jmir'j 

=  34 */z>( u,v)e-MTmu-imMavdudv(l  —  e-inT)(l-e-imr)  (7.6) 


All  coefficients  of  (7.6)  for  n  or  m  even  are  zero.  The  nonzero  coefficients  form 
a  set  that  can  be  identified  with  an  array  of  an  even  number  of  elements  spaced 
Ao/2  apart  having  a  far-field  pattern  of  the  form 

N  M 

f(u9V)  =  Yi  Anme’n  <*72)«  +  jm(r/2). 

n  —  —N  m—  —  M 
(mtn  odd) 
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This  procedure  can,  of  course,  be  carried  out  for  only  one  variable,  resulting 
in  an  array  of  an  even  number  of  columns  and  an  odd  number  of  rows  or 
vice  versa. 


Gaussian  Error  —  Rectangular  Array ;  Spacing s  Smaller  than  X0/2 

The  choice  of  half-wavelength  interelement  spacings  results  in  a  coincidence 
of  the  period  of  the  desired  pattern  expansion  along  the  u  or  v  axis  and  the 
period  of  the  array  pattern.  If  the  element  spacing  of  the  array  is  chosen  to  be 
greater  than  X0/2,  the  radiation  pattern  will  begin  to  repeat  in  the  visible 
region  u2  +  v2  <  1,  which  is  usually  undesirable  for  most  antenna  applications. 
The  use  of  interelement  spacings  smaller  than  X0/2  implies  a  pattern  periodicity 
greater  than  the  visible  region;  the  additional  interval  in  which  the  desired 
pattern  is  not  specified  can  be  used  for  very  large  values  of  the  approximation 
function,  which  will  have  an  effect  on  the  part  that  appears  in  the  visible 
region.  Thus,  while  the  mean-square  error  between  pattern  and  approxima¬ 
tion  will  not  be  minimized  over  the  interval  corresponding  to  the  reciprocal  of 
the  element  spacing,  a  closer  fit  in  the  visible  region  can  be  achieved. 

Let  us  consider  the  error  criterion 

« -  CZ  du  <7J) 

which  is  a  mean-square  match  weighted  by  H2(u)  over  the  interval  correspond¬ 
ing  to  an  interelement  spacing  d  for  a  single  angular  variable.  If  H  (u)  =  1  for 
all  w,  this  criterion  would  lead  to  a  Fourier  expansion  as  was  obtained 
previously. 

Expanding  fD  as  a  Fourier  series  over  the  integration  interval, 


03 

foiu)  =  E  A  Dneik*ndu 

72  =  —  co 


The  pattern  of  an  array  of  2N  +  1  elements  that  minimizes  (7.7)  for  H  =  1 
everywhere  is 

N 

f(u)  =  E 

n=  -N 

If  we  choose  H(u)  —  1  for  —  1  <  u  <  1,  and  H  =  0  elsewhere,  we  free  the 
approximation  pattern  function  /  outside  the  visible  region  to  improve  the 
match  to  the  desired  function  fD  in  the  visible  region.  For  an  error  criterion 
that  measures  pattern  fit  only  in  the  visible  region,  we  can  determine  the  array 
coefficients  by  using  GD  =  HfD  and  G  =  Hf  such  that  we  minimize 
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f1  r\o!2d  /-  X0/2rf 

■=/->-  '<*  rf“  “  -  />’«’  *  =  (G»  -  »)•  * 

Expanding  Gd  and  G  in  Fourier  series, 

Gn  =  XI  BDne3‘kf>ndu  and  G  =  ^  Bnejk*ndu 


we  can  satisfy  the  error  criterion  by  equating 


for  the  first  2A  +  1  terms.  To  relate  Bn  to  the  array  element  currents  we  use 
the  fact  that  the  product  of  /  and  H  is  equivalent  to  a  convolution  of  their 
Fourier  transforms.  Hence  for  H  =  1  within  \u\  <  1,  H  =  0  elsewhere, 


2d  sin  (m  —  n)7r(2d/\o) 

\)  m  —  —N  m  (m  —  n)7r(2d/Ao) 


As  an  example,  consider  the  desired  pattern  /d  to  be  an  impulse  at  ^  =  0. 
Then 

=  dpn  =  t—  =  Bn 

AO 


Let  us  find  the  coefficients  for  an  array  of  five  elements  with  A0/8  interelement 
spacings.  The  symmetry  of  fD  about  u  =  0  results  in  three  independent  equa¬ 
tions  from  (7.8),  since  A_2  =  A2,  =  Ax.  These  are 


H  = 


,  ,  ,  8V2  .  2  . 

A<i  -j-  A\  — - 1 —  Aq 

07T  7 r 

8V2  /2  .  ,  \  .  .  2V2  . 

1742  +  ^-  +  1jAi  +  — A° 
-  A,  +  ^-A1  +  A0 

7 r  7T 


The  above  equations  can  be  solved  to  yield  the  coefficients  A0  =  103.38, 
Ai  —  —72.44,  A2  =  21.65.  The  far- field  pattern  of  the  five-element  array 
with  these  feeding  currents  is  shown  in  Fig.  7.3.  Also  plotted  is  the  far-field 
pattern  of  an  array  of  five  elements  with  Ao/2  spacings  and  equal  currents. 


Exercise  7.2  Derive  (7.8)  by  carrying  out  the  integration  of  the  error 

s'  =  r  1  }d  —  /|2  du 


for  fD  expanded  as  fD(u)  =  ^  ADne’nkodu 

n  =  —  00 

and  a  similar  expression  for/(u) .  Differentiate  the  error  to  find  its  minimum,  and  match 
like  terms. 
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The  large  coefficients  that  result  from  the  solution  of  (7.9)  are  to  be  expected 
from  attempting  to  synthesize  a  pattern  by  using  functions  of  limited  variation. 
The  result  can  be  regarded  as  using  interference  to  produce  the  main  beam  as 
well  as  the  side  lobes  or  as  using  the  visible  tails  of  pattern  components  in  the 


]  i _ i _ i _ i _ i _ i _ i _ i _ i _ i _ j 
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u 

Fig.  7.3  The  pattern  approximations  to  an  impulse  by  five- 
element  arrays  with  Xo/8  and  Xo/2  spacings. 

invisible  region  to  shape  the  pattern.  Perhaps  a  better  way  to  regard  this 
effect,  which  is  often  referred  to  as  supergain,  or  more  properly  superdirectivity , 
is  as  a  poor  design  of  the  feeding  structure  of  the  antenna.  If,  instead  of  deal¬ 
ing  only  with  patterns,  the  electromagnetic  properties  of  the  radiation  from  a 
supergain  array  are  analyzed,  it  will  be  found  that  a  field  distribution  corre¬ 
sponding  to  that  produced  by  a  larger  conventional  array  occupies  the  space  in 
front  of  the  supergain  elements  and  that  the  high  currents  in  these  elements  are 
producing  this  virtual  aperture.  Thus  the  supergain  array  is  in  effect  a  poor 
feed  for  the  creation  of  a  much  larger  virtual  aperture.  Nevertheless,  the 
patterns  shown  in  Fig.  7.3  represent  the  minimum-mean-square-error  match 
to  the  desired  pattern  over  the  visible  range  for  the  given  interelement  spacing. 

The  topic  of  superdirectivity  has  received  considerable  attention  in  the 
literature,  and  we  shall  return  to  the  considerations  involving  pattern  synthesis 
in  Sec.  7.7. 

7.3  Gaussian  Error  —  Rectangular  Aperture 

The  error  criterion  (7.1)  has  been  used  in  the  preceding  sections  with  the 
constraint  that  an  array  of  a  finite  number  of  point  sources  is  realized.  In  this 
section  we  shall  use  the  realization  constraint  of  a  rectangular  aperture  with  a 
continuous  current  distribution.  The  approximation  to  the  desired  pattern  will 
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be  governed  by  the  finite  number  of  terms  of  the  Fourier  series  expansion  of  the 
current  distribution. 

A  transverse  current  wave 

K  (x,y)  =  Knme~**x  ~ 

across  a  rectangular  aperture  that  extends  from  —a  to  +a  in  the  x  direction 
and  from  —b  to  +6  in  y  produces  a  far-field  pattern 

_  a  v  sin  koa(u  -  kx/k)»  sin  k0b  (v  -  k„/k0) 
m  kt>a{u  -  kx/k0)  kQb(v  -  kjkoj 

If  the  aperture  distribution  consists  of  a  sum  of  current  waves,  the  far  field  is  a 
superposition  of  cardinal  functions,  each  shifted  by  an  amount  proportional  to 
the  transverse  phase  velocity.4  If  the  values  for  kz  and  ku  are  chosen  to  be 

,  _  Ulr  /„  _ 
fox  fCy  -  — 

a  b 


then  the  cardinal  functions  form  an  orthogonal  set: 

ha  r°°  sin  ( hau  —  ?nr)  sin  ( hau  —  pic)  ^ 
7r  J  -oo  hau  —  m r  hau  —  pir 

hb  f 00  sin  (fe0 bv  —  tutt)  sin  (hbv  —  qir)  ^ 
7r  J-co  hbv  —  ?mr  hbv  —  qir 


The  properties  of  the  cardinal  functions  can  be  used  to  develop  a  synthesis 
method  based  on  the  Fourier  harmonic  expansion  of  the  current  or  field  across 
a  plane  rectangular  aperture.  Consider  a  field  pattern  fD(u7v),  for  which  it  is 
desired  to  synthesize  a  best  fit  in  the  mean-square  sense  by  using  a  rectangular 
aperture  of  size  2 a  in  the  x  direction  and  2b  in  the  y  direction.  Equate  a  set  of 
sample  values  of  the  desired  pattern  to  the  current  harmonics  by 

f  (  nw  ?n7r\  .  ,  __ 

fD\Un  ~  ka a’  Vm  ~  hb)  ~  iab  Knm 


Then  the  aperture  distribution 

K(xyy)  =  Knme~jinirxla) 

n,m 

produces  a  far-field  pattern 

f(u,v)  =  Z  fD(un,vm)  sin^u  -  nT)  ^ obv  - 

n,m  koau  —  nir  kQbv  —  nnr 


that  equals  the  desired  pattern  at  each  of  the  sample  points.  Between  the 
sample  points  the  pattern  deviates  from  the  desired  function,  and  the  maxi¬ 
mum  error  can  usually  be  controlled  by  shifting  the  entire  set  of  sample  points 
or  by  altering  the  specified  values  near  or  at  singularities  in  the  desired  pattern. 

Since  the  desired  pattern  is  usually  specified  only  over  the  visible  region,  all 
samples  can  be  chosen  to  be  zero  when 


u2  +  v2  = 


n2  7r2  m2  7r2 

w  +  w  >  1 
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Thus  the  maximum  value  of  n  is  N  —  2 a/X0  and  the  maximum  value  of  rn  is 
M  =  2b /X0.  The  total  number  of  samples  in  the  visible  region  is  approximately 
the  area  of  the  visible  region,  divided  by  the  area  of  a  sample  cell,  bounded  by 
the  bisectors  of  the  lines  between  a  sample  and  its  neighbors.  This  is 


Total  number  of  samples  ~ 


7 r 

(ir/koa)  (ir/kob) 


=  ttNM 


for  large  N  and  M. 

The  restriction  that  all  nonzero  samples  lie  within  the  visible  region  con¬ 
strains  the  aperture  current  or  field  to  have  no  nonzero  wave  components  with 
transverse  velocities  greater  than  the  velocity  of  light  in  free  space.  The  result 
is  that  there  are  no  supergain  synthesis  solutions. 

To  obtain  a  superdirective  result,  namely,  one  that  contains  large  evanescent 
wave  components,  a  set  of  sample  values  of  the  desired  pattern  is  chosen 
closer  together  than  the  “natural”  spacings  Aw  =  X0/2a,  Av  —  X0/2 b.  The  set 
of  cardinal  functions  is  then  equated  to  the  desired  pattern  values,  and  the 
current  components  are  found.  The  result  is  analogous  to  that  shown  pre¬ 
viously  for  an  array  with  interelement  spacings  less  than  X0/2. 

The  interval  over  which  the  cardinal  functions  are  orthogonal  and  complete 
is  the  infinite  range  of  u  (or  v).  Since  any  function  that  is  piecewise  continuous 
can  be  approximated  by  these  functions  to  an  error  that  decreases  to  zero  as 
the  number  of  terms  goes  to  infinity,  there  is  an  aperture  distribution  (albeit  a 
supergain  one)  that  will  exactly  reproduce  the  desired  pattern.  This 
aperture  distribution  Kd(u,v)  is  a  Fourier  series  expansion:  choosing  the  first 
(2 M  +  l)(2iV  +  1)  terms  results  in  the  best  approximation,  in  the  mean- 
square  sense,  to  that  aperture  distribution.  By  Parseval’s  theorem 


K\2dxdy—  [  \fD—f\2dudv 

J  —GO 


Hence  the  truncated  Fourier  expansion  of  an  aperture  distribution  correspond¬ 
ing  to  equally  spaced  samples  of  the  desired  pattern  produces  the  minimum- 
mean-square  pattern  match  for  the  given  number  of  terms  and  aperture  size.5 


7.4  An  Equivalence  between  Arrays  and  Apertures 

The  synthesis  of  patterns  for  arrays  and  apertures  can  be  treated  separately, 
or  the  results  can  be  interrelated.  In  practice  an  aperture  distribution  is  often 
used  as  an  envelope  of  array  current  coefficients,  and  vice  versa.  There  is, 
however,  an  equivalence  relation  that  permits  the  determination  of  a  unique 
array  of  M  equally  spaced  elements  from  an  aperture  distribution  of  N  har¬ 
monic  terms.  The  patterns  produced  by  an  aperture  distribution  and  its 
equivalent  array  are  not  identical,  but  for  most  practical  cases  they  are  very 
nearly  so.  The  difference  occurs  because  the  patterns  of  arrays  are  periodic  in 
the  variable  u ,  while  those  of  continuous  distributions  are  not.  It  is  therefore 
necessary  to  specify  the  interval  over  which  the  equivalence  exists. 
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An  aperture  distribution  of  the  form 

F(x)  =  ^  Z  fn6~inirxla 

terms 


produces  a  far-field  pattern  that  is  specified  by  the  N  sample  values  fn  spaced 
Au  =  X0/2 a  apart,  as  discussed  in  Sec.  7.3.  The  radiation  pattern  is  a  series  of 
shifted  cardinal  functions 


Z  /. 

iV  terms 


sin  ( k0au  —  mr) 
koau  —  mr 


(7.10) 


As  one  member  of  an  equivalent  set  of  functions,  consider  the  far-field 
pattern  of  a  uniform  in-phase  array  of  M  elements 


fu(u)  =  g— jl(M~l)!2]kodu^  gjkgdu  g2 jk^du  _j_  .  ,  .  _j_  gjk$(M—  \)du 


sin  [Mk0(d/2)u 
sin  [k0(d/2)u] 


This  function  can  be  used  to  construct  a  set  of  orthogonal  functions  with  the 
relation 


Md  r  x«/2d  sin  [k0M (d/2)u  —  mr]  sin  [k0M  ( d/2)u  —  mir] 

X0  J~uj2d  M  sin  [k0(d/2)u  —  nir/M]  M  sin  [k0(d/2)u  —  rmr/M]  U 


mn 

(7.11) 


where  the  interval  \Q/d  is  the  pattern  period.  The  pattern  of  any  amiy  of  M 
elements  with  interelement  spacings  of  d  can  be  represented  by  a  sum  of 
terms  as 


/(«)  =  Z  fm 

M  terms 


sin  [71/  (kgdti/2)  —  rmr] 
M  sm  (kodu/2  —  rmr/M) 


(7.12) 


If  the  patterns  (7.10)  and  (7.12)  are  to  be  equal  at  the  sample  points, 
um  =  mXo/Mdj  the  corresponding  coefficients  of  terms  must  be  equal,  and 


Md  =  2a 


Exercise  7.3  Verify  the  orthogonality  property  expressed  by  (7.11). 

To  complete  the  equivalence  it  is  necessary  to  state  the  interval  over  which 
the  equivalence  exists.  Typically,  this  might  be  chosen  to  be  the  region  that  is 
bounded  by  the  first  zero-value  samples  of  the  pattern.  The  region  of  equiva¬ 
lence  determines  the  number  of  elements  in  the  array,  since  the  pattern  begins 
to  repeat  for  values  of  }4kodu  larger  than  x/2.  Hence,  the  total  number  of 
samples  included  in  the  region  of  equivalence  is  M.  Of  these,  N  are  nonzero, 
corresponding  to  the  coefficients  of  the  harmonics  of  the  equivalent  aperture. 

The  complex  amplitude  of  the  mth  element  of  the  equivalent  array  is 

A™  =  i  Z  /»e-y2mnW" 

M  N  terms 

In  this  manner  an  array  can  be  found  that  provides  a  far-field  pattern  that  is 
equal  to  the  pattern  of  a  continuous  distribution  at  a  set  of  sample  points.  The 
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total  extent  over  which  the  pattern  is  to  be  equivalent  defines  d ,  the  element 
spacing,  and  the  frequency  of  the  samples  in  angle  defines  M.  Since  the  array 
pattern  exactly  equals  the  aperture  pattern  at  the  sample  points,  one  can  be 
obtained  from  the  other,  and  they  may  be  termed  equivalent. 

The  difference  between  the  patterns  at  points  between  the  samples  must  be 
calculated  for  each  case.  As  an  example,  consider  the  mean-square  difference 
between  a  uniform  array  pattern  and  that  of  a  constant  aperture  over  the 
array-pattern  period: 


•  Xs/2 d  r sin  kyau 
— Xo/2<i  _  J\/qCIU 


sin  Mkp(d/2)u 
M  sin  k0(d/2)u 


Using  Md  =  2a 


£ 


*x»/2 *  sin2  Mko(d/2)u 

-X0/2 d  M*h(d/2)u  sin  (k0d/2)u  dU 


O.3X0 

MH 


M  »  1 


7.5  Gaussian  Error  —  Circular  Array 

The  synthesis  of  far-field  patterns  is  not,  of  course,  limited  to  the  constraint 
of  rectangular  apertures  or  arrays.  Similar  techniques  have  been  developed  for 
circular  antennas.  The  methods  for  circular  or  ring  arrays  usually  apply  to  the 
control  of  the  radiation  pattern  in  the  plane  of  the  ring,  whereas  the  methods 
involving  circular  apertures  tend  to  be  concerned  principally  with  the  pattern 
variation  with  the  polar  angle  measured  from  the  aperture  normal. 

Consider  an  array  of  N  point  sources  equispaced  around  the  circumference 
of  a  ring  of  radius  a  as  shown  in  Fig.  7.4.  The  far-field  radiation  pattern  is 


N—l 

2  3*n  0  cos  2ir 

n  =  0 


(7.13) 


The  current  at  each  element  can  be  written  as  a  series  of  terms 

i  M 

4  =  T7  z  Ime^N  (7.14) 

^  TO*  0 

This  is  a  representation  of  the  element  currents  in  a  Fourier  series  of  sequence 
currents ,  which  are  current  components  that  have  equal  magnitude  at  each 
element  and  a  progressive  phase  increase  around  the  array.  Substituting  (7.14) 
into  (7.13), 

sin  6  cos  [4>—(n(N)2ir]-hjmn2ir(N 

m  n 

and  using  the  identities 

ejHcosx  =  y  (2  —  50 n)jnJn(fi)  cos  nx 


m  =  EE 


(7.15) 
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and 


N~1  In 

^  ''^  gj'lrmnlN  —  , 

71—0  0 


for  m/N  an  integer 
otherwise 


the  pattern  is  (see  Sec.  5.6) 


/=^E^E(2-  0[^*  +  »wC8)e'<m  +  "W(*  +  '/i) 

m~ 0  n  —  0 

+  J +  nN(0)e-X-m  +  "W* 


—  ir/2) 


(7.16) 


Fig.  7.4  The  coordinate  system  for  a 
circular  array. 


where  0  =  koa  sin  0.  The  terms  for  n  —  0  in  (7.16)  are  called  the  principal 
terms;  all  of  the  remainder  are  called  residuals.  By  choosing  (3  to  be  approxi¬ 
mately  equal  to  N}  the  residuals  are  almost  always  small  because  the  largest 
value  that  m  attains  is  less  than  or  equal  to  N / 2,  and  the  value  of  a  Bessel 
function  is  small  wThen  the  order  exceeds  the  argument.  Neglecting  residuals, 
the  pattern  of  the  ring  of  elements  is 

M 

=  Y  I mjmJm(k0a  sin  6)e^  (7.17) 

m—  0 

Let  the  azimuthal  <j>  variation  of  the  desired  pattern  be  specified  for  some 

fixed  polar  angle  0O.  If/i>(0o>4>)  is  piecewise  continuous,  it  can  be  represented  as 
a  Fourier  series 

oo 

/b(0o,<£)  =  Y  Ame^ 

m—  —  oo 

where  Am  =  ~  J  *  /D(6>0,^)e-^  d<t> 

W e  can  synthesize  a  pattern  that  achieves  a  mean-square  match  to  the  desired 
pattern  to  the  extent  that  the  residuals  can  be  neglected  by  choosing 

Am  =  ImjmJm(k^a  SU1  6q) 


(7.18) 
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The  coefficients  of  the  Fourier  expansion  of  the  desired  pattern  are  related  to 
the  sequence  currents  Im>  Note  that  the  pattern  expansion  is  directly  in  terms 
of  the  angle  <j>  and  not  of  the  sine  of  the  angle,  as  was  the  case  for  the  linear 
array.  The  sequence  currents  having  been  found  from  (7.18),  the  element 
currents  are  given  by  (7.14).  Since  there  cannot  be  more  independently  speci¬ 
fied  coefficients  than  there  are  elements,  the  maximum  number  of  sequence 
current  terms  is  equal  to  N,  and  hence  M  <  N / 2. 

The  description  of  a  synthesis  method  for  circular  arrays  of  discrete  elements 
using  Fourier  analysis  was  presented  by  Taylor6  in  1952.  A  similar  method,  in 
which  the  elements  were  approximated  by  a  continuous  current  sheet,  was 
given  by  DuHamel.7  Further  exposition  of  this  topic  is  in  articles  by  Knudsen8 
and  Patton  and  Tillman.9  The  analysis  of  uniform  omnidirectional  and  direc¬ 
tional  circular  arrays  is  given  in  Sec.  5.6. 


7.6  Gaussian  Error  —  Circular  Aperture 

A  method  of  synthesis  has  been  developed  that  provides  a  minimum-mean- 
square-error  fit  to  the  desired  pattern  by  the  far  field  of  a  circular  aperture  or 
current  disk.10  For  circularly  symmetric  distributions  this  technique  uses  the 
Hankel-Bessel  transform  pair 


f(u)  =  jo  F (r)J0(kour)r  dr 

rro 

F(r)  =  kQ 2  /  / (u)J o(kQur)u  du 


(7.19) 


and  the  orthogonality  property  of  Bessel  functions 

J0  J o(0mr)J o(0nr)r  dr  =  %Jo2(0n)8mn 


where  0m  and  j 3n  are  roots  of  the  first-order  Bessel  function 

Jl(Pm)  =  0 

of  which  the  first  four  are 

0o  =  0 

0i  =  3.8317 
02  =  7.0156 
&  =  10.1735 


Consider  a  circularly  symmetric  distribution  of  current  or  field  over  a  cir¬ 
cular  aperture  of  radius  a  lying  in  the  xy  plane.  The  polar  angle  6  is  measured 
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from  the  normal  to  the  aperture.  Expanding  the  aperture  distribution  in  the 
form 


(7.20) 


the  far-field  pattern  is 


where  u  =  sin  6 


/(«)  =  E  bnJ oG8») 

n 


( koau)Ji(koau ) 
(kodU)2  —  Pn2 


(7.21) 


Exercise  7.4  Derive  (7.21)  by  using  (7.20)  and  (7.19)  and  invoking  the  properties  of 
the  Bessel  function  roots. 


The  expression  (7.21)  can  be  used  for  a  synthesis  procedure  that  is  analogous 
to  the  Woodward  method4  of  Sec.  7.3,  because  the  field  at  an  angle  given  by 
hodUm  =  Pm  is  produced  by  the  mth  term  in  the  series,  all  other  contributions 
being  zero  at  this  angle.  Therefore,  we  may  match  the  desired  pattern  fn(u)  at 
a  set  of  angles 

- 1  <?-22> 
where  /j>(um)  =  HbmJQ2(pm) 


The  aperture  distribution  that  will  produce  the  pattern  that  coincides  with  the 
desired  pattern  at  the  points  given  by  (7.22)  is 


F(r)  =  2£ 


f D(jPm/k  o&) 

a2JoKPm) 


The  directivity  of  the  synthesized  pattern  in  the  direction  u  =  0  is 


As  was  the  case  for  the  Woodward  method,  we  have  expanded  the  aperture 
distribution  in  the  form  of  orthogonal  functions.  A  truncated  series  of  these 
functions  results  in  a  least-mean-square-error  match  over  the  aperture  and,  by 
ParsevaFs  theorem,  a  least-mean-square-error  match  to  the  desired  pattern 
over  the  infinite  interval  of  u.  In  order  to  avoid  oscillations  in  the  aperture 
distribution  that  occur  in  a  shorter  distance  than  a  free-space  wavelength,  no 
nonzero  samples  should  be  chosen  for  um>  1. 

The  above  synthesis  technique  can  be  extended  to  include  patterns  from 
circular  apertures  that  are  not  symmetric.  Consider  an  aperture  distribution 
of  the  form 


F(r,cj}')  =  E  E  Cmn  ein J 

m  n 


(7.23) 
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where  amn  is  the  mth  root  of  the  nth  order  Bessel  function  and  <j>'  is  the  angle  of 
rotation  in  the  z  =  0  plane.  The  radiation  pattern  is  given  by  substituting 

(7.23)  into 


and  using  (7.15)  to  obtain 


f(tl}<l>)  ^  '  jngJn4>  ^  ]  C  mn&m.nJ n— l(oJwm) 


Jn(koau) 


n 


m 


(kodu)2  —  amn 2 


The  first  step  of  this  synthesis  procedure  is  to  expand  the  desired  pattern  in  its 
angular  Fourier  components,  given  by 

f Dn (m)  =  ^  /0  fD(u,<j))e~3n<t>  d<t> 


Then  the  nth  Fourier  component  of  the  desired  pattern  is  equated  at  the  points 
&o aUmn  =  <Xmn  to  the  pattern  expansion  by 

IDn(umn)  =  r  %=  j\ Ul  W  (7.24) 


The  aperture  coefficients  are  determined  by  (7.24)  and  substituted  into  (7.23) 
to  yield  the  aperture  distribution  that  matches  each  angular  harmonic  of/z>  at 
a  set  of  selected  angles. 


Fig.  7.5  The  semicircular  zones  for  the  alternate 
method  of  Sec.  7.6. 
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Circular  Aperture  Synthesis- —  Alternate  Method  1 

An  alternative  method  for  pattern  synthesis  uses  a  circular  aperture  con¬ 
sisting  of  two  semicircular  sectors  with  a  radial  amplitude  distribution  F(r)  and 
a  phase  difference  of  2a  radians  between  the  two  halves.  The  aperture  is 
divided  into  semicircular  zones  with  a  common  diameter,  as  shown  in  Fig.  7.5. 
The  amplitude  and  phase  within  each  zone  are  constants.11  This  method  is 
particularly  applicable  to  shaping  the  pattern  of  a  circular  aperture  in 
one  plane. 

Consider  a  circular  aperture  consisting  of  two  semicircular  sectors  with  a 
radial  amplitude  distribution  F(r)  and  a  phase  difference  of  2a  radians  between 
the  two  halves.  The  far-held  pattern  of  this  aperture  measured  in  the  plane 
that  is  perpendicular  to  the  diameter  that  divides  the  two  halves  of  the 
aperture  is 

a2f(u)  =  cos  a  F (r)J Q(kQr)r  dr  +  sin  a  f  F (r)Q0(kQr)r  dr 


where  u  —  sin  $,  J0  is  the  zeroth-order  Bessel  function,  and  O0  is  the  zeroth  order 
Lommel- Weber  function.12  If  the  radial  variation  of  the  aperture  distribution 
F(r)  is  a  constant  Fn  in  the  zone  between  rn~i  =  (n  —  1  )a/N  and  rn  =  na/N 
and  if  there  are  N  such  zones  across  each  half  of  the  aperture,  the  far-held 
pattern  is 


N 


f(M)  =  Z 

n=  1 


COS  Oi n 


(n  -  1) 


-  1 
N 


kQau 


where  H i(x)  is  the  hrst-order  Struve  function.12  Collecting  terms,  the  above 
equation  can  be  rewritten 


N 


/(«)  =  L 


n 


72=  i  N k0ua 


AnJi( ~  koau  )  +  BnHi(  ~  kQau 

—m  \ 


N 


N 


(7.25) 


with 


Alji  —  F jj  cos  o!n  F cos 
Bn  Fn  sin  an  F n_j_i  sin 


Fn+ i  =  0 


The  series  (7.25),  when  multiplied  by  u ,  is  a  generalized  Schlomilch12  series  and 
can  be  used  to  represent  functions  in  the  range  \u\  <  Nir/k^a. 
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The  first  step  of  the  synthesis  procedure  is  to  introduce  an  intermediate 
function  that  is  well  behaved  in  u  and  can  be  expanded  in  a  series 


fi(u)  =  22  AinJo(j^k0auj  +  BinH0C~  k0au 


N 


(7.26) 


where 


ha  rifT/2  d 


Ntt 


/_  /, 


sec  4>  -y-  [fi(u  sin  <t>)}  cos 
a<p 


hanu 


d<j>  du  (7.27) 


and 


o  k0a  fi  f*i 2  dr/  «  .xt  /k0anu 

Bln  =  v;  i-i  Jo  sec + id> [f(u  8111  *)]  sm 


TV 


du  (7.28) 


Differentiating  (7.26)  term  by  term  yields 

f'liu )  =  ^  E  -  «iW,(^p)  -  +  BIn  ?  (7.29) 

Examination  of  (7.29)  and  (7.25)  shows  that  the  derivative  of  the  intermediate 
function  is  of  the  same  form  as  the  radiation  pattern  of  the  zoned  aperture. 
Hence,  the  function//  provides  a  convenient  means  of  expanding  the  desired 
pattern  in  a  series  that  is  relevant  to  the  zoned  aperture  pattern.  If  the  desired 
pattern  is  /d(^),  we  set 

fi(u)  =  —(k0a)2  ufD(u) 

and  solve  for//(w).  Then,  using  (7.27)  and  (7.28)  we  determine  the  constants 
Ain  and  BIn  from  fi(u).  The  far-held  pattern  of  the  zoned  aperture  is  a  trun¬ 
cated  series  of  terms  using  the  expansion  coefficients  of  fi(u),  that  is,  (7.25), 
where 

An  =  Aln  Bn  =  Bin 

The  sum  2(2/7 r)Bin  can  be  considered  a  constant  (provided  the  series  is 
convergent)  that  is  included  in  the  condition  on  /  at  u  =  0, 

JL  r?2  J 

m  -  5,  m  f 

The  limits  of  ±1  on  u  imply  that  for  real  values  of  0,  N  must  be  less  than  or 
equal  to  2 a/\0,  from  which  the  minimum  zone  width  is 


.  a  A0 

Ar  =  rn+1  -  rn  =  =  - 
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As  an  example,  consider  the  synthesis  of  a  flat-topped  beam 

Sd{u)  =  1  —Uq  <  U  <  Uq 

}d(u)  =  0  Uq  <  |w|  <  1 

fi(u)  =  —  (koa)2uf D(u) 


A  n 


2 kQa  r  r  d 

NV  l  1  sec  * 


(. kQau  sin  <l>)2 


2N 


7T 


lo  Jo  d<t>  L 

(koauo)2  .  /koanuo\  .  2 kQauo 

-JnT sm  \-jr)  +  ~NnT 


(kQanu\  .  . 

- Jr —  1  d<j>  dll 


1 ,  (  / u  q  CL  1 1  Uq  \ 

WnF  cos  ) 


- r  sm 

n6 


koanu 


o 


For  the  correct  value  at  the  origin, 


(7.30) 


Y-  —  A  -  1 

2  m  n  ~ 


For  this  example,  assume  N  =  20  and  kQauQ  =  99?r/25.  By  substituting  into 
(7.30)  and  using  the  resultant  values  of  An  in  (7.25),  the  pattern  shown  in 
Fig.  7.6  is  obtained. 


kQOU 


Fig.  7.6  The  far-field  pattern  approximation  to  a  square-top 
pattern  using  the  semicircular  zone  synthesis  method.  {From 
CornbleeL11) 


Circular  Aperture  Synthesis  —  Alternate  Method  2 

There  is  another  method  of  synthesis  of  circularly  symmetric  patterns  that 
has  a  particularly  simple  physical  interpretation.  Consider  a  circular  aperture 
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of  radius  a,  located  in  the  z  =  0  plane  and  containing  a  field  or  current  distri¬ 
bution  F(r)  that  depends  only  upon  r.  The  far-field  pattern  is 

/(sin  6)  =  /q  Jq  F(r)ejk>r  flin  *  008  <*”*'>  r  dr  d<£'  (7.31) 

As  the  pattern  (7.31)  is  independent  of  <t>,  we  may  choose  $  =  0  for  con¬ 
venience. 

Writing  (7.31)  in  terms  of  the  variables  x  and  y,  and  using  u  =  sin  6 

/a  r-  -\Ja 2— x2 

ejk°xu  dy  dx  (7.32) 

-a  J  —  yjat—x2 


The  expression  (7.32)  can  be  interpreted  as  the  far-field  pattern  of  an  equiva¬ 
lent  line  source  of  length  2a  lying  along  the  x  axis.  The  current  on  the 
equivalent  line  source  is 

/\fa2— x2 

_  v__  F  ( Vx2  +  >/)  dy 

or,  by  changing  variables, 


F.(x)  =  2  r  -7ilrL  r 

J  x  -yjr 2  —  x2 


dr 


(7.33) 


To  invert  (7.33)  so  that  F(r)  can  be  found  from  a  given  Fe(x)>  consider  the 
integral 

f  °  xFe(x) 

J  U 


4x2  — 


dx 


From  (7.33) 


«  xFe(x) 
j  w  -\Jx2  —  w2 


r 


a*  =  9  r  - . ± . ax . f 

Jw  i  J: 


x  dx  ra  rF(r)  dr 


4 


W  J  * 


4r2  — 


(7.34) 


x 


Interchanging  the  order  of  integration  in  (7.34)  and  regrouping  terms 
we  obtain 

2[‘F(r),  dr  I’  - XJXr==  (7.35) 

J  W  A X*  —  WL  J  w  Jw 


4x2  —  W2  V^2  —  X2 


Substituting  x2  =  (r2  —  w2)t  +  w 2,  (7.35)  becomes 


r-xUgdx=  [-rF(r)dr  ('--£= 

Jw  yx2  —  w2  Jw  J o  y]t(  1  —  t) 


(7.36) 


The  second  integral  on  the  right  side  of  (7.36)  can  be  evaluated  as 


dt 


yielding 


0  V*(l  -  o 


7 r 


/ 


«  xFe(x)  dx 
W  \lx2  —  w2 


tt  faF(r) 

J  W 


r  dr 


(7.37) 
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Differentiating  both  sides  of  (7.37), 

d  r  «  xFe(x)  dx 

dwj  w  -yjx 2  -  w2 


—  7 rwF(w) 


and  since  w  is  a  dummy  variable  for  r,  we  may  rewrite  the  final  form  as 


F(r) 


1  d  r  <>  xFe(x)  dx 
tv  dr  Jr  ^x2  —  r2 


(7.38) 


or  as 


F(r) 


1  d  /*  -yja2 — r'2 

irr  dr 


/. 


Fei^Jr2  +  w2)  dw 


(7.39) 


Exercise  7.5  Check  (7.38)  or  (7.39)  by  finding  the  circular  aperture  distribution  that 
produces  the  same  field  pattern  variation  as  a  uniform  line  source  ( Fe  ~  1). 

This  synthesis  method  for  circular  apertures  rests  upon  the  integral  (7.38)  or 
(7.39).  The  first  step  is  to  find  Fe,  the  current  distribution  of  the  equivalent 
line  source  that  meets  the  desired  error  criterion.  Then,  by  using  (7.38),  the 
field  or  current  distribution  on  a  circular  aperture  that  produces  the  same 
pattern  variation  can  be  determined.  This  method,  which  was  developed  by 
Minkovich  and  Davidchevskiy,13  provides  an  interesting  equivalence  between 
circular  apertures  and  line  sources  and  can  also  be  applied  to  elliptical  aper¬ 
tures.  The  derivation  given  here  was  developed  independently  by  Chu  and 
Glaser.14 


7.7  The  Reactive  Power  Constraint 

The  synthesis  methods  described  in  the  preceding  sections  have  not  dealt 
directly  with  the  problem  of  constraining  the  amount  of  reactive  power  result¬ 
ing  from  the  antenna  current  distribution.  In  fact,  each  of  the  methods  can  be 
used  or  extended  to  provide  an  arbitrarily  close  fit  to  a  desired  pattern,  usually 
resulting  in  large,  highly  oscillatory  terms  in  the  current  distribution,  as 
illustrated  in  Sec.  7.2. 

The  reactive  power  in  the  vicinity  of  the  antenna  is  linked  to  the  radiation 
pattern  in  the  invisible  region  of  the  angular  variable  (see  Sec.  3.2).  This  con¬ 
nection  was  explored  by  Woodward  and  Lawson15  for  the  two-dimensional  case 
and  by  Rhodes16  for  a  planar  aperture  and  three  dimensions. 

A  frequently  used  measure  of  the  ratio  of  reactive  to  radiative  power  of  an 
antenna  is  the  supergain  ratio17  given  by 

r  00 

/  \f(u)\2du 

y  =  7T -  (7.40) 

j  1  du 


for  a  single  angular  variable. 
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The  relation  between  the  supergain  ratio  and  the  antenna  band  width  is  not 
apparent,  since  (7.40)  takes  into  account  only  the  radiation  field  and  not  the 
antenna  circuitry.  However,  it  has  been  shown  that  a  suitably  modified  form 
of  aperture  Q  calculation  can  yield  the  correct  input  Q  for  a  small  planar 
dipole.18  It  is  a  certainty  that  a  large  value  of  y  implies  that  the  energy  storage, 
terms  will  dominate  the  input  characteristics  of  the  antenna.  Although  the 
input  Q  and  the  aperture  Q  may  be  numerically  different,  it  is  necessary  to 
constrain  the  latter  if  the  former  is  to  be  kept  small. 

A  method  of  pattern  synthesis  has  been  developed  that  incorporates  an 
explicit  constraint  on  the  supergain  ratio.19,20  It  applies  to  the  case  of  a  con¬ 
tinuous  line  source  and  a  single  angular  variable.  The  key  to  themethod  is  the 
use  of  a  set  of  functions  that  are  orthogonal  over  both  a  finite  interval,  cor¬ 
responding  to  the  visible  region,  and  the  infinite  interval.  The  functions  that 
exhibit  this  property  of  dual  orthogonality  are  the  spheroidal  wave  functions, 
and  it  is  the  prolate  spheroidal  functions  of  zero  degree  that  are  pertinent  to 
the  problem  of  energy-constrained  synthesis  by  a  line  source.  The  properties 
of  these  functions  are  described  by  Slepian  and  Poliak21  and  Hammer.22  Let  us 
choose  a  set  of  prolate  spheroidal  functions  \pn  that  are  normalized  so  that 


and 


j  j  dz  8nm 

r°° 

/  ^n(c}z)\pm(c}z)  dz  =  Gn(c)8nm 

J  — co 


(7.41) 

(7.42) 


Values  of  the  normalization  constant  Gn(c)  versus  c  are  given  by  Slepian  and 
Poliak,21  where  the  reciprocal  of  Gn  is  called  \ft.  A  prolate  spheroidal  function 
is  its  own  Fourier  transform;  these  functions  are  the  eigenfunctions  of  the 
finite-range  Fourier  transform  equation 

tnic.u)  =  j  ^  ejeuztn(c,z)  dz 

Thus  a  current  distribution  along  the  z  axis  from  —a  to  +a  of  the  form  \pn(z/a) 
produces  a  far-field  pattern  ^„(u),  where  u  =  cos  6  and  6  is  the  polar  angle, 
measured  from  the  0  axis.  In  the  literature  involving  these  functions  it  is 
customary  to  call  the  function  over  the  finite  range  the  angular  wave  function, 
whereas  the  same  function  considered  over  the  infinite  range  is  termed  the 
radial  prolate  spheroidal  wave  function.  This  distinction  arises  because  these 
functions  are  the  bases  of  expansion  along  the  prolate  spheroidal  coordinate 
axes.  The  parameter  c  is  related  to  the  line  source  length  2a  and  the  wave¬ 
length  by  c  =  ha. 

The  prolate  spheroidal  wave  functions  form  a  complete  and  orthogonal  set 
over  the  finite  interval  corresponding  to  the  visible  region,  —  1  <  u  <  1 ;  hence 
the  desired  radiation  pattern  can  be  expanded  in  a  series  of  these  functions 

00 

f  D  (rt)  /V  A  Dn^Pn(c i'll) 

n—  0 


(7.43) 
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where  the  coefficients  A  pn  are  given  by 

ADn  =  fD(u)\f/n(c,u)  du 


(7.44) 


The  line  source  pattern  can  be  expanded  in  a  similar  fashion: 


where 


N 

f(u)  j  An\pn  (c,r) 

n  —  0 

An  =  du 


(7.45) 

(7.46) 


A  synthesis  technique  to  determine  the  coefficients  of  the  line  source  pattern 
for  a  fixed  supergain  ratio  can  now  be  developed  by  using  the  Lagrange  multi¬ 
plier  method.  The  error  criterion  is  that  of  the  minimum-mean-square-error 
match  of/  to/c  for  a  specified  y,  given  by 


r  l  r°°  r 1 

J_x  I  Mu)  -  f(u)  I2  du  +  M  |/(m)|2  du  -  y  y_i  |  f(u) 


du 


(7.47) 


Substituting  (7.43)  and  (7.45)  into  (7.47)  and  using  (7.41)  and  (7.42)  leads  to 

e  —  Z  [\Adu  —  An|2  +  /i|AB|2((7B  —  y)]  (7.48) 

n 


which  is  minimized  by 


_ Apn _ 

1  +  ji{Gn  —  y) 


(7.49) 


The  Lagrange  multiplier  is  a  positive  number  satisfying  the  equation 


N 


N 


0=  z  |AB|2((7„ 

n  =  0 


■y)  =  Z 


|aJb|2((?b  -  y) 

0  [1  +  v(Gn  —  y)]2 


(7.50) 


From  examination  of  tables  of  the  normalization  constants  Gn(c)  it  is  found 
that  the  values  of  Gn  increase  very  rapidly  after  4 a/X0  +  1  terms,  provided  y  is 
not  chosen  to  be  excessively  large.  Hence  the  ratio  An/ADn,  given  by  (7.49), 
decreases  rapidly  for  n  >  N  =  4a/X0  for  realistic  y .  The  resultant  approxima¬ 
tion  pattern  is  determined  for  all  practical  purposes  by  the  same  number  of 
terms  as  would  be  employed  in  a  Woodward  synthesis  over  the  visible  region. 
The  basic  difference  between  the  two  methods  is  that  the  use  of  the  prolate 
spheroidal  terms  results  in  a  straightforward  means  of  synthesizing  a  pattern 
with  a  specified  value  of  supergain  ratio. 

Solving  (7.50)  for  ju,  given  ADn  and  7,  permits  the  determination  of  An  from 
(7.49),  and  thus  the  synthesized  pattern.  The  line  source  current  distribution 
that  produces  this  pattern  is 

N  _ 

F(z)  =  2  3~n^cGn/2T  An\l/n(c,z/a) 

n  —  0 


—  a  <  z  <  a 
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This  method  of  reactive-power-constrained  synthesis  requires  extensive  tables 
of  the  prolate  spheroidal  functions,  which  are  not  as  yet  available,  particularly 
for  large  values  of  the  parameter  c.  Also,  the  determination  of  the  expansion 
coefficients  ADn  is  a  tedious  job.  There  are  many  aspects  of  this  problem  re¬ 
maining  to  be  studied,  such  as  the  conversion  of  these  results  to  sets  of  more 
convenient  functions. 

Although  this  synthesis  method  is  limited  in  applicability  by  the  use  of  the 
gaussian  error  criterion  and  the  supergain  ratio,  it  provides  a  formally  straight¬ 
forward  method  of  energy-constraint  synthesis.  Extensions  of  this  technique 
that  are  applicable  to  planar  antennas  and  that  relate  the  reactive  and  radia¬ 
tive  power  at  the  planar  antenna  surface  to  the  angular  spectrum  of  the  wave 
components  are  the  next  steps  in  the  development  of  synthesis  with  reactive 
power  constraints.18,23 

7.8  Methods  Suited  to  the  Production  of 
Narrow-beam,  Low-side-lobe  Patterns 

The  problem  that  occurs  most  frequently  in  antenna  design  is  to  determine  a 
current  distribution  that  will  produce  a  radiation  pattern  with  a  specified 
main-beam  width  and  side-lobe  level.  A  number  of  synthesis  techniques  have 
been  developed  for  this  particular  problem,  rather  than  the  synthesis  of 
arbitrary  patterns,  as  discussed  in  the  other  sections  of  this  chapter. 

The  single-beam  low-side-lobe  problem  can  be  characterized  as  one  for 
which  the  desired  pattern  is  an  impulse.  Error  criteria  other  than  gaussian  can 
be  used  for  this  case  because  the  mathematical  manipulations  are  not  overly 
involved,  and  the  results  can  be  conveniently  tabulated.  The  Chebyshev 
methods,  which  in  this  instance  provide  a  minimum  deviation  match,  were 
developed  for  arrays  by  Dolph24  and  for  continuous  line  sources  by  Taylor.17 
The  application  to  arrays  is  discussed  in  detail  in  Sec.  5.10,  so  only  the  principal 
results  for  the  broadside  array  are  briefly  summarized  here. 

Chebyshev  Error  —  Linear  Array 

The  Dolph-Chebyshev  technique  consists  in  expressing  the  pattern  function 
of  a  linear,  uniformly  spaced  array  as  a  Chebyshev  polynomial.  The  order  of 
the  polynomial  is  related  to  the  number  of  elements  of  the  array.  In  the 
following  the  Chebyshev  polynomial  will  be  related  to  the  field  pattern;  there¬ 
fore,  the  order  of  the  polynomial  associated  with  an  array  of  N  +  1  elements 
is  A. 

Within  the  range  —  1  <  ro  <  1  the  polynomial 

Tn(w)  =  cos  (N  cos-1  w ) 

is  oscillatory,  having  a  magnitude  no  greater  than  unity.  For  values  of  |  w 
greater  than  1  the  Chebyshev  polynomial  increases  rapidly  with  \w\.  To 
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specify  a  pattern  with  a  side-lobe  level  that  is  l/R  that  of  the  main  beam  of 
N  +  1  elements,  set 

R  =  cosh  (N  cosh™1  w0)  (7.51) 

where  w0  is  the  end  point  of  w .  Since  wQ  is  the  point  at  which  the  largest  value 
of  Tn  occurs,  it  is  the  main  beam  direction.  Let  us  now  relate  the  Chebyshev 
polynomial  to  the  array  factor  f(u)  of  a  broadside  array  by 

kQ d 

w o  cos  —  u 


m  =  tJ 


where  d  is  the  interelement  spacing.  If  the  pattern  periodicity  is  to  corre¬ 
spond  to  the  visible  region  —1  <  u  <  1,  the  spacing  d  =  X0/2.  For  patterns 
symmetric  about  u  =  0,  the  array  factor  can  be  written  [Eq.  (5.87)] 


/(m) 


(iv-1)/2  l-J 

22  Am  cos  (2m  +  1)  u 

m—  0  " 

N/2 


or  f(u)  —  ^2  Am  cos  mkodu 

m  —  0 


N  odd  (even  number 
of  elements) 

N  even  (odd  number 
of  elements) 


(7.52) 

(7.53) 


Having  determined  wQ  from  the  specified  side-lobe  level  and  number  of  ele¬ 
ments  by  (7.51),  the  next  step  is  to  relate  Tn(w)  to  f(u)  by  equating  terms  of 
the  Chebyshev  expansion  to  those  given  by  (7.52)  or  (7.53).  The  array  factors 
are  expanded  in  Chebyshev  polynomials  of  w/w0  =  cos  [(k0d/2)u\.  As  an  ex¬ 
ample,  for  N  odd  the  array  factor  is 


f{u)  = 


A’T{1) + aH£) + Ws) 


+ 


•  •  » 


=  A 


0 


+  A 


")1 

Wo/ J 

+  a2 |  iq(-) 

\WoJ 


-  20 


+  5(-)l  + 

Wo/J 


•  * 


while  the  Chebyshev  polynomial  that  is  to  be  matched  to  the  array  factor  is 
Tn(w).  Equating  the  two  and  matching  like  powers  of  w  determines  the  co¬ 
efficients  Amf  from  which  the  element  currents  can  be  found. 

In  Sec.  5.10  it  is  shown  that  the  Chebyshev  polynomial  method  provides  the 
lowest  side-lobe  level  for  a  given  number  of  elements  and  a  fixed  beam  width, 
measured  between  first  nulls.  The  Dolph-Chebyshev  method  is  a  simple  yet 
elegant  technique  for  a  minimum-deviation  fit  to  an  impulse  function.  The 
feeding  coefficients  for  the  array  elements  have  been  tabulated  for  a  large 
number  of  cases,26  and  there  are  highly  accurate  approximation  methods  for 
determining  the  coefficients  of  arrays  of  many  elements  that  are  much  simpler 
than  the  term-matching  procedure  outlined  above.26*27 
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Chebyshev  Error  —  Continuous  Line  Source 

A  side-lobe  level  control  technique  similar  to  that  for  arrays  can  be  de¬ 
veloped  for  continuous  current  distributions,  but  in  this  case  the  infinite 
angular  range  of  the  pattern  function  forces  a  modification  of  the  basic  method. 

Consider  a  radiation  pattern  of  the  form 

f(u)  =  cos  kda(^u2  —  c 2)  (7.54) 

For  the  angular  range  c2  <  u2  <  «>  this  function  oscillates  between  +1  and 
—  1 ;  however,  when  u  —  0, 

f(u  =  0)  =  cosh  kQac 

and  the  side-lobe  level  of  a  pattern  with  a  main  beam  at  u  =  0  is  given  by 

R  =  cosh  k0ac  (7.55) 

Using  (7.55),  the  value  of  c  can  be  determined  for  a  given  side-lobe  level, 
aperture  size,  and  wavelength. 

To  determine  the  current  distribution  that  produces  the  pattern  of  (7.54), 
let  us  use  the  Woodward  technique  of  Sec.  7.3.  Sampling  the  pattern  function 
f(u)  at  the  intervals  un  =  mr/k^a  yields  the  Fourier  expansion  of  the  current  as 

F(z)  =  2“  S  “  c2  e-j(Tla)nz  (7.56) 

If  the  pattern  (7.54)  is  allowed  to  continue  for  large  values  of  u,  the  coefficients 
of  the  current  expansion  for  large  n  will  tend  to  cos  mr.  These  are  the  terms 
that  provide  impulsive  behavior  at  the  edges  of  the  line  source.  Large  values 
of  current  or  aperture  field  at  the  edges  of  the  antenna  are  difficult  to  produce 
and  represent  an  unrealistic  result  from  two  standpoints.  First,  for  many 
antennas  it  is  desirable  to  have  the  edge  current  values  low,  not  high;  second, 
the  reason  that  we  are  led  to  these  peaks  is  to  sustain  the  equal-lobe  pattern  for 
large  values  of  u.  In  fact,  this  is  rarely  a  feature.  It  would  generally  be  pre¬ 
ferred  if  the  side  lobes  decreased  in  value  for  large  u.  Calculation  of  the  pattern 
directivity  shows  that  power  expended  in  the  far-out  lobes  is  at  the  expense  of 
main-beam  gain. 

A  simple  method  of  eliminating  the  higher  terms  of  the  current  distribution 
that  contribute  to  impulsive  behavior  is  to  terminate  the  series  (7.56)  after  the 
Ath  term.  In  effect,  this  requires  that  the  pattern  function  of  the  terminated 
series  must  have  zeros  occurring  at  the  sample  points  un  =  mr/k0a}  when 
n  >  A.  The  pattern  is  thus  forced  to  revert  to  (sin  k0au)  / k0au  behavior  for 
u  >  Un.  The  choice  of  A  is  dependent  upon  the  desired  side-lobe  level,  the 
amount  of  gain  decrease  from  a  uniform  distribution  that  can  be  tolerated,  and 
the  desirability  of  uniform  side  lobes  from  system  considerations. 

A  more  sophisticated  method  for  the  adjustment  of  pattern  zeros  to  termi¬ 
nate  the  series  expansion  of  current  terms  was  given  by  Taylor.17  He  intro¬ 
duced  a  factor  a  that  stretches  the  zeros  of  the  pattern  function  so  that  for 
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Un  =  Nt/ k0a  a  zero  coincides  with  the  sample  points  for  the  Woodwrard 
synthesis.  The  Taylor  pattern  function  for  u  <  Un  corresponding  to  (7.54)  is 


which  has  zeros  at 


fi(u)  =  cos  koa 


/tt2(2 n  -  l)2 

4fc02a2 


In  order  that  a  zero  of  fi  coincides  with  the  Nth  sample  point, 


Un 


—  -  J ~  1)1  +  o' 


k0a 


4  kn2a2 


or 


N 


V(W  -  3^)2  +  (2*„ac/7r)2 


The  parameter  <r  provides  a  smooth  transition  between  the  tw-o  pattern  regions, 
at  the  expense  of  slight  beam  broadening.  The  Taylor  pattern  is 


where 


fi(u)  =  R 


sin  k0au 
kQau 


y-r1  1  —  ( U/U„ )2 

n  =  1 1  —  ( kgau/mr )2 


dbcr 


+ 


7r(7l  —  H) 

/c0a 


1  <  n  < 


N  <  U  <  CO 


The  result  is  that  this  method  provides  approximately  a  specified  deviation 
match  to  an  impulse,  using  a  continuous  current  distribution,  over  an  angular 
range  that  is  so  chosen  that  the  directivity  of  the  antenna  is  not  seriously 
reduced. 


The  One-parameter  Taylor  Line  Source 

Another  method  of  partial-pattern  synthesis  that  is  intended  for  side-lobe 
control  W'as  developed  by  Taylor.28  This  method,  w-hich  is  not  based  on  an 
error  criterion,  uses  a  modified  (sin  koau)/k0au  pattern  as  its  basis  and  benefits 
from  the  high  efficiency  that  is  achieved  by  using  patterns  resembling 
(sin  k<jau)/ktfiu. 

Consider  a  pattern  function 

\  sin  koa^u2  —  c 2 

flu)  =  - 

kQa^u2  —  c2 


For  large  values  of  u ,  this  pattern  behaves  as  (sin  k0au)/koau.  For  u  —  0,  the 
pattern  height  is 


sinh  k0ac 
k0ac 
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The  first  side  lobe  occurs  when 

kQa^u2  —  c2  =  4.603  or  u  ~ 

and  has  a  height  relative  to  the  main  beam  of 

1  _  koac  _  4ac 
R  4.603  sinh  k0ac  3X0  sinh  k0ac 

If  R,  the  height  of  the  main  beam  over  the  first  side  lobe,  is  specified,  the  con¬ 
stant  c  can  be  determined,  given  the  aperture  size  (2a)  and  the  wavelength. 
The  aperture  distribution  that  produces  this  pattern  is 

where  70  is  the  modified  Bessel  function  of  zero  order.  The  value  of  this  method 
is  that  it  is  a  simple  way  of  obtaining  an  aperture  distribution  that  produces  a 
main  beam  with  relatively  high  efficiency  and  side  lobes  that  do  not  exceed  a 
specified  value. 

Chebyshev  Error  —  Circular  Aperture 

The  Chebyshev  side-lobe  control  technique  for  line  sources  can  be  restated 
for  a  circular  aperture.  The  far-field  radiation  pattern  of  a  current  distribution 
F(r)  that  varies  only  as  a  function  of  the  radius  r  and  extends  to  r  —  a  is 

f(u)  =  /;  F(r)Jo(k0ru)r  dr 

where  the  variable  u  is  the  sine  of  the  polar  angle  6  measured  from  the  normal 
to  the  circular  aperture. 

Let  us  choose  a  desired  pattern  of  the  form 

fn(u)  —  cos  k0a^u2 —  c2  (7.57) 

The  height  of  the  main  beam  above  the  side-lobe  level  is,  as  before, 

R  =  cosh  k0ac 

Using  the  Ruze  method10  of  circular  aperture  synthesis  that  is  analogous  to  the 
Woodward  method4  for  line  sources,  we  find  that  the  aperture  distribution  that 
produces  the  pattern  (7.57)  is 

F(r)  =  2  Y  CQS  ha^(@n/ha)2  -  c 2 
T  n=o  a2Jo2(/3n) 

where  the  Bessel  roots  /3n  are  defined  by  JiQ3n)  =  0.  As  was  shown  previously, 
the  sampling  of  (7.57)  for  large  n  leads  to  impulsive  behavior  of  F(r)  at  r  •— »  a. 
It  is  necessary  to  terminate  the  series  at  some  value  n  =  N ,  thereby  shifting 


koacyj  1 


z\  <  a 
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the  zeros  of  the  pattern  to  coincide  with  the  zeros  of  Ji(kQau ).  This  forces  the 
pattern  to  decrease  with  large  w,  resulting  in  a  controlled-side-lobe,  high- 
directivity  pattern. f 

Tables  of  aperture  distributions  have  been  calculated  by  using  the  expres¬ 
sions  derived  by  Taylor,  for  which  there  is  a  stretching  factor  a  that  shifts  the 
zeros  up  to  n  =  N  so  that  the  iVth  zero  coincides  with  a  zero  of  the  uniform 
aperture  distribution.30 

7.9  N on-unif  ormly  Spaced  Array  Pattern  Synthesis 

The  classical  approaches  to  array-pattern  analysis  and  synthesis  have  con¬ 
sidered  only  the  case  of  uniformly  spaced  elements.  There  is  rarely,  however, 
any  clear  requirement  for  uniform  spacing,  although  under  certain  conditions 
it  may  be  desirable  to  have  all  elements  in  identical  environments.  There  have 
been  a  number  of  studies  of  the  properties  of  arrays  of  unequally  spaced  ele¬ 
ments  in  which  attempts  were  made  to  use  the  additional  freedoms  of  element 
placement  to  improve  the  radiation  pattern.  The  electromagnetic  interaction 
that  occurs  between  closely  spaced  elements  usually  precludes  the  considera¬ 
tion  of  spacings  of  less  than  X0/2,  and  so  most  nonuniform  spacing  techniques 
apply  to  the  reduction  of  the  number  of  elements  from  that  needed  for  a  con¬ 
ventional  uniformly  spaced  array. 

There  are  two  categories  in  which  the  nonuniform  array  method  can  be 
grouped.  The  first  of  these  are  the  deterministic,  or  analytical  techniques, 
some  of  which  will  be  covered  in  this  section.  The  second  category  includes  the 
random  or  pseudorandom  methods,  in  which  the  pattern  of  an  array  is  in¬ 
tended  to  resemble  the  average  pattern  of  an  ensemble  of  arrays  constructed 
by  the  same  technique.  These  methods  are  not  synthesis  techniques,  although 
they  may  have  as  their  goal  the  production  of  a  beam  with  a  specified  side-lobe 
level.  Rather,  they  are  analysis  methods  that  provide  heightened  intuition  by 
which  a  given  choice  of  element  placement  can  be  selected  to  approximately 
fulfill  the  desired  criterion.  The  random,  or  statistical,  methods  are  given  in 
Chap.  6. 

The  first  significant  work  on  nonuniformly  spaced  arrays  was  carried  out  by 
Unz  and  was  reported  in  his  University  of  California  (Berkeley,  1956)  doctoral 
dissertation.  Since  that  time,  a  large  number  of  contributions  to  this  field  have 
been  made.  We  shall  discuss  only  a  selected  few  of  the  many  different  ap¬ 
proaches  that  have  been  proposed  and  refer  the  reader  to  the  literature  for 
further  details  (see  references  listed  for  Sec.  7.9  at  the  end  of  this  chapter). 

The  Source  Position  Function 

To  calculate  the  pattern  of  a  nonuniformly  spaced  array,  it  is  first  necessary 
to  choose  a  descriptor  of  the  element  positions,  since  they  are  no  longer  con- 

fThe  method  described  by  Taylor  differs  somewhat  from  the  approach  outlined  here. 
The  interested  reader  should  consult  Ref.  29. 
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sidered  to  be  located  at  regular  intervals.  A  source  number  function  v(z)  is 
used  to  locate  elements  according  to  the  rule  that  at  the  location  of  the  nth 
element  z  =  zny  v(zn )  —  n.  Thus  a  continuous  curve  v(z)  defines  the  element 
locations  or,  conversely,  provides  the  number  of  the  element  for  a  given  posi¬ 
tion  along  the  array  axis  z  (Fig.  7.7). 


The  radiation  pattern  of  an  array  of  N  elements  on  the  z  axis  is  given  by 

N 

f(u)  =  X  inejk(>*nU  (7.58) 

n=  1 

where  in  is  the  current  in  the  nth  element,  z„  is  its  location,  and  u  =  sin  6.  This 
equation  can  be  transformed  by  using  the  Poisson  sum  formula,  which  states 

oo  co  co 

Z  P(n)  =  Z  _  F  (v)e’2mrv  dv 

n  —  —  oo  m  =  —  oo  J  -“co 

Thus  (7.58)  becomes 

“  r  N 

f(u)  =  X  /  i(v)ej2m™  +  jko*u  dv  (7.59) 

m=  ■—  co  J  ® 


where  the  limits  of  integration  are  from  0  to  N  because  there  are  no  elements 
outside  the  range.  Changing  the  variable  in  (7.59)  from  v  to  z}  we  obtain 


and  writing 


_ gftrmviz)  +  jkozu  rfg 

dz 


f(u)  =  Z  fm(u) 

m—  —  oo 


(7.60) 
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we  may  consider  a  single  term  of  the  expansion 

fm(u)  =  I ‘S  i(z)  ^  ei‘2rmviz)  +  jk“u  dz  (7.61) 

Thus  we  have  transformed  the  array  sum  (7.58)  into  a  sum  of  integrals  of 
continuous  functions.  The  functions  i(z)  and  v(z)  are  understood  to  be  the 
envelope  of  the  current  distribution  and  the  source  positions;  that  is,  at  the 
location  of  the  nth  element,  2  =  2„,  i(zn)  =  in,  and  v(zn)  =  n. 

The  physical  interpretation  of  (7.61),  however,  is  the  radiation  pattern  of  a 
continuous  line  source  with  a  current  distribution 

l(z)  ~  e^rmt{t) 
dz 

The  series  (7.60)  tends  to  be  a  rapidly  convergent  one  for  most  problems. 
The  main  contribution  to  fin)  for  small  u  comes  from  the  m  =  0  term.81 

The  synthesis  techniques  that  have  been  developed  for  continuous  current 
distributions  can  now  be  applied  to  the  case  of  nonuniformly  spaced  arrays. 
For  example,  suppose  it  is  desired  to  find  an  array  of  elements  with  equal 
currents  that  produce  a  pattern  approximating  a  Taylor  distribution,  as 
described  in  Sec.  7.8.  First,  set  i(z)  =  1 ;  considering  only  the  m  =  0  term  in 
(7.60),  we  have 

fo(u)  =  /  ^  e’k'zu  dz 

The  results  in  Sec.  7.8  that  would  specify  the  current  distribution  apply  here 
to  the  derivative  of  the  source  position  function,  dv/dz. 

The  Anger  Function  Method?* 

Consider  the  case  of  an  array  of  uniformly  illuminated  elements  (in  =  1  /N) . 
The  source  position  function  is  chosen  to  be 

v{z)  =  (£  +  T1  sin  S)  ^  (7-62) 

where  2a  is  the  total  length  of  the  array  and  \AX\  <  )/£,  so  that  v(z)  is  a  single¬ 
valued  function.  Substitution  of  (7.62)  into  (7.61)  yields 

fm(u)  J 2ou/Xq—  mN  (2?7lAT ^4. 1 ) 

+  A1[J2auiH_mN^1(2niNA1)  +  J 2au/\Q-mN~i  (2mNA1)\  (7.63) 

where  JP(z)  is  the  Anger  function  defined  by32 

1  f  T 

Jp(z )  =  -  /  cos  (px  — 

7T  Jo 


z  sin  x)  dx 
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Using  the  recursion  formulas  for  the  Anger  function,  the  pattern  f(u)  can  be 
written 

co 

/(«)  =/o(tt)  +  Z  +/-(«)] 

rn  =  1 


where 


sin  k0au  1  —  u2/ui2 
k0au  1  —  (2au/\0)2 


(2a/Xo)-» 

1  -  2Ai 


fm(u)  +f~m(u) 


2  au 

mN\ o 


J  2au/\o—mN  (2mNA1) 


J —2au/\o—mN  (2mNAi) 


Considering  the  pattern  range  u  >  0,  we  can  approximate/^)  by 


where 


co 

m  =  f0(u)  +  z 

1 


G-7n(u) 


2  au 
mN  X0 


J 2au/\o~mN  (2fltN A l) 


(7.64) 


Choosing  \Ai\  =  %  so  that  there  is  no  overlap  of  the  G-m  terms,  the  magnitude 
of  the  maximum  side  lobe  of  the  pattern  (7.64)  can  be  shown  to  be 


/(^)  max 


1 G  i 

1  T  2  A\ 

jv>r  — j. 

IllliX  /  , 

WtUi 

The  radiation  pattern  from  this  unequal  spacing  arrangement  consists  of  a 
main  beam  and  a  distributed  series  of  side  lobes  that  are  given  by  the  G-m(u).n 
In  Fig.  7.8  a  typical  pattern  is  shown. 


Nrr  7Ntt  2Ntt 


I(qOU 

Fig.  7.8  A  typical  far-field  pattern  obtained  by  application  of  the  Anger 
function  method.  The  array  consists  of  151  elements  with  uniform  current 
distribution.  {From,  Ishimaru  and  Chen.33) 


The  Grating  Plateau  Method 34 

The  Poisson  sum  formulation  can  be  used  to  develop  a  technique  for  the 
production  of  approximately  flat  plateaus  of  side  lobes  by  an  array  of  non- 
uniformly  spaced,  equal-current  elements.  Let  us  consider  the  pattern  of  a 
non-uniformly  spaced  array  in  the  form  given  by  (7.59).  The  element  currents 
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are  assumed  to  be  equal,  and  2  is  written  as  a  function  of  v  to  imply  that,  when 
v  =  n,  z  —  zn.  A  single  term  of  (7.59)  is 


g~j2mTv  -f  jkQuz(v)  fjy 


(7.65) 


The  main  contribution  to  (7.65)  comes  from  the  vicinity  of  the  point  of  sta¬ 
tionary  phase,  v  —  n0,  for  which 


(7.66) 


Evaluating  (7.65)  by  the  stationary  phase  method  we  obtain,  for  an  nQ  that  is 
not  near  the  ends  of  the  array, 


f-m(u)  = 


kQuz"(nQ) 


gjkQUz(no)  —  j2wixno  +  jirlA. 


Let  us  now  require  that  the  magnitude  of  the  function  /_m  be  approximately 
constant  in  the  vicinity  of  the  stationary  phase  point.  Then 


d2z(v) 


v—  no 


=  constant 


(7.67) 


Using  (7.66)  and  (7.67),  we  find  that 


d2z(v) 


dv2 


—  In  (1  +5) 


dz(v) 


v=n  0 


dv 


i 


where  5  is  a  constant  chosen  for  convenience  of  notation.  Dropping  the  sub¬ 
script  on  n,  the  form  of  the  source  position  function  for  constant  grating 
plateaus  is 


v(n)  = 


Si 


(1  -f-  5)  In  (1  -f-  5) 


(i  +  by  -  1 


where  Si  is  the  minimum  spacing  and  5  is  the  exponential  increment  between 
any  two  adjacent  element  spacings;  that  is, 


Zn+l  —  Zn  =  (1  +  8)(Zn  “  Zn-l) 


The  maximum  spacing  occurs  at  the  ends  of  the  array  and  is 

2*  -  2Ar„i  =  (1  +  (7.68) 

The  level  of  the  plateaus  is  found  from  (7.67)  and  (7.68)  to  be,  for  large  A, 
given  by 

pjkQUz(no)  —  y2wnrno  +  jV/ 4 

/-»(*)  -  - 

Vw  In  (1  +5) 

The  main  beam  can  be  found  by  direct  integration  of  (7.59) .  A  pattern  with  an 
approximately  constant  side-lobe  level  can  be  generated  by  this  technique.34 
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The  ratio  of  side-lobe  level  to  main  beam,  in  conjunction  with  the  number  of 
elements,  determines  the  exponential  spacing  increment  5.  A  typical  pattern  of 
a  symmetric  array  of  elements  with  the  exponential  spacing  distribution  is 
shown  in  Fig.  7.9. 


Fig.  7.9  A  typical  pattern  resulting  from  the  grating  plateau  method.  ( From  Chow.34) 

7.10  The  Phase  Constraint:  Power-pattern  Synthesis 

Most  synthesis  techniques  require  a  statement  of  the  phase  of  the  far-held 
pattern.  The  applicable  mathematical  methods  describe  held  quantities  and 
depend  upon  the  Fourier  transform  relation  between  the  current  distribution 
and  the  radiation  held. 

However,  it  is  frequently  the  case  that  the  antenna  designer  is  interested 
only  in  the  power  pattern,  and  the  far-field  phase  has  no  effect  on  system 
performance.  An  example  of  this  is  a  radar  with  a  shaped-beam  radiation 
pattern.  The  radar  output  displays  the  reflected  power  from  the  illuminated 
targets,  and  the  phases  of  the  returns  are  discarded  at  the  detector. 

The  specification  of  the  phase  of  the  far  held  imposes  a  set  of  constraints  on 
the  radiation  pattern  that  may  be  unnecessary  for  the  desired  result.  These 
constraints  restrict  the  pattern  behavior  in  ways  that  are  not  obvious  to  one 
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accustomed  to  dealing  with  the  conventional  Fourier  techniques.  For  example, 
it  is  commonly  accepted  that  the  rate  of  ripple  of  the  approximation  pattern  is 
given  by  the  reciprocal  of  the  antenna  size  in  wavelengths.  This  is  the  usual 
result  for  constant-phase  patterns ;  however,  if  the  constraints  used  to  produce 
spherical  waves  are  released  for  further  amplitude  control,  a  ripple  rate  of 
twice  that  of  the  field  methods  frequently  occurs. 

There  are  difficulties  inherent  in  the  synthesis  of  power  patterns.  The  first 
is  that  the  convenient  linearity  of  the  Fourier  transform  relations  is  lost. 
Power  is  an  inherently  nonlinear  quantity,  so  the  methods  of  analysis  result  in 
nonlinear  equations.  Another  troublesome  aspect  to  power-pattern  synthesis 
is  that  a  unique  array  is  rarely  found.  Rather,  a  unique  set  of  arrays  or  aper¬ 
tures  is  determined.  All  members  of  the  set  produce  the  same  power  pattern 
that  satisfies  the  error  criterion.  The  number  of  antennas  that  produce  the 
same  pattern  is  finite,  but  in  many  cases  it  is  very  large.35 

An  appreciation  of  the  intractability  of  the  equations  of  power-pattern 
synthesis  can  be  gained  by  examination  of  the  problem  of  the  minimum-mean- 
square  match  of  the  power  pattern  of  an  array  to  a  desired  pattern.36 

Consider  the  far-held  pattern  of  an  array  of  N  +  1  equispaced  elements, 
given  by 

N 

f(u)  =  X)  Ane3'kondu 

n—  0 

Using  Z  =  e’k*du,  we  obtain  the  associated  polynomial 

f(Z)  =  A0  +  AXZ  +  A2Z2  H - b  AxZN 

=  A„(Z-Z1)(Z-Z2)>--(Z-Zn) 

The  A  zeros  of  this  polynomial  can  be  plotted  in  the  complex  Z  plane,  and 
the  held  pattern  can  be  found  by  multiplying  the  vectors  from  the  zeros  to 
points  on  the  unit  circle  corresponding  to  values  of  u  (see  Sec.  5.5). 

The  power  pattern  of  the  array  is 

P(Z)  =  //*  =  \A0  +  AXZ  +  •  •  •  +  AnZn\2 

=  \An\2\Z  -  Zi\*\Z  -  Z2I2*  *  •  | Z  -  ZN |2  (7.69) 

While  it  is  relatively  simple  to  determine  the  power  pattern  (7.69)  if  the  co¬ 
efficients  An  are  given,  the  inverse  process  is  another  matter  altogether.  The 
reason  is  that  in  writing  the  polynomial  representing  the  power  pattern  (7.69), 
we  have  formed  products 

| Z  -  Zn |2  (7.70) 

that  cannot  be  distinguished  from  those  of  the  conjugate  image  point  1/Z*, 
that  is, 

\Znl*Z-±2  (7.71) 

^  n 
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for  a  Z  that  traverses  the  unit  circle.  This  can  be  seen  by  expanding  (7.70)  and 
(7.71),  using  Z  =  ej *  and  Zn  =  pne***>  as 


and 


Z  —  Zn 


2  — - 


pne^n)  (e~j+ 


pne  M”) 


=  1  —  Pn(eMn~^  +  +  P„2 


=  1  +  pn2  “  2pn  COS  {\pn  “  ^) 


“  Pn2(  ^ 


—  Pn  +  1  “  2 pn  COS  (\ pn  ~ 


In  reconstructing  an  array  from  the  power  pattern  P(Z)  we  must  choose  be¬ 
tween  each  root  and  its  conjugate  image,  unless  the  root  lies  on  the  unit  circle, 
for  which  1/Zn  =  Zn.  If  there  are  Q  single  roots  of  the  field  pattern  lying  off 
the  unit  circle,  there  are  2Q  combinations  of  these  roots  or  their  conjugate 
images  that  will  produce  the  same  power  pattern. 

The  power  pattern  of  an  array  is  also  a  polynomial  in  Z  and,  if  written  in 
terms  of  the  variable  u,  it  is 

N 

P(u)=  Z  Bnejnk«iu  (7.72) 

n—  ~N 

Let  us  suppose  that  the  desired  power  pattern  is  expanded  as  a  Fourier  series, 

co 

Pd(u)  =  Z  (7.73) 

n=  —  oo 


If  (7.72)  and  (7.73)  were  field-pattern  expansions,  the  coefficients  of  like  terms 
could  be  equated.  However,  this  is  almost  never  possible  for  power  patterns, 
for  the  reason  that  a  truncated  series  expansion  of  Pd(u)  is  rarely  positive  for 
all  angles  in  the  visible  region.  The  coefficients  Bn  are  values  of  the  auto¬ 
correlation  of  the  array  currents.  Since 


N  N 

P(u)  =  f(u)f*(u)  =  Amejk*mdu  X)  Ape-^pdu 

m  —  0  p=  0 


AmApejk*{m-r)du 


m  p 


if  m  —  p  =  n 


P(u)  =  z  {  z 

n—  0  I  m=  n  I  n=  —  1 


fiV-f  n 

AmA  m—n 

m—  0 


gjkondu 


and  the  coefficients  Bn  of  the  expansion  (7.72)  are 


N 


Bn  =  YL  AmA*-n  n  >  0 

m  =  n 
N+n 

Bn  =  Z  AmA*m_n 


m—  0 


and 


n  <  0 
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Exercise  7.6  Show  I?_n  =  £*. 

A  solution  for  the  coefficients  Am  cannot  be  obtained  for  Bn  =  BDn  unless 

iV  x  \ 

E  >  0  for  ~£<u<^  (7.74) 

If  (7.74)  does  not  hold,  an  error  criterion  must  be  used,  such  as  minimizing 

N 

S  =  X  | BDn  -  Bn [2  (7.75) 

n—  —N 

Note  that  this  is  a  second  approximation;  the  first  was  a  truncation  of  the 
series  of  terms  of  PD.  No  matter  what  coefficients  are  chosen  for  the  array  of 
N  +  1  elements,  it  cannot  reproduce  any  terms  of  (7.73)  for  |n|  >  N.  In  addi¬ 
tion,  the  requirement  that  the  resultant  power  pattern  must  be  everywhere 
positive  further  restricts  the  Bn  so  that  they  cannot  equal  BDn  for  |n|  <  N. 
Minimizing  (7.75)  leads  to 

$  N  /  X  \  ~N  /  N+n  \  2 

<3  T?g  A  X  (  “*  X  AmA*„n  )  +  ^2  “  X  *_n  )  =  0 

u  n  n  =  0  \  m—n  /  n  —  —  1  \  m—  0  / 

(7.76) 

and  a  similar  expression  for  the  imaginary  part  of  An.  As  might  be  suspected 
from  a  cursory  examination  of  (7.76),  this  set  of  simultaneous  equations  is  very 
difficult  to  solve,  and  straightforward  manipulation  often  leads  to  errors  unless 
the  results  are  tested  to  assure  that  (7.75)  is  minimized. 

The  Pattern  Logarithm  Method 

There  is  a  method  of  power-pattern  synthesis  that  is  relatively  simple  to 
carry  out  but  does  not  apply  to  all  cases.35  The  key  to  this  technique  is  that  the 

logarithm  of  a  complex  function  separates  the  phase  and  amplitude  of  the 
function. 

Consider  a  desired  power  pattern  that  is  expressed  in  terms  of  the  magnitude 
of  the  field  pattern  as 

Pn(u)  =  \fD(u)\> 

Let  us  assume  that  we  can  take  the  logarithm  of  the  magnitude  of  /d,  and, 
further,  that  the  function 

l°g  \/d(Z)\  Z  =  ejk*du 

has  no  singularities  inside  the  unit  circle.  Those  singularities  that  are  on  the 
unit  circle  we  shall  exclude  by  taking  an  appropriately  indented  contour. 
The  logarithm  of  a  complex  function  /  can  be  written 

log  /  =  log  |/|  +j  arg/ 
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thus  effectively  separating  the  magnitude  and  phase  of/.  If  log/  is  an  analytic 
function  in  a  region,  its  real  and  imaginary  parts  are  laplacian  and  one  can  be 
determined  from  the  other  by  the  Cauchy-Riemann  equation  relating  harmonic 
functions. 

As  we  have  seen  before,  there  is  no  difference  between  the  array  power 
pattern  that  is  constructed  by  using  the  zeros  of  the  associated  polynomial  and 
the  one  from  the  conjugate  image  points.  Hence,  the  determination  of  the 
array  pattern  that  has  an  analytic  logarithm  inside  the  unit  circle  is  equivalent 
to  finding  the  particular  array  polynomial  that  has  all  zeros  outside  or  on  the 
unit  circle.  Restricting  our  consideration  to  an  analytic  log/  within  the  unit 
circle,  the  array  pattern  can  be  expanded  in  a  power  series  about  the  origin  as 

oo 

log/  =  £  CnZ” 

n—  0 

and  the  coefficients  Cn  can  be  found  by  a  Fourier  decomposition  of  the  real 
part  of  log  /  around  the  unit  circle 

c„=  -  f 1  log  |/|  e~in*  #  n*  0  (7.77) 

7 r  J  —  t 

where  ^  =  k^du.  The  coefficient  Co  is  unimportant,  since  it  is  a  constant  multi¬ 
plying  the  array  polynomial.  By  replacing  log  |/|  by  log  \fD\  in  (7.77),  we  are  in 
effect  using  the  Fourier  decomposition  of  the  logarithm  of  the  desired  pattern 
to  determine  the  expansion  coefficients  of  the  log  of  the  array  pattern. 

To  find  the  associated  polynomial  of  the  array, 

f(Z)  =  £  AmZm 

m  =  0 

a  series  expansion  of  the  function  e!og  f  is  used,  for  which 

■4-  -  h.  [If  exp  C?0c-Z") 

The  terms  are 

A0  = 

A  i  =  AqCi 

A2  —  y2(2AoC2  +  A1C1) 

Az  —  %(3AqCz  +  2A1C2  +  A2C1) 
etc. 

The  expression  (7.78)  yields  the  excitation  coefficients  of  the  linear  array  of 
AT  +  1  elements  that  provide  a  match  to  the  first  N  +  1  harmonic  terms  of 
the  logarithm  of  the  desired  field  pattern  magnitude.  The  synthesis  procedure 
consists  of  the  Fourier  decomposition  of  log  |/d|,  given  by  (7.77),  and  the  series 
expansion  for  the  array  coefficients  using  the  Cn  s  as  given  by  (7.78). 
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As  an  example,  consider  the  desired  power  pattern 

Pn(u)  =  erlhu% 

for  which  log  |/d(u)|  =  — bu 2 

The  coefficients  of  the  series  expansion  about  Z  =  0  are 


yp  —  kGdu 


(7.79) 


The  constant  C0  is  arbitrarily  set  equal  to  zero.  Then,  from  (7.78) 


A  graph  of  Pd(u)  and  P(u)  for  an  array  of  five  elements  with  X0/2  interelement 
spacings  is  shown  in  Fig.  7.10  for  the  case  6  =  6. 


Fig.  7.10  The  approximation  to  a  gaussian  pattern  obtained  by  the  potential-theory 
method. 
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The  step  on  which  this  method  depends,  the  use  of  the  logarithm  of  the 
desired  pattern,  is  also  its  chief  limitation.  Zeros  of  the  desired  pattern  produce 
singularities  in  the  logarithm,  and  small  changes  near  the  pattern  nulls  result 
in  large  changes  in  the  logarithm  and  in  the  coefficients  of  the  approximation. 
There  is  no  guarantee  that  the  use  of  the  first  N  coefficients  will  provide  a  good 
pattern  fit,  particularly  if  the  desired  pattern  and  the  approximation  pattern 
differ  substantially.  If,  for  example,  the  coefficient  b  in  (7.79)  had  been  chosen 
to  be  6=  (2/c0d)2,  the  array  excitation  coefficients  increase  with  m  until  m  =  12. 
To  apply  this  method  of  synthesis  effectively,  it  is  necessary  to  choose  the  total 
number  of  array  elements,  N  +  1,  to  be  sufficiently  large  that  the  magnitudes 
of  the  coefficients  for  m  >  N  +  1  are  small  relative  to  the  average  in  the  array. 
Otherwise,  it  is  necessary  to  examine  groups  of  coefficients  corresponding  to 
different  arrays,  Ah  Ai+ 1,  . . . ,  Ai+n,  in  order  to  find  which  provides  the  most 
satisfactory  pattern  approximation. 


A  Variational  Method  of  Power-pattern  Synthesis 

The  synthesis  of  radiation  patterns  without  the  a  priori  specification  of  far- 
field  phase  can  be  accomplished  by  the  use  of  a  variational  calculus.37  This 
method  can  be  applied  to  problems  other  than  pattern  synthesis,  but  we  shall 
consider  as  an  error  criterion  the  minimum  of  the  squared  difference  between 
the  desired  power  pattern  Pb(u)  and  the  power  pattern  of  an  array  of  N  +  1 
elements,  averaged  over  a  single  angular  variable: 

=  =  C  [ PD(u )  -  P(u)fdu  (7.80) 


Previously,  the  error  criterion  (7.80)  was  shown  to  be  equivalent  to  (7.75): 


£ 


(7.75) 


If  we  introduce  a  variation  in  each  of  the  array-feeding  coefficients,  so  that 


Am  +  <5/1  m 


there  will  be  a  variation  in  the  array  autocorrelations, 

Bn  Bn  +  dBn 

that  will  change  e.  There  are  sets  of  array-feeding  coefficients  for  which  any 
small  variation  8Am  causes  an  increase  in  e.  These  coefficients  yield  the  power 
pattern  that  minimizes  (7.80).  We  shall  determine  the  equation  that  defines 
the  minimum  e  coefficients  and  devise  a  method  of  testing  a  set  of  coefficients 
so  that  we  are  sure  that  a  solution  has  been  obtained. 

First,  it  is  necessary  to  prevent  a  simple  scale  change  from  affecting  the 
answer.  We  are  concerned  with  pattern  shape,  and  not  the  absolute  value  of 
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the  field  intensity.  By  constraining  the  total  power  in  the  array  to  be  a  con¬ 
stant,  we  obtain 

N  N 

Bo  =  E  AmAt  =E(1,  +  SAm)(At  +  8 At)  (7.81) 

m  — 0  m  = 0 


This  is  equivalent  to  stating  that  the  antenna  gain,  averaged  over  all  angles,  is 
a  constant  independent  of  the  current  distribution.  From  (7.81) 

N  N 

E  (Am  8A*m  +  At  8 Am)  =  -  E  8Am  8A*m  (7.82) 

m= 0  to-  0 

The  desired  pattern  is  also  normalized  so  that 


(7.83) 


Let  us  consider  a  set  of  real  array  coefficients  in  order  to  simplify  the  analysis. 
Note  that  this  will  not,  in  general,  result  in  a  real  far  field.  Rather,  it  makes 
the  real  and  imaginary  parts  of  the  far  field  into  Hilbert  transforms.  The  case 
of  real  Am  represents  a  particular  set  of  answers  that  do  not  necessarily  yield 
the  lowest  error;  however,  it  illustrates  the  method  and  permits  a  convenient 
introduction  to  the  complex  case. 

A  real  variation  8Am  of  each  array  coefficient  changes  Bn  according  to 


N  N  N 

Bn  +  8Bn  ^  ^  AmAm_n  ^  1  $Am  A  m~n  +  E  Am  Mm_n 


n 


m=n 


m==  n 


Ar 


n  >  0 


n  <  0 


+  8 A  n 

m=  n 

iV+n  N+n  V+n 

)  v  AmAm_n  ~ b  ^  j  $Am  Am_n  ^  .  Am  5 A m— n 

m~ 0  to=  0  to=  0 

Ar~h  n 

+  ^2  ^Am  8Am-n 

to  —  0 

N  N-n 

Thus  8Bn  =  X)  8Am  A  m~n  — b  E  8Ak  Ayfc+n 

m—n  k  — 0 

N 

+  E  SAm  8Am-n  n  >  0  (7.84) 

7tt  =  n 

N+n  N 

or  8Bn  ^  ^  8Am  A  m—n  ~b  ^  >  $Ak  A^j^n 

m=  0  k = —  n 

Ar+  n 

+  ^2  $Am  8Am-n  n  <  0 

m—  0 


(7.85) 


The  variation  in  the  error  s  is  given  by 


N 

£  +  5c  =  ^2  [BDn  —  {Bn  +  5Bn)]2 

n—  -N 

5e  =  -2  E  ( BDn  -  Bn)8Bn  +  E  (SBn)2 


n=  -N 


n~  —N 


or 


(7.86) 
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Substituting  (7.84)  and  (7.85)  into  (7.86),  and  writing  Bnn  —  Bn  =  An,  yields 


8s  =  — 


(A  N-n  \ 

^  1  8Am  A m_ n  ^  ]  8Am  Am+n  J 

m=  n  m=  0  / 

(A+n  A  \ 

E  8 Am  Am—n  — 1~  >  5x1  m  x4  n  j 

rn  =  0  m  =  —  n  / 

A  1 V-f  n 

-  2  E  E  8Am_n  -  2  £  E  Mm  Mm_„ 

n  <0  m  —  0 


n  >0  m  =  n 


N 


+  2  E  W2 

n=  -A 


(7.87) 


Interchanging  the  m  and  n  summations  in  the  first  two  expressions  in  (7.87), 
and  using  the  property  that  An  =  A_n,  we  obtain  the  result 


5s 


N  m  A  A 

4  ^  ^  8Am  ^  ^  An  Am—7i  2  ^  1  ^  I  An  8Am  8Am—n 

rn=  0  n=  —  (A—  1  —  m)  n >0  m=  n 

A+n  A 

-  2  E  Z  A»  8Am-n  +  2  E  (5Sn)2  (7.88) 

n<0  m  —  0  n=  —A 


Exercise  7.7  Verify  (7.88)  by  checking  that  the  limits  of  the  sums  of  (7.88)  follow 
from  interchanging  the  order  of  summation  of  (7.87). 


In  order  to  find  the  set  of  Am} s  that  produce  the  minimum  s,  consider  a  varia¬ 
tion  in  8Am  of  the  form 


A  necessary  condition  for  an  extremum  of  (7.88)  is  that 


(7.89) 


Each  part  of  (7.88)  except  the  first  contains  terms  in  e 2,  thus  the  application  of 

(7.89)  leads  to  the  requirement  that 

N  m 

E  am  E  Am~ „  =  0  (7.90) 

fti  —  0  n  =  — (A— tn) 


for  any  arbitrarily  chosen  set  of  am,  and  e  =  0.  A  first  guess  at  the  solution  of 

(7.90)  might  be  to  make  the  summation  on  n  identically  equal  to  zero  for  any 
m.  However,  a  glance  at  (7.88)  would  evoke  the  suspicion  that  if  the  first 
double  sum  of  (7.88)  is  zero,  the  variation  in  the  error  is  negative,  and  hence 
the  choice 


n=  —(N  —  m) 


m—n 


leads  to  a  maximization  of  the  error,  rather  than  a  minimization.  This  does, 
indeed,  turn  out  to  be  the  case  in  most  instances. 
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To  minimize  (7.88),  let  us  reexamine  the  constraint  equation  (7.82)  written 
in  terms  of  real  coefficients: 

N  N 

Z  SAmAm  =  -HZ  (SAmy 

m~0  m  —  0 

This  equation  states  that  if  each  variation  SAm  ~  eam  is  weighted  by  the 
minimum-error  amplitudes  Am,  the  sum  is  a  function  of  e2.  Therefore  we  have 
an  alternate  choice  in  satisfying  (7.89).  By  requiring  that 

m 

^  j  A  n-Am—n  CAm  (7.91) 

n  =  -( N-m ) 

all  terms  in  (7.88)  vary  as  e2,  and  the  requirement  (7.89)  is  met. 

The  result  (7.91)  is  the  defining  equation  for  the  minimization  of  the  error 
criterion  (7.75)  for  real  coefficients  Am  and  Br>m .  If  the  preceding  manipula¬ 
tions  are  carried  out  for  complex  coefficients,  the  defining  equation  is  the  same. 

To  determine  the  normalization  constant  C,  multiply  both  sides  of  (7.91)  by 
A*  and  sum: 


N  m  N 

Z  Z  AnAm_nAt  =  C  z  AmA*m  =  BoC  =  C 

m- 0  n  —  —  (V  —  m)  m=0 


or,  by  interchanging  the  order  of  summation  on  the  left, 


N 


£  A  nBt=C 

n—  -N 


(7.92) 


Equation  (7.91)  and  the  normalization  (7.92)  can  be  combined  in  a  single 
equation  that  defines  any  one  of  the  sets  of  coefficients  of  an  array  of  N  +  l 
elements  that  yields  a  pattern  with  the  least-mean-square  fit  to  a  desired 
power  pattern: 


m 


n== 


z 

-( N 


-m) 


(Bj)n  Bn')Am^.n 


(BDn  —  Bn)B* 


(7.93) 


As  is  readily  apparent,  (7.93)  is  nonlinear  in  Am,  since  Bn  contains  products  of 
the  coefficients.  However,  this  equation  is  amenable  to  iteration  techniques, 
\  and  by  using  a  high-speed  computer,  the  coefficients  of  arrays  of  large  numbers 
of  elements  can  be  determined.  Alternatively,  techniques  similar  to  those  em¬ 
ployed  for  the  Wiener-Hopf  equation  can  be  used  for  analytic  solutions  of 
(7.93).  The  disadvantage  of  these  techniques  is  that  approximations  are 
necessary  to  make  the  equations  amenable  to  analysis.  As  a  consequence,  it  is 
usually  simpler  to  iterate  (7.93)  directly  than  to  attempt  analytic  solutions 
that  require  an  excessive  number  of  terms  in  order  to  reduce  approximation 
errors. 
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As  an  example  of  power-pattern  synthesis,  consider  the  square-top  pattern 
shown  in  Fig.  7.11.  The  desired  power  pattern  PD  is  a  constant  from  u  =  —0.5 
to  u  =  0.5.  The  application  of  the  Schelkunoff  synthesis  method  (see  Sec.  7.2) 
for  a  21-element  linear  array  with  X0/2  interelement  spacings,  considering  the 
phase  of /d  to  be  a  constant,  results  in  the  set  of  excitation  coefficients  given  in 
the  first  column  of  Table  7.1.  The  second  column  of  Table  7.1  is  a  set  of  co- 


Fig.  7.11  The  approximations  to  a  square-top  pattern  that  are  obtained  by 
field  and  power-pattern  synthesis  methods. 
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efficients  for  a  21 -element  array  that  is  the  result  of  the  solution  of  (7.93)  by 
iteration  for  this  case.  The  third  column  is  a  list  of  BDn,  and  the  fourth  and 
fifth  columns  are  the  Bn  determined  from  the  An  of  columns  1  and  2,  respec- 


Table  7.1 


Array  coefficients 

Pattern  coefficients 

Fourier  series 
method 

Power-pattern 

method 

Desired  pattern 
Fourier 
coefficient 

Pattern 
coefficient 
from  Fourier 
series  method 

Pattern 
coefficient 
from  PPS 
method 

N 

An 

A  n 

N 

BDn 

Bn 

Bn 

-10 

0 

0.0819  +  yo.1108 

-21 

0 

0 

0 

-9 

0.0505 

0.0116  +  jO.1228 

-20 

0 

0 

-0.0163 

-8 

0 

-0.1825  -,0.0125 

-19 

-0.0335 

0 

-0.0256 

-7  - 

0.0650 

-0.1533  -  j 0.0564 

-18 

0 

0.0025 

0.0074 

-6 

0 

0.0919  +i0.0652 

-17 

0.0374 

0 

0.0308 

r 

—  D 

0.0910 

0.1646  -f  i0.1932 

-16 

0 

0.0066 

-0.0050 

-4 

0 

-0.1317  +  jO.1715 

-15 

-0.0424 

0 

-0.0359 

-3  - 

0.1516 

-0.4548  +  j‘0.0660 

-14 

0 

0.0134 

0.0034 

-2 

0 

-0.4039  -t-i0.0106 

-13 

0.0490 

0 

0.0423 

-1 

0.4548 

-0.1017  -  ,0.0217 

-12 

0 

-0.0271 

-0.0021 

0 

0.7144 

0.0244  -yo.1177 

-11 

-0.0579 

0 

-0.0510 

1 

0.4548 

-0.1183  -i0.1966 

-10 

0 

0.0739 

0.0009 

2 

0 

-0.2280  -j0.0963 

-9 

0.0707 

0.0722 

0.0635 

3  - 

0.1516 

-0.1263  +,'0.1437 

-8 

0 

-0.0407 

0.0005 

4 

0 

0.0283  +  jO.2929 

-7 

-0.0909 

-0.0928 

-0.0833 

r 

o 

0.0910 

0.0785  +  iO.2375 

-6 

0 

0.0313 

-0.0021 

6 

0 

0.0928  +  ,0.1003 

-5 

0.1273 

0.1300 

0.1191 

7  - 

0.0650 

0.1420  +i0.0173 

-4 

0 

-0.0263 

0.0044 

8 

0 

0.1273  -j0.0324 

-3 

-0.2122 

-0.2166 

-0.2031 

9 

0.0505 

-0.0122  -y0.1087 

-2 

0 

0.0230 

-0.0084 

10 

0 

-0.0705  -i0.0954 

-1 

0.6366 

0.6497 

0.6257 

0 

1.0000 

1.0000 

1 .0000 

Bon  = 

Bi-n  B„  =  B 

* 

— tt 

tively.  The  patterns  of  the  arrays  with  the  coefficients  of  Table  7.1  are  shown 
in  Fig.  7.11.  The  power-pattern  synthesis  result  has  a  ripple  rate  that  is 
approximately  twice  that  of  the  field  synthesis  result,  because  of  the  inter¬ 
action  of  the  real  and  imaginary  parts  of  the  radiation  pattern. 

If  a  set  of  array  coefficients  is  found  from  (7.93)  by  iteration,  it  may  not  be 
obvious  that  the  set  is  the  minimum-error  solution.  There  is  a  sensitive  test 
that  can  be  applied  to  prove  that  (7.75)  has  been  minimized.  The  test  involves 
only  the  Bny  as  does  the  error  criterion. 
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Let  us  assume  that  we  have  found  a  set  of  coefficients  Am  that  satisfy  (7.93). 
Substituting  (7.93)  into  (7.88)  yields  (for  real  Am  and  Bvn) 

6e  =  2  £  ( SAmy  y  AnBn  -  2  £  £  An8Am8Am_n 

m—  0  n—  —N  n  > 0  m  —  n 

~N  N-\-n  N 

-  2  E  Ea„  8Am  5Am_n  +  2  £  (SBnY 

n  <0  m—0  n  -  —N 

and  using  the  notation 


Ar 


E  a «Bt  =  D 

n—  —  Ar 


BA 


m 


er) 


m 


(7.94) 


5e  -  2e2(  D  y  r ?m: 

m  =  0 


Ar  Ar-fn  \ 

Ea„E  VmVm—n  E  A„  E 

n  >0  m  =  n  n  <0  m=0  / 


+  terms  in  e 4  and  terms  independent  of  An  (7.95) 


Examining  (7.95),  we  see  that  we  can  write  the  part  of  (7.95)  between  the 
brackets  in  matrix  form  as 

tw-D-n  (7.96) 

where  n  is  a  column  vector  with  elements  7}m  and  nt  is  the  corresponding  row 
vector  (transposed  vector). 

The  theory  of  quadratic  forms  states  that  this  matrix  product  will  always  be 
positive  for  any  n  if  the  matrix  D  is  positive  definite,  that  is,  if  the  determinant 
of  each  submatrix  consisting  of  the  first  p  rows  and  columns  of  D,  where 


1  <  p  <  N, 

is  greater  than 

or  equal  to  zero.  The  matrix  D  is 

D  —Ax 

—  A2  —  A3 

♦  ♦  * 

•  •  *  •  *  • 

-A_i  D 

< 

1 

<1 

1 

•  •  » 

•  *  *  *  1  * 

—  A_2  — A_i 

D  —  Ai 

—  A2 

•  ♦  ■  •  *  1 

—  A_3  — A_2 

—  A_x  D 

-A! 

—  A2  *  *  * 

(7.97) 

A_3 

—  A__2  — A_i 

D 

—  Ai  — A2 

*  *  *  «  «  • 

—  A_3  — A_2 

~A_! 

D  —  Ai 

*  *  •  <  «  • 

*  •  *  •  »  • 

»  »  • 

-A.!  D 

Note  that,  from  (7.83),  A0  = 

=  0,  and,  from  (7.97), 

D  >  0 

D2  -  AxA_i 

>  0 

etc. 

The  development  given  above  can  be  restated  for  complex  coefficients,  using 
he  definition  for  D  given  by  (7.94),  by  introducing  conjugate  values  at  the 
appropriate  places.  The  matrix  that  must  be  tested  for  positive  definiteness  is 
the  same  as  (7.97)  for  complex  An. 
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Exercise  7.8  Show  that  D  is  always  real. 


The  Reduction  of  Gibbs’  Phenomenon 

There  usually  occur  relatively  large  ripples  in  the  synthesized  pattern  near 
the  angles  at  which  there  are  discontinuities  in  the  desired  pattern.  These 
ripples  are  the  result  of  the  mean-square-error  criterion,  which  weights  a  mis¬ 
match  of  any  Fourier  coefficient  equally  with  that  of  any  other.  This  equality 
of  weighting  of  Fourier  coefficients,  and  the  subsequent  abrupt  termination  of 
the  matching  of  Fourier  coefficients  of  the  desired  pattern  that  is  imposed  by 
the  finite  number  of  freedoms  present  in  the  antenna,  results  in  lobes  that  may 
be  undesirable  for  the  antenna  application.  There  are  methods  by  which  the 
Gibbs  phenomenon  can  be  reduced.  One  method  that  has  been  discussed  by 
Simon38  is  the  weighting  of  the  coefficients  of  the  Fourier  expansion  so  that  the 
terms  of  the  series  decrease  in  magnitude  to  zero  as  the  end  of  the  series  is 
approached.  This  can  be  stated  as  an  error  criterion  similar  to  (7.75)  as 


where 


Ar 

Z  Hn 

n  =  - N 


(7.98) 


Carrying  out  an  analysis  similar  to  that  of  (7.80)  to  (7.93),  using  (7.98)  in 
place  of  (7.75),  yields  a  defining  equation  for  the  array  coefficients  of 


TO 


Z  Hn(BDn  -  Bn)A 

n  = 


m—n 


Z  Hn(B 

n—  -N 


Dn 


Bn)Bt 


Am  (7.99) 


Exercise  7.9  Derive  (7.99)  by  using  the  steps  (7.75)  to  (7.93). 

As  an  example  of  this  weighting  method,  consider  the  synthesis  of  a  esc2  d 
sector  pattern  by  a  21-element  array.  The  desired  pattern  is  shown  in  Fig.  7.12 
along  with  the  power-pattern  synthesis  result  determined  by  iterating  (7.93) 
with  the  appropriate  BDn .  Note  the  poor  match  and  the  large  ripple  near 
6  =  45°  due  to  the  mean-square  power  criterion.  Using  the  error  criterion 
(7.98),  and  iterating  (7.99)  yields  the  pattern  shown  in  Fig.  7.12.  This  synthe¬ 
sis  result  for  a  21-element  array  is  a  much  smoother  pattern  at  the  expense  of 
the  high  gain  values  near  d  =  10°. 

A  second  technique,  used  by  Haywood,39  for  the  reduction  of  Gibbs  phe¬ 
nomenon  is  to  avoid  discontinuities  in  the  desired  pattern.  Since  the  antenna 
cannot  produce  a  pattern  with  extremely  steep  slopes  unless  an  inordinately 
large  number  of  elements  is  used,  the  choice  of  a  desired  pattern  such  as  that 
shown  in  Fig.  7.12  represents  a  poor  choice  in  terms  of  realistic  antenna 
patterns.  A  desired  pattern  having  discontinuities  can  be  modified  by  adding 
“tails”  that  reduce  the  maximum  pattern  slope  to  values  that  can  be  achieved 
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by  an  antenna  of  the  size  under  consideration.  As  an  example,  Fig.  7.13  shows 
the  desired  pattern  of  Fig.  7.12  modified  by  the  addition  of  sinusoidal  segments. 
Using  this  modified  pattern  as  PD,  a  power-pattern  synthesis  result  for  a  21- 
element  array  was  found,  and  it  is  shown  in  Fig.  7.13.  The  reduction  in  ripple 
over  the  result  in  Fig.  7.12  is  apparent.  These  techniques  for  reducing  un¬ 
wanted  lobes  near  discontinuities  can  be  applied  to  cases  other  than  power- 
pattern  synthesis 


Fig.  7.12  The  unmodified  and  weighted  power-pattern  synthesis  matches  to  a  esc2  6 
pattern. 
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The  Bernstein  Polynomial  Method 

One  of  the  principal  difficulties  inherent  in  the  application  of  Fourier  series 
to  the  synthesis  of  power  patterns  is  the  determination  of  an  approximation 
that  is  everywhere  greater  than  or  equal  to  zero  and  that  can  be  identified  as  a 


Fig.  7.13  The  power-pattern  synthesis  match  to  a  modified  esc2  0  pattern. 


power  pattern.  A  synthesis  method  that  avoids  this  difficulty  can  be  developed 
by  approximating  the  power  pattern  by  a  Bernstein  polynomial.40 

Consider  a  desired  power  pattern  Pd(u )  that  is  symmetric  about  u  —  0.  An 
approximation  to  Pd(u)  is  sought  by  using  a  linear  array  of  N  +  1  equispaced 
elements.  The  polynomial  P(Z)  associated  with  the  array  power  pattern  is 
given  by  (7.69).  Because  the  patterns  are  symmetric,  the  coefficients  Bn  are 
real.  We  shall  restrict  our  consideration  to  a  set  of  Ar  +  1  real  feeding  coeffi¬ 
cients,  An,  and  write  the  array  polynomial  in  terms  of  the  real  variable 

y  =  V2(Z  +  Z-i)  (7.100) 

which  is  equivalent  to  an  expansion  of  the  pattern  in  cosines,  as  Z  =  eikodu.  The 
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approximation  of  a  function  PD(x)  over  the  interval  0  <  x  <  1  by  the  Bern¬ 
stein  polynomial  of  order  N  is  given  by 


where 


v 

Pb(x)  =  X  CmNPD(x  =  m/N)xm(l  —  x)N~m 

m==  0 

n  n  —  • _ 

m\(N  -  m)\ 


(7.101) 


The  interval  0  <  x  <  1  coincides  with  half  the  visible  region  for  a  symmetric 
pattern  if 

V  =  1  -  2x  (7.102) 

The  first  step  is  to  use  Eqs.  (7.100)  and  (7.102)  to  find  the  points  x  =  m/N  at 
which  PD  must  be  specified.  Substitution  of  the  values  of  PD  into  (7.101) 
determines  the  approximation  to  the  desired  pattern.  It  can  be  shown  that  the 
Bernstein  polynomial  approximation  to  PD(x)  will  uniformly  approach  PD(x) 
as  the  order  N  increases  and  that  Pb(x)  will  have  the  same  upper  and  lower 
bounds  as  Pd(x),  although  the  minima  and  maxima  need  not  occur  at  the 
same  points  as  those  of  PD(x).  Therefore  if 


Pd(x)  >  0  for  0  <  x  <  1 
then  Pb(x)  >  0  for  0  <  x  <  1 

Bounds  on  the  approximation  error  can  be  set  in  terms  of  the  modulus  of  con¬ 
tinuity,  defined  as 

03 (5)  =  max  |Pd(xi)  —  Pd(x2)\ 
and  the  modulus  of  continuity  of  the  first  derivative, 

«'($)  =  max  \P'D(xi)  —  P'D(x2) | 
where  \xi  —  x2l  <  8  for  0  <  xh  x2  <  1 


The  bounds  on  the  deviation  of  PB  from  PD  are 

i Pd(x)  -  PB(x)  |  <  %o>(N-h) 
and  | PD(x)  -  PB(x)\  < 


Note  that  these  bounds  are  not  very  restrictive  if  Pd  has  a  discon tinui tv  in 
value  or  slope.  For  example,  suppose  there  is  a  step  in  P'D(y)  of  unity  height 
occurring  at  y  =  y0.  Then  if 


yi  —  2/0+2  =  1 


for  any  S,  since  e  can  always  be  chosen  less  than  S.  Hence  the  bound  on  the 
maximum  excursion  for  this  case  is 


Pn(y)  -  PB(y) I  <  HN~ 
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For  functions  with  smoothly  changing  slopes,  however,  these  bounds  are 
usually  conservative. 

The  Bernstein  polynomial  of  order  N  given  by  (7.101)  can  be  written  as  an 
array  polynomial  in  the  form  of  (7.69)  by  substituting  (7.100).  The  roots  can 
then  be  factored  and  an  array  determined.  An  alternative  approach  is  to  factor 
Ps(y)  directly  into  its  roots.  Since  Pb(v)  is  a  nonnegative  polynomial  with 
real  coefficients  and  defined  for  the  region  —  1  <  y  <  1,  it  must  contain  a 
combination  of  the  following  factors: 

1.  V  +  ck  ck  real,  ck  >  1 

2.  —  (y  —  ck)  ck  real,  ck  >  1 

3.  (y  +  ck)2  ck  real,  \ck\  <  1 

4.  y 2  +  2ckiy  +  cki2  +  ck22  ckx  real,  ck2  real 


The  elementary  array  polynomials  corresponding  to  these  factors  are: 


1. 


1 


2. 


V Uk 
1 


(1  +  akZ) 


(akZ  —  1) 


3.  1  +  2c*Z  +  Z2 


4. 


1 


V 


dk\dk2 


ak  =  ck  =fc  ^Ck 2  _  i 


ak  —  ck  ±  *\jck 2  —  1 


:  [1  +  (ak i  +  ak2)Z  +  akiak2Z2}  akX  =  ckX  jck2 


+  Vfei  +  jck  2) 2  —  1 


ak  2  =  akx 


To  determine  the  array  coefficients,  it  is  necessary  to  factor  Psiy)  into  its 
linear  or  quadratic  factors,  determine  the  corresponding  elementary  array 
polynomials,  and  multiply  them  together  to  obtain  the  polynomial  in  Z  that 
describes  the  array.  Since  the  elementary  array  polynomials  are  not  uniquely 
determined,  different  combinations  will  yield  the  different  arrays  that  produce 
the  given  power  pattern. 

As  an  example,  consider  the  application  of  the  Bernstein  polynomial  to  the 
synthesis  of  the  square-top  pattern  of  Fig.  7.11.  Considering  an  array  of  six 
elements  with  X0/2  interelement  spacings,  (7.101)  is 

Pb(x)  =  £  Cmbxm(l  -  x)^pJx  =  ~) 

m= 0  \  5  / 

p.w-s«p^-=xLp)‘(LPr 


or 
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J 1-2/  1  +  2/ V 


b~~m 


where  y  =  cos  wu.  For  the  desired  pattern  of  Fig.  7.11 

Pb(u)  =  Z  C 

m  =  0 

=  ^  [(1  +  2/)5  +  5(1  -  y)(  1  +  y)*  +  10(1  -  !/)2(l  +  y)3 


=  “  (i  +  yy(y2  -  32/  +  |) 


=  jg  U  +  y)\  y 


23  Vl45 
12  +  12  y 


23  Vi45 


12 


12 


(7.103) 


The  elementary  array  polynomials  corresponding  to  the  factors  of  (7.103)  are 

(1  +  Z)s  and  1  -  0.57450Z  +  0.10589Z2 

and  an  array  polynomial  constructed  from  the  elementary  array  polynomials  is 
f(Z)  =  1  +  2.4255Z  +  1.3824Z2  -  0.4058Z3  -  0.2568Z4  +  0.1059Z5 


The  power  pattern  of  the  array  representing  the  Bernstein  polynomial  approxi¬ 
mation  is  shown  in  Fig.  7.14. 


Fig.  7.14  The  Bernstein  polynomial  method  ap¬ 
proximation  to  a  square-top  pattern. 


This  technique  has  been  applied  to  patterns  that  are  not  symmetric  in  u  and 
that  involve  complex  Bn .  However,  the  realization  of  an  array  polynomial 
from  (7.101)  in  this  case  is  more  involved.40 


7.11  Other  Synthesis  Techniques 

There  are  many  other  synthesis  methods  that  have  been  developed  to  meet 
special  problems  or  to  achieve  a  result  different  from  the  results  described  in 
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the  preceding  sections.  A  list  of  papers  following  the  references  contains  many 
synthesis  methods  that  are  not  described  in  the  chapter.  Some  of  these 
methods  are  modifications  of  the  described  techniques,  others  are  incomplete; 
however,  most  deserve  examination  by  anyone  wishing  to  cover  the  topic  of 
synthesis  in  depth. 

In  this  section  a  number  of  specialized  synthesis  techniques  are  presented. 
The  first  two  methods  deal  with  error  criteria  that  are  not  mean-square  or 
maximum  deviation.  The  next  method  is  one  which  contains  the  constraint 
that  the  phases  of  the  antenna  currents  are  fixed.  The  fourth  is  a  true  maxi¬ 
mum-deviation  method,  and  at  the  end  is  an  introduction  to  the  quadrature 
methods,  which  represent  an  adaptation  of  a  well-known  and  important  aspect 
of  interpolation  theory. 


Antenna  Pattern  Synthesis  by  Derivative  Control 

The  error  criteria  for  most  synthesis  techniques  involve  functions  of  the  dif¬ 
ference  between  the  desired  and  approximating  patterns.  As  a  result,  the  avail¬ 
able  constraints  are  used  to  make  the  approximating  pattern  oscillate  about 
the  desired  pattern.  For  some  applications,  however,  it  is  important  that  the 
pattern  in  a  specified  sector  be  more  rigidly  controlled.  For  example,  a  linear 
pattern  variation  over  a  given  angular  range  may  be  necessary.  The  matching 
of  the  derivatives  of  the  antenna  pattern  to  those  of  the  desired  pattern  can 
reduce  or,  in  some  instances,  eliminate  the  oscillations  of  the  pattern  over  a 
given  range.  By  properly  spacing  the  points  at  which  the  pattern  and  its  first 
derivative  are  matched  to  the  desired  value  near  a  discontinuity,  the  overshoot 
associated  with  the  Gibbs  phenomenon  can  be  substantially  reduced.41 


Maximally  Flat  Antenna  Pattern  Synthesis 

In  certain  applications  it  is  desirable  to  have  an  antenna  that  provides  a 
constant  illumination  over  a  sector  with  very  little  power  radiated  outside  the 
sector.  An  equivalent  transfer  function  in  network  theory  is  the  maximally 
flat,  or  Butterworth  function,  given  by 


1 

1  +  co2“ 


in  the  frequency  domain.  The  first  2 n  —  1  derivatives  of  the  function  vanish 
at  the  origin,  producing  a  flat  top  for  <  1 .  At  oo  =  °o ,  /(o>)  has  a  zero  of  order 
2n  which  produces  high  attenuation  for  o)  >  1.  A  breakpoint  other  than  to  =  1 
can  be  obtained  by  simple  scaling  of  the  frequency  variable. 

Let  us  consider  the  problem  of  synthesizing  a  radiation  pattern  similar  to  the 
Butterworth  function,  using  a  linear  array  of  2N  +  1  elements.  The  range  of 
the  pattern  variable  is  —1  <  u  <  1,  and  since  the  sector  beam  is  symmetric 
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in  u ,  we  shall  use  the  range  0  <  u  <  1 .  The  far-held  radiation  pattern  of  the 
array  with  X0/2  interelement  spaeings  is 


A7 

/(«)  =  22  Ane*™ 

n—  —  Ar 


and  if 

S 

II 

T 

the  pattern  can  be  written  as 

N 

f(u)  = 

A  0+2  An  COS  71TTU 

1 

(7d04) 

N 

or  as 

fix)  =  BnXn 

0 

(7.105) 

where 

X  =  COS  7 TU 

(7.106) 

A  symmetric  field  pattern  from  an  array  of2A  +  1  elements  has  N  parameters, 
and  its  derivative  is  controlled  by  N  —  1  zeros.  To  produce  a  pattern 
analogous  to  the  Butterworth  pattern,  we  shall  divide  the  zeros  of  the  pattern 
derivative  between  the  sector  center  (x  =  1)  and  the  pattern  edge  (x  =  —  1). 
If  the  zeros  are  divided  equally,  the  pattern  breakpoint  is  x  =  1  ■>.  For  this  case 


f'(x)  =  (X  +  1)W-1)/2(X  _  l)(.V-l>/2  =  (3.2  _  l)(V-l)/2 

To  find  the  array  coefficients,  integrate  (7.107)  to  obtain 


(7.107) 


fix)  =  fj  (x2  -  1  YN-»'2dx  +  A0 


where  A  0  is  so  chosen  that 


/(-l)  =  0 


(7.108) 


Substituting  (7.106)  into  (7.105)  and  expanding  the  powers  of  cos  tu  then 
yields  the  pattern  in  the  form  of  (7.104)  and  the  array  coefficients. 

For  pattern  breakpoints  other  than  x  =  %  the  zeros  of /'(x)  are  so  divided 
that 

f(x)  =  (x  +  1 ) n  (x  —  l)an 
where  the  integer  a  satisfies  the  equation 

n  +  an  ~  N  —  1 

The  breakpoint  is  given  by 

fix)  =  0  =  [(x  +  l)"(x  -  1)“"] 

which  has  the  solution 

a  —  1 


By  choosing  values  of  a  the  breakpoint  can  be  adjusted  throughout  the  range 
of  x.  Note  that  the  case 


fix)  =  (1  +  x)*"1 
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corresponds  to  the  binomial  pattern,  where  all  pattern  parameters  are  used  to 
produce  zeros  at  the  end  of  the  visible  region. 

As  an  example,  let  us  find  the  array  of  15  elements  that  generates  a 
maximally  flat  beam  with  a  breakpoint  at  x  =  0  (u  =  j/Q.  Using  (7.108) 


l)3  dx  +  Aq  = 


Y  +  a  o 


Applying  the  condition /(— 1)  =  0  and  substituting  (7.106)  yields 

f(u)  =  —0.143  cos7  iru  +  0.600  cos5  wu 

-  1.000  cos3  7 ra  +  1.000  cos  7 ru  +  0.457 

which  can  be  expanded  as 

f(u)  =  0.457  +  0.547  cos  wu  —  0.109  cos  37m 

+  0.0215  cos  5t tu  -  0.002  cos  7wu  (7.109) 

The  pattern  (7.109)  is  plotted  in  Fig.  7.15  along  with  the  desired  pattern  and 
the  minimum-mean-square  match  by  the  same  number  of  elements.  The 
omission  of  the  last  two  terms  of  (7.109)  would  introduce  no  more  than  2  per¬ 
cent  of  oscillation 


t - i - 1 - i - l - - 1 - i _ i _ I 

0  24  48  72  96 


9,  degrees 

Fig.  7.15  A  maximally  flat  approximation  to 
a  square-top  pattern.  ( From  Ksienski.42) 

Derived  Sector  Beams 

The  use  of  pattern  derivatives  in  the  formulation  of  the  approximation  sug¬ 
gests  a  simple  method  of  synthesis  of  sector  beams  that  draws  on  the  available 
data  for  pencil  beams.42  Consider  a  desired  sector  beam  pattern  as  shown  in 
Fig.  7.16a.  The  derivative  of  this  pattern  with  respect  to  a  is  a  pair  of  im¬ 
pulses,  as  shown  in  Fig.  7.166.  By  using  one  of  the  techniques  of  Sec.  7.8,  a 
narrow-beam,  low-side-lobe  pattern  can  be  generated  for  each  of  these  im¬ 
pulses.  Integrating  the  resultant  pattern  yields  the  approximation  to  the 
desired  pattern.  The  result  will  not  be  optimum  in  any  conventional  sense,  but 
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satisfactory  patterns  can  usually  be  found  with  few  calculations.  For  example, 
let  the  pattern  of  Fig.  7.16a  be  approximated  by  an  array  of  2N  +  1  elements, 
which  could  produce  a  broadside  Chebyshev  error  pencil-beam  pattern, 

N 

Tn(u)  =  X)  An  cos  mru 

n=  0 


1 

- 

~  u0 

Uq  u  -Uq 

1 

Uq  U 

[a)  (6) 

Fig.  7.16  (a)  The  desired  pattern;  (6)  its  derivative. 


The  approximation  to  the  pattern  of  Fig.  7. 165  is 

f'(u)  =  Y!  An  cos  mr(u  —  Uq)  —  ^2  An  cos  mr(u  +  u0) 
—  An  sin  uttUq  sin  mru 


from  which  the  approximation  to  the  pattern  of  Fig.  7.16a  is  given  by 


—  sin  rnniQ 
n 


cos  mru 


where  the  An  are  the  original  excitation  coefficients  of  the  Chebyshev  pattern. 
The  coefficient  A0  is  chosen  to  set  the  pattern  level,  usually  such  that/(l)  =  0. 
The  choice  of  the  number  of  elements  and  the  side-lobe  level  of  the  pencil-beam 
pattern  will  determine  the  ripple  size  and  the  rate  of  dropoff  of  the  sector  beam. 
If  the  side-lobe  level  of  the  Chebyshev  pattern  is  1/R  that  of  the  main  beam, 
the  side-lobe  level  of  the  derived  sector  beam  pattern  is  given  by 

Main  beam  .  /V  ,  ,  \ 

Side-lobe  level  -  (2  COsh  R)Qlij  cosh"  R) 

where  is  the  first-order  Lorn mel- Weber  function. 

In  a  related  method  of  pattern  approximation,  the  desired  sector  pattern  is 
convolved  with  a  Chebyshev  pattern  directly  to  yield  the  approximation 
pattern.  The  array  coefficients  for  this  approximation  are  the  product  of  the 
Fourier  harmonics  of  the  sector  pattern  and  the  Chebyshev  array  coefficients.43 


Gaussian  Error  —  Rectangular  Array;  Fixed  Element  Phase 

The  synthesis  method  of  Sec.  7.2  produced  a  least-mean-square-error  fit  of 
the  desired  pattern  to  the  pattern  of  rectangular  array  of  elements.  If  the 
pattern  is  not  symmetric  in  u  or  v ,  the  currents  are  complex. 


ANTENNA  PATTERN  SYNTHESIS 


293 


A  synthesis  technique  in  which  the  phases  of  the  currents  are  constrained  has 
been  developed.  Pattern  variation  is  achieved  by  control  of  the  amplitudes  of 
the  currents.  The  resultant  array  can  be  considered  as  two  interleaved  sub¬ 
arrays  that  separately  provide  the  real  and  imaginary  currents  necessary  for  a 
nonsymmetric  far-field  pattern. 

A  desired  real  far-field  pattern  can  be  decomposed  into  a  series  of  terms 

00  00 

fD(u)  =  Ao  +  2  ^  An  COS  mm  +  2  X)  Bn  sin  mru  =  fDe(u)  +  /z>0(w) 

71  “  1  71  “  1 

where  An  =  l/2  J  ^  f D (u)  cos  mru  du  and  Bn  =  x/2  J  iJd(u)  sin  mru  du 

The  first  N  +  1  terms  of  fDe(u)  can  be  produced  by  an  array  of  2 N  +  1  ele¬ 
ments,  where  elements  occupying  positions  symmetric  about  the  center  have 
the  same  currents.  To  approximate  the  odd-pattern  variation,  an  array  of  2N 
elements  with  excitations  B„n  =  —  Bn  will  reproduce  the  first  N  terms  of  /p0. 
The  interelement  spacings  in  either  array  are  X0/2;  interleaving  the  even-  and 
odd-pattern  arrays  results  in  spacings  of  X0/4  between  adjacent  elements.  The 
odd-pattern  elements  must  be  fed  in  phase  quadrature  to  the  even-pattern 
elements.  As  an  example,  consider  the  synthesis  of  an  impulse  at  u  =  u0.  For 
this  case 

Ao  =  Yi  An  ~  Yi  cos  m m0  Bn  =  ^2  sin  mru0 

The  beam  position  can  be  shifted  by  changing  the  amplitudes  of  the  element 
coefficients.  This  is  commonly  referred  to  as  amplitude  scanning.44 

Minimax  Error  Pattern  Synthesis 

It  has  been  pointed  out  earlier  in  this  chapter  and  repeatedly  in  the  literature 
that  the  least-mean-square-error  criterion  often  is  not  desirable  because  of 
Gibbs  phenomenon  effects.  In  Sec.  7.8  the  use  of  Chebyshev  polynomials  to 
obtain  a  minimized  maximum  deviation  fit  to  an  impulse  was  presented.  The 
approximation  of  a  function  by  a  truncated  set  of  Chebyshev  polynomials  is  no 
guarantee  of  an  equal-ripple  fit  such  as  occurs  when  the  approximation  error  is 
proportional  to  a  single  Chebyshev  polynomial. 

In  fact,  the  expansion  of  a  function  in  a  series  of  Chebyshev  polynomials  is 
equivalent  to  a  power  series  of  Fourier  harmonic  terms.  To  illustrate  the  rela¬ 
tion  between  Chebyshev  and  Fourier  expansions,  consider  a  truncated  Fourier 
series  of  an  even  function  in  the  variable  u: 

N 

f(u )  =  An  cos  mru  (7.110) 

n—  0 

The  Chebyshev  polynomial  of  order  n  is 


Tn(x)  —  cos  (n  cos"1  x) 


(7.111) 
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If  we  choose  x  —  cos  7 m,  Tn(x)  —  cos  n mi,  and  the  series  (7.110),  written  in 
the  variable  x,  is 

N 

fix)  =  Z  A»Tn(x)  (7.112) 

n  —  0 

The  choice  of  the  variable  determines  whether  /  is  a  Fourier  series  or  Cheby- 
shev  series.  The  relation  between  a  representation  of  /  as  a  power  series  or 
Chebyshev  series  is  provided  by  a  table  of  the  polynomials, 

T0  =  1 
T\  —  x 

T2  =  2x2  -  1  (7.113) 

T3  —  Axs  —  3.r 
T4  =  8x4  -  8x2  +  1 

or  the  inverted  set 

1  -  To 
x  —  Tx 

x2  =  ]/2T2  +  y^To  (7.114) 

*3  -  HTs  +  HTx 

x4  =  }/gT4  +  y^T2  +  %To 

and  the  recurrence  relation 

T»+ i(x)  =  2  xTn  —  Tn_t 

A  method  of  pattern  synthesis  by  which  the  error  of  approximation  to  the 
desired  pattern  consists  of  lobes  of  equal  height  is  known  as  the  minimax 
procedure.40  There  are  restrictions  on  the  types  of  desired  functions  for  which 
this  procedure  will  yield  satisfactory  results.  If  the  desired  pattern  has  a  step 
discontinuity  in  value  at  some  point  in  the  visible  range,  any  approximation 
function  consisting  of  a  finite  number  of  harmonic  terms  will  have  an  error  of  at 
least  one-half  the  height  of  the  discontinuity  at  that  point. 

Let  us  restrict  our  consideration  to  desired  functions  that  are  real,  even, 
continuous  and  have  continuous  finite  derivatives.  We  wish  to  find  the  co¬ 
efficients  of  a  linear  array  of  2 N  +  1  elements  that  provide  the  minimax  fit. 
The  array  pattern  can  be  expressed  as 

N 

f M  (u)  —  Ao  +  2  An  cos  n TTll 

71=  1 

N 

or  as  fM(x)  =  Z  <’n-rn 

n=  0 


where 


.r 


cos  mi 
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The  error  criterion  is  to  minimize 


Smax 


=  E,  where 


s(.r)  =  fit  0)  -  /d(.t) 


over  the  visible  region,  which  is  —  1  <  .r  <  1.  A  necessary  condition  for  the 
solution  is  that  the  approximation  error  e(x)  at  its  maximum  values  can  be 
written  as 


1 ) (• r*)  =  E  =  (— l)*[/A/(ar*)  - 


(7.115) 


implying  an  oscillating  error  consisting  of  equal-amplitude  lobes.  There  are 
N  +  2  points  i'k  at  which  the  error  is  a  maximum.  At  these  points  the  deriva¬ 
tive  of  e(x)  is  zero,  yielding  a  set  of  N  equations 

N 


dfi 


M 


dx 


X=Xk 


Y  nanx kn~l 

n  —  1 


dfpjx) 

dx 


(7.116) 


X=Xk 


The  simultaneous  solution  of  the  2 N  +  2  equations  given  by  (7.115)  and 

(7.116)  yields  the  unknowns  an,  x*,  and  E.  The  end  points  of  the  interval 
usually  correspond  to  error  maxima;  hence  x0  =  —  1,  xm+i  =  1  in  most  cases. 
For  large  N  and  an/p  that  is  transcendental,  the  solution  of  (7.115)  and  (7.1 16) 
can  become  quite  involved.  However,  with  a  high-speed  computer  an  iterative 
result  can  usually  be  obtained  without  inordinate  difficulty. 

As  an  example  of  the  minimax  method,  consider  the  desired  function 


fD(u)  =  ecos™  —  1  <  u  <  1 


(7.117) 


which  we  shall  approximate  by  using  a  linear  array  of  five  elements  with  \0/2 
spacings.  The  Fourier  series  coefficients  are  found  by  using  the  expansion 

co 

ecoa  ™  =  J0(l)  +  2  Y  Im(  1)  cos  miru 

m—  1 

where  Im(x)  is  the  modified  Bessel  function  of  mth  order.  The  least-mean- 
square  approximation  of  (7.117)  is  therefore 

f(u)  —  1.266  +  1.130  cos  tu  +  0.272  cos  2%u  (7.118) 

corresponding  to  array  coefficients  A2  =  A_2  =  0.136,  Ax  =  i  =  0.565, 
Aq  =  1.266.  The  pattern  (7.118)  is  shown  in  Fig.  7.17  with  the  desired  pattern 

(7.117) .  If  we  had  represented  (7.117)  as  a  function  of  x,  the  Fourier  series 

(7.118)  would  be  the  truncated  Chebyshev  series 

f(x)  =  1.266  +  1.130Ti(x)  +  0.272  7k  (x) 

We  can  examine  a  truncated  power  series  fit  to  the  desired  pattern  to  observe 
the  improvement  in  error  distribution  by  the  Chebyshev  series.  Expanding 
/d(x)  yields  the  three-term  approximation 

/(x)  =  1  +  x  +  — 

or,  using  (7.114), 

f(u)  =  1.25  +  cos  7 tu  +  0.250  cos  2 tu 
The  power  series  fit  (7.119)  is  also  shown  in  Fig.  7.17. 


(7.119) 
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Fig.  7.17  The  approximation  of  a  desired  pattern  by  three  methods: 

Taylor  series,  Fourier  series,  and  minimax. 

Applying  the  minimax  method  by  substituting  into  (7.115)  and  (7.116) 
yields  the  equations 

E  =  a0  —  ai  +  a2  —  e~l 
—  E—  a0  +  diXi  +  a2x  i2  —  eXl 
E  =  a0  +  dXx2  +  d2x22  —  eXi 


E  —  do  +  d\  +  d2  —  e1 
d\  +  2a2.ri  —  eXi  =  0 
ai  +  2a2x2  —  eXi  =  0 


(7.120) 
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where  the  end  points  —  1  and  +1  have  been  used  as  the  maximum  error  points 
Xq  and  xsy  respectively. 

The  solution  to  the  set  of  equations  (7.120)  is 

f(x)  =  0.990  +.1.133  +  0.553Z2 

or  f(u)  =  1.267  +  1.13  cos  iru  +  0.277  cos  2 ttu  (7.121) 

corresponding  to  array  coefficients  A2  =  A-2  —  0.138,  Ai  =  A„i  =  0.565, 
^40  =  1.267.  Note  the  small  difference  between  (7.121),  which  is  plotted  on 
Fig.  7. 17,  and  (7.118) .  However,  there  is  a  difference  in  the  error  of  approxima- 
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Fig.  7.18  The  error  of  approximation  by  Taylor  series,  Fourier 
series,  and  minimax. 


tion.  The  errors,  Jd  —  /,  for  the  three  approximations  (7.118),  (7.119),  and 
(7.121)  are  shown  in  Fig.  7.18,  and  it  can  be  seen  that  it  is  the  minimax  approxi¬ 
mation  that  has  lobes  of  equal  deviation  about  the  desired  pattern  value. 


The  Quadrature  Methods 

Most  of  the  array-pattern  synthesis  techniques  described  in  this  chapter 
contain  the  constraint  of  equal  interelement  spacings.  In  Sec.  7.4  a  number  of 
quasi-synthesis  techniques  involving  non-uniformly  spaced  arrays  were  dis¬ 
cussed  in  the  light  of  the  production  of  narrow-beam,  low  side-lobe  patterns. 
There  is,  however,  an  important  branch  of  numerical  analysis  that  can  be 
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applied  to  antenna  pattern  synthesis  to  reduce  the  approximation  error  in 
certain  instances.  This  is  the  topic  of  interpolation  by  quadratures.46 

The  approximation  of  a  desired  function  by  a  specially  selected  set  of  samples 
has  been  investigated  for  many  spacings  of  samples  corresponding  to  different 
weightings  of  the  match  between  the  desired  and  approximating  functions. 
For  example,  the  sampling  points  for  the  Gaussian-Chebyshev  quadrature 
method  coincide  with  the  zeros  of  a  selected  Chebyshev  polynomial.  Most 
interpolation  formulas,  however,  are  intended  to  approximate  the  desired 
function  over  a  specified  range,  and  the  use  of  nonuniform  sample  points  to 
synthesize  a  pattern  for  the  entire  visible  region  may  result  in  array  spacings 
that  are  less  than  X0/2.  Nevertheless,  the  quadrature  methods  may  provide  a 
systematic  approach  to  the  synthesis  of  arbitrary  patterns  by  non-uniformly 
spaced  arrays. 


PROBLEMS 


7.1  Find  the  excitation  coefficients  of  a  linear  array  of  2N  +  1  uniformly  spaced 
isotropic  elements  lying  along  the  x  axis  with  dx  =  3X0/4  for  a  minimum-mean-square- 
error  match  in  the  visible  range  to  an  impulse  located  at  u  =  Jdz-  Plot  the  array 
factor. 

7.2  Repeat  the  last  part  of  Exercise  7.1  with  AD3  =  AD(-z)  =  0  and  all  other  ADn  the 
same.  What  general  characteristic  changes  this  problem  from  Exercise  7.1?  Try  to 
generalize  your  results  for  higher-order  averaged  errors. 

7.3  Find  the  gaussian  match,  over  the  visible  range,  to  an  impulse  at  u  —  0  by  an 
array  of  three  elements  by  using  (7.8).  Plot  the  ratio  of  array  input  power  (2  Am 2)  to 
main  beam  height /2(0)  versus  d  for  0  <  d  <  X0/2.  For  small  d,  use  a  two-term  approxi¬ 
mation  for  the  sine  function  in  (7.8). 

7.4  Apply  the  cardinal  function  synthesis  technique  of  Sec.  7.3  to  a  desired  pattern  of 
one  angular  variable,  given  by 

fn(u)  =  (w*”1  —  1)  0  <  u  <  1 

}d{u)  =  0  oa<u<0,  u>l 


for  a  —  2Xo.  Calculate  the  far-field  pattern  for  the  following  cases: 

а.  The  first  sample,  uo,  is  at  u  —  0. 

б.  The  set  of  samples  is  so^  shifted  that  the  first  sample  is  at  uQ  —  J/g. 

c.  The  samples  are  at  un  =*.  mr/koa,  but  the  sample  value  at  u  —  0  is  set  equal  to  1. 

This  last  case  was  studied  by  Woodward,  who  used  the  sample  values  at  the  edges  of  the 
desired  pattern  for  side-lobe  control.4 

7.5  The  taper  of  the  illumination  pattern  of  a  conventional  aperture  is  a  slowly 
varying  function,  although  the  aperture  may  be  many  wavelengths  in  extent.  A 
typical  distribution  (in  one  dimension)  is 


1  +  A 


+ 


Expand  F{x)  in  the  form 


F(x)  =  J2U«im{w'a)x 

m 


2 


a  <  x  <  a 
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and  calculate  the  radiation  pattern  in  the  form  of  (7.10).  Sketch  the  pattern.  Find  the 
equivalent  array,  given  by  (7.12).  Calculate  the  array  coefficients  for  the  case 

а.  The  region  of  equivalence  ends  at  the  nonzero  samples. 

б.  The  region  of  equivalence  includes  the  first  zero- value  samples  adjacent  to  the  region 
of  equivalence  of  case  a. 

Compare  the  array  coefficients  with  the  values  of  F(x)  at  the  element  locations.  Note 
that  the  number  of  elements  of  the  equivalent  array  is  very  small  in  this  example,  al¬ 
though  the  aperture  could  be  many  wavelengths  across.  Plot  the  array  patterns  for 
cases  a  and  b  by  using  A  =  J4*  Compare  with  the  aperture  pattern. 

7.6  Find  the  circular  array  of  six  isotropic  elements  that  provides  a  gaussian  match  to 
an  impulse  at  —  <f>0.  Select  the  ring  radius  by  trying  a  few  values  and  determining  the 
contributions  of  the  strongest  residuals.  Plot  the  patterns  and  determine  the  beam 
widths  and  side-lobe  levels.  How  do  the  feeding  coefficients  change  if  the  beam  is 
rotated  (<t> o  =  c cot)? 

7.7  Find  the  line  source  distribution  that  provides  a  minimum-mean-square  match  to 
an  impulse  at  u  —  0,  with  the  constraint  that  the  supergain  ratio  y  —  2,  and  c  —  4. 
The  normalization  constants  of  the  prolate  spheroidal  functions  are  as  follows: 

n  Gn(  4) 

0  1.00413 

1  1 .09636 

2  1 .92660 

3  9.07359 

4  113.2772 

5  2,622.676 

7.8  What  is  the  lowest  supergain  ratio  possible  for  a  distribution  on  a  line  source  of 
length  2a  =  4X0/7t?  Use  the  table  of  Prob.  7.7. 

7.9  Program  an  iterative  solution  of  (7.93)  for  an  1 1 -element  linear  array  with  X0/2 
interelement  spacings.  After  each  iteration  compute  the  error  s.  Consider  the  desired 
power  pattern  to  be  an  impulse  at  u  =  0.  Use  as  an  initial  set  of  Am  a  set  of  real  coeffi¬ 
cients.  Do  the  iterated  coefficients  remain  real?  Try  a  set  of  complex  coefficients.  Is 
the  resultant  error  £  after  several  iterations  nearly  the  same  as  that  for  the  real  coeffi¬ 
cients?  Why? 

7.10  Compute  the  periods  of  the  sinusoidal  “tails/7  such  as  those  shown  on  the  curve 
of  Fig.  7.13,  that  vary  at  the  fastest  rate  possible  for  a  linear  array  of  N  +  1  elements 
with  interelement  spacings  of  d.  Would  you  expect  a  synthesis  result  to  approximate 
closely  tails  that  vary  at  the  maximum  rate? 

7.11  Carry  out  the  Bernstein  polynomial  synthesis  for  a  desired  pattern 

Pd  =  1  —0.25  <  w  <  0.25 

Pd  —  0  elsewhere 

and  a  six-element  array.  Plot  the  result.  State  whether  the  results  would  differ  if  the 
desired  pattern  were  the  following: 

Pd  =  1  -0.35  <  a  <  0.35 

Pd  =  0  elsewhere 
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CHAPTER  8 


INTRODUCTION  TO  LINEAR  ANTENNAS 

Tai  Tsun  Wu 


8.1  Maxwell’s  Equations 

In  this  chapter  we  consider  some  questions  of  principle  encountered  in  the 
theory  of  linear  antennas.  We  shall  not  be  concerned  here  with  any  problems 
of  actually  obtaining  numerical  results.  These  are  to  be  dealt  with  in  later 
chapters. 

For  definiteness,  we  consider  the  antenna  to  be  in  vacuum,  so  that 

(B  =  mo3C  and  £)  =  €0£  (8.1) 

The  velocity  of  light  and  the  characteristic  impedance  of  free  space  are  then 
given  by 

c  =  (pqco)  ^  and  fo  =  po^o  ^  (8.2) 


To  generalize  the  results  to  an  arbitrary  homogeneous  isotropic  medium  char¬ 
acterized  by  the  scalars  p  and  e,  it  is  sufficient  to  replace  p0  by  p  and  e0  by  e.  Of 
course,  c  and  are  also  redefined  by  using  p  and  e;  all  four  quantities  may  be 
complex. 

We  shall  use  <B  and  £  to  write  the  Maxwell  equations 


VX  £ 

MQ-W  X  (B 
V  *<B 

and  €0V  •  £ 


ce  ^ 

1 

II 

(8.3) 

d£  j  „ 

=  eodt  +  ^ 

(8.4) 

=  0 

(8.5) 

=  p 

(8.6) 

In  (8.4)  and  (8.6),  g  and  p  are  respectively  the  current  and  charge  densities. 
The  current  and  charge  densities  satisfy  the  equation  of  continuity 

V.3  +  !  =  °  (8.7) 


Equations  (8.3)  and  (8.4)  are  the  dynamic  equations  of  motion  for  determining 
<B  and  £  for  given  g.  It  follows  from  (8.3),  (8.4),  and  (8.7)  that 


%  (v-®>  -  ° 
jt  (e0V  •  £  -  p)  =  0 


306 


(8.8) 

(8.9) 
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(We  have  assumed  that  the  order  of  differentiation  can  be  changed.  Such 
mathematical  questions  are  not  considered  in  this  chapter.)  Thus  (8.5)  and 
(8.6)  are  boundary  conditions  in  the  sense  of  initial  conditions.  If  they  hold  at 
a  particular  time,  they  hold  for  all  times. 

We  introduce  the  vector  potential  <3  by 


®  =  vxe 


(8.10) 


Since,  by  (8.3),  V  X 


da 


£  +  =  0,  we  introduce  the  scalar  potential  tp  by 


£  =  - 


da 


V<p 


(8.11) 


Then  the  substitution  of  (8.10)  and  (8.11)  into  (8.4)  and  (8.6)  gives 


V2G 

II 

! 

o 

1 

—  Mo,0  +  Vx 

(8.12) 

vv 

c-2  3V  _ 

dt 2 

*  -i  dx 

~£o  p  "  Tt 

(8.13) 

where 

x  = 

V-G  +  c-2^ 

dt 

(8.14) 

In  view  of  the  form  of  the  right-hand  sides  of  (8.12)  and  (8.13),  it  is  convenient 
for  a  number  of  purposes  to  choose 


(8.15) 


This  is  known  as  the  Lorentz  condition.  With  (8.15),  (8.12)  and  (8.13)  sim¬ 
plify  to  the  familiar  form 


(8.16) 


and 


vv 


,-2^V 

dt 2 


—  €0  V 


(8.17) 


It  is  important  to  realize  that  (8.17)  is  a  dynamic  equation  for  the  scalar 
potential,  while  (8.13)  is  a  boundary  condition.  Although  it  seems  that  we 
have  five  equations  (8.15)  to  (8.17)  for  the  four  quantities  ($  and  <p ,  one  of  them 
is  really  a  boundary  condition.  In  particular,  for  various  reasons  such  as 
Lorentz  invariance,  it  is  convenient  to  use  (8.16)  and  (8.17)  as  the  dynamic 
equations,  and  it  follows  from  these  two  equations  that  x  satisfies,  by  (8.7),  the 
homogeneous  equation 

v2X-c-2^=  -/io(v-^  +  ^)  =°  (8.18) 


Thus,  (8.15)  holds  for  all  times  if  we  have  the  boundary  conditions 


(8.19) 
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at  any  one  time.  That  there  are  two  boundary  conditions  here  instead  of  the 
one  (8.6)  merely  reflects  the  fact  that  (8.17)  contains  two  time  derivatives  and 
(8.15)  contains  only  one.  For  further  discussion  of  (8.19)  see,  for  example, 
Wentz  el.1 

In  view  of  the  role  played  by  the  equation  of  continuity  in  (8.18),  it  is  often 
desirable,  even  in  approximate  calculations  of  electromagnetic  problems,  to 
satisfy  (8.7)  exactly . 

Although  Maxwell’s  equations  in  free  space  are  invariant  under  Lorentz 
transformations,  this  invariance  is  often  of  no  importance  in  engineering  appli¬ 
cations.  For  example,  if  we  want  to  study  the  behavior  of  an  antenna  system, 
such  a  system  is  usually  at  rest  in  a  particular  Lorentz  frame.  It  is  then  natural 
and  convenient  to  carry  out  all  the  analysis  in  this  particular^ frame. 

On  the  other  hand,  invariance  under  time  translation  often  holds.  In  such 
cases,  it  is  desirable  in  most  instances  to  use  Fourier  transforms  with  respect  to 
t,  and  thus  we  can  replace  the  independent  variable  t  by  a  parameter  co,  the 
frequency.  More  precisely,  let 


S(r,0 

11 

^ . ^ 

r  CO 

(  E(r,w)e_<“(  dw 

—  CO 

(8.20) 

1 

f 00 

2tv  j 

/  <t>(r,a))e_'“'  du 

f  —  CO 

(8.21) 

and  so  on.  Note  that  £(r ,t)  is  real,  that  is, 

fi(r,0  -  £*(r,0  -  0  (8.22) 

r°° 

or  /  [E(r,w)  -  E*(r,  — w)]e_i"*  du  =  0  (8.23) 

J  — oo 


for  all  t,  Since  zero  is  the  only  function  whose  Fourier  transform  is  zero,  we  get 

E(r,«)  =  E*(r,— «)  (8.24) 

This  symmetry  holds  also  for  B,  A,  <I>,  J,  p,  etc.  It  is  thus  often  sufficient  to 
consider  only  positive  values  of  w.  Maxwell’s  equations  imply  that 


V  X  E  =  iuB  (8.25) 

Mo~1V  X  B  =  -tot oE  +  J  (8.26) 

V-B  =  0  (8.27) 

and  «0V-E  =  p  (8.28) 

The  equation  of  continuity  is 

V-J  -  top  =  0  (8.29) 

The  vector  and  scalar  potentials  are  given  by 

B  =  V  X  A  (8.30) 

and  E  =  to A  —  V<t>  (8.31) 
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If  the  Lorentz  condition  is  retained,  that  is, 

c2V*A  —  icc< f>  =  0  (8.32) 

then  (V2  +  k2)  A  =  -MoJ  (8.33) 

and  (V2  +  k2)$  =  -co  ~lp  (8.34) 

where  k  =  ^  (8.35) 


Note  that,  for  convenience,  we  have  dropped  the  subscript  on  k .  Also  e~iwi  is 
used  in  this  chapter  in  place  of  eju3k 


8.2  Green’s  Functions  and  Radiation  Conditions 

The  connection  between  the  time-dependent  quantities  £,  <B,  <$,  <p,  etc.  on 
the  one  hand  and  the  time-independent  quantities  E,  B,  A,  4>,  etc.  on  the  other 
is  not  as  straightforward  as  it  may  seem.  The  reason  is  briefly  as  follows.  The 
partial  differential  equations  for  the  time-dependent  quantities,  (8.16)  and 
(8.17),  for  example,  are  hyperbolic  and  hence  have  unique  solutions  for  given 
initial  conditions,  while  the  corresponding  equations  for  the  time-independent 
quantities,  (8.33)  and  (8.34),  for  example,  are  elliptic  partial  differential 
equations  and  hence  some  boundary  conditions  are  needed  in  order  to  get 
unique  solutions.  These  additional  boundary  conditions  are  the  radiation 
conditions  of  Sommerfeld.2 

In  order  to  avoid  being  confused  by  irrelevant  details,  we  study  the  Green’s 
functions  in  some  detail.  Because  of  (8.16)  and  (8.17),  consider  the  Green’s 
function  9  defined  by 

V28-c~2^=  -5(r)5(<)  (8.36) 

together  with  the  boundary  condition  that,  for  t  <  0, 

9  =  0  (8.37) 

This  is  known  as  the  retarded  Green’s  function.  Although  other  Green’s  func¬ 
tions  defined  by  different  boundary  conditions  are  more  useful  in  quantum 
theory,  this  is  by  far  the  most  useful  Green’s  function  in  classical  problems  of 
wave  propagation,  and  antenna  theory  in  particular.  By  rotational  invariance, 

9  =  9  M  (8.38) 

Suppose  that  we  want  to  represent  this  9  in  the  manner  of  (8.21), 

SM  =  £  /_“  <?(r,«)e-"  da,  (8.39) 


then  G  satisfies 


(V2  +  fc2)G  =  —  5(r) 


(8.40) 
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Equation  (8.40)  does  not  determine  G(r,u)  uniquely;  we  still  need  to  use  the 
boundary  condition  (8.37).  The  general  solution  of  (8.40)  is 

G(r,  a)  =  (4irr)_1(aieiir  +  a2e-*r)  (8.41) 

where  ai  +  a2  =  1  (8.42) 

The  substitution  of  (8.41)  into  (8.39)  gives 


9  (r,0  =  (4w  r) 


+  a2^(  t  + 


(8.43) 


The  boundary  condition  (8.37)  is  satisfied  if  and  only  if 


and,  hence,  by  (8.42), 

Therefore 

and 


a\  =  1 

G(r}cc)  =  (4w  r)~letkr 

9(r,t)  =  (4tt  r)-‘«(i 


(8.44) 

(8.45) 

(8.46) 

(8.47) 


It  is  interesting  to  note  that  (8.47)  can  be  written  alternatively  as 


9M  =  (27 rc)-‘5(c2<2  -  rT)H(t)  (8.48) 

where  H(i)  =  Jo  j  J  q  (8.49) 

Equation  (8.48)  exhibits  explicitly  the  invariance  of  Q  under  orthochronous 
Lorentz  transformations. 

The  result  (8.47)  can  be  obtained  directly  from  (8.36)  and  (8.37)  without 
using  Fourier  transforms.  We  proceed  to  discuss  (8.46)  in  some  further  detail. 
Equation  (8.46)  differs  from  (8.41)  only  in  the  absence  of  the  term  proportional 
to  e~ikr.  We  therefore  need  to  add  to  (8.40)  some  rule  or  condition  to  eliminate 
this  term.  This  may  be  done  in  a  number  of  different  ways. 


1.  The  simplest  way  is  to  add  the  following  rule.  All  terms  that  are  propor¬ 
tional  to  the  sources  J  and  p  and  behave  like  e~ lkr  as  r  — *  °°  must  be  deleted. 
This  is  adequate  for  most  antenna  problems. 

2.  A  second  way  is  to  apply  So mmerf eld's  radiation  condition2 

Km  r(^T  ~  ikQ)  =  0  (8.50) 

for  any  fixed  direction.  Here  Q  is  any  scalar  physical  quantity  or  any  rec¬ 
tangular  component  of  a  vector  physical  quantity. 

3.  The  third  method  makes  use  of  the  fact  that  Q  must  be  analytic  and 
bounded  in  the  upper  half  of  the  plane.  This  comes  from  (8.37)  and  the 
inverse  Fourier  transform  of  (8.39),  and  it  is  illustrated  in  Sec.  8.4.  This 

method  of  choosing  the  proper  solution  is  particularly  useful  in  cases  involving 
anisotropic  media.3 
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4.  Another  method  is  to  choose  a  Q  that  remains  bounded  at  infinity  when  c 
becomes  complex  with  Im  c  <  0.  (This  means  that  the  medium  becomes 
lossy.)  This  condition  is,  however,  difficult  to  apply  in  practice. 

This  list  is  not  intended  to  be  exhaustive,  and  we  can  easily  think  of  other 
ways  of  eliminating  the  term  e~lkr.  For  example,  we  may  demand  that  power 
flow,  obtained  from  the  Poynting  vector,  is  outward  at  infinity.  This  is  a 
useful  criterion,  but  it  must  be  used  carefully  since  it  fails  to  eliminate,  for 
example,  the  solution  with  ai  =  %  and  a2  = 

We  conclude  with  the  remark  that,  since 

1  r  00  eik  VrH-z2 

4tt  F.  eit!  dz  =  1AiH°w  (WU^T5)  (8.51) 

for  j  <  k ,  the  right-hand  side  of  (8.51)  is  the  retarded  Green’s  function  in  two 
dimensions.  Terms  proportional  to  are  absent.  In  most  antenna  prob¬ 
lems,  it  is  only  necessary  to  remember  to  use  H0a)  whenever  there  is  an  am¬ 
biguity.  However,  when  one  studies  problems  involving  anisotropic  media 
extending  to  infinity,  one  has  to  be  much  more  careful;  there  are  known  cases 
when  7/q(2)  must  be  used.3 

So  far  we  have  been  discussing  Maxwell's  equations  in  general.  The  re¬ 
mainder  of  this  chapter  deals  entirely  with  linear  antennas. 

8.3  Preliminary  Formulation  of  the  Problem  of  Linear  Antennas 

In  this  section,  we  obtain  one  form  of  Hallen’s  integral  equation.4  This  is  the 
basis  of  many  of  the  developments  in  later  chapters,  and  more  detailed  deriva¬ 
tions  can  be  found  in  the  monumental  work  of  King5  on  linear  antennas.  We 
shall  then  discuss  some  mathematical  difficulty  connected  with  this  equation. 

Consider  two  circular  rods  of  radius  a  and  length  h  placed  end  to  end  as 
shown  in  Fig.  8.1.  Choose  the  cylindrical  coordinate  system  ( r,d,z )  such  that 


Fig.  8.1  The  cylindrical  dipole  antenna. 
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the  ends  of  one  rod  are  at  —h  and  0  —  ,  with  those  of  the  other  at  0+  and  h. 
We  maintain  a  potential  difference  Re  Ve~iu3t  between  the  ends  at  0—  and  0+ 
and  ask  how  the  current  on  the  rods,  assumed  to  be  perfectly  conducting,  can 
be  found  approximately  when  a/X  is  very  small  (X  is  the  free  space  wavelength). 

Since  E,  J,  and  A  are  vectors,  while  B  is  a  pseudovector  (or  axial  vector)  it 
follows  from  rotational  symmetry  that 

Ee  =  Je  =  Ae  =  Br  =  Bz  =  0  (8.52) 

Since  the  rods  are  of  uniform  cross  sections,  Jr  can  be  nonvanishing  at  most  in 
the  vicinities  of  2  =  0 ,±/i.  Since  a/X  is  very  small,  we  get  approximately  that 

Ar  =  0 

and  hence  by  (8.32)  and  (8.35) 

$  =  -ik-h  ~ 

dz 

Accordingly,  on  the  surface  of  the  rods  between  2  =  —h  and  2  =  h, 

=  E.=  —V  5 (z)  (8.55) 

the  solution  of  which  is 

iV 

Az  =  —  sin  k\z\  +  C/jlq  cos  kz  (8.56) 


(8.53) 


(8.54) 


since  Az  is  an  even  function  of  2.  In  (8.56),  C  is  a  constant  to  be  determined. 

Since  a/X  is  very  small,  all  the  current  is  located  near  r  =  0.  We  therefore 
make  the  approximation  that  the  current  is  located  at  r  =  0;  that  is, 

Jz(rfi,z)  =  (2irr)-1  8(r)  I(z)  (8.57) 


With  (8.57),  a  comparison  of  (8.33),  (8.46),  and  (8.56)  gives,  for  \z 


S  h, 


J  ^  I(z')K(z  —  z',  a)  dz'  =  %£q~HV  sin  k\z\  +  C  cos  kz 


(8.58) 


where 


K(z,a)  —  (47 r)-1(22  +  a2)~^exp  [ ik(z 2  +  a2)h]  (8.59) 


Equation  (8.58)  is  the  dseired  integral  equation  for  the  current  I{z).  It  contains 
an  as  yet  unknown  constant  C  to  be  determined  by  the  boundary  condition 

1(h)  =  0  (8.60) 

Most  of  our  knowledge  about  linear  antennas  comes  from  this  integral  equa¬ 
tion,  and  some  of  the  more  recent  developments  will  be  given  later  in  this  book. 
However,  we  shall  see  presently  that  (8.58)  can  have  no  solution  for  V  7^  0,  or 
more  precisely,  if  I(z)  is  integrable, 

/(2)|  dz  exists  (8.61) 
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then  I(z)  does  not  satisfy  (8.58).  [The  condition  (8.61)  can  be  considerably 
weakened,  but  again  we  shall  not  be  concerned  with  such  mathematical 
problems.]  We  are  therefore  faced  with  the  difficult  task  of  interpreting  a  vast 
amount  of  existing  theoretical  and  numerical  results.  This  task  will  be  par¬ 
tially  carried  out  in  the  next  few  sections. 

The  reason  why  (8.58)  has  no  solution  is  roughly  as  follows.  As  defined  by 
(8.59),  K(z,a)  is  an  analytic  function  of  2  when  2  is  real.  Therefore,  the  left- 
hand  side  of  (8.58)  is  analytic  for  real  2,  while  the  right-hand  side  has  a  dis¬ 
continuous  first  derivative.  For  the  sake  of  completeness,  we  give  below  a 
more  detailed  proof.  For  2  >  h,  define 

a(z)  =  f_h  I(zf)K(z  —  z\  a)  dz’  (8.62) 


We  also  define  Fourier  transforms  as  follows 


/(f)  = 

j  h  I(z)eiiz  dz 

(8.63) 

R(t,a)  = 

f  K(z,a)e^z  dz 

J  —oo 

(8.64) 

F(f)  = 

1  h  (Kfo~hT  sin  fe|2|  +  C  cos  kz)e^z  dz 

(8.65) 

and 

5(f)  = 

f  a(z )  dz 

(8.66) 

Then  it  follows  from  (8.58)  and  (8.62)  that,  for  f  real, 

Horn  ,0)  =  F(f)  +  5(f)  +  5(-f)  (8.67) 

It  follows  from  (8.61)  and  (8.62)  that 

i  |a(z)|  <  (4t)-‘[(z  -  h)2  +  a2]-*/_*  |/(z)|  dz  (8.68) 

|a'(z)|  <  (4tt)-1[1  +  k*(z  -  h)*  +  JfcWpK*  -  hy  +  a2]-1  |/(z)|  dz  (8.69) 

etc.  Accordingly,  by  integrations  by  parts,  we  get 

5(f)  =  e*t[ia(h)rl  ™  cc\h)r2  +  0(f"3)]  (8.70) 

and  5(-f)  =  -e-^fa^r1  +  a'Wf2  +  0(r*)l  (8.71) 

as  f  — >  oo .  Furthermore,  by  explicit  computation,  we  also  know  that 
V  (f)  =  (ff0_1F  sin  kh  +  2 C  cos  kh)  sin  kt; 

+  [fc(if o~xV  cos  kh  —  2 C  sin  kh)  cos  k£  —  ifcf q~W]^~2  +  0(f~3)  (8.72) 
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Equations  (8.70)  to  (8.72)  give  the  asymptotic  behavior  of  the  right-hand  side 
of  (8.67).  More  explicitly,  since  by  (8.62), 

a(h)  =  sin  kh  +  C  cos  kh  (8.73) 

and  a  (h)  =  kQ^i^W  cos  kh  —  C  sin  kh)  (8.74) 

we  get,  for  f  — > 

v  (f)  +  «(r)  +  «(-f)  =  -iHo~lvr2[i  +  oir1)]  (8.75) 

On  the  other  hand,  /(f)  is  bounded  because  of  (8.61),  and  the  asymptotic 
behavior  of  K({,a)  can  be  easily  found  to  be 

£(f,a)  =  H(2Tfa)-We-f[l  +  0(r1))  (8.76) 

as  f  —>  oo .  Thus  the  left-hand  side  of  (8.67)  decreases  exponentially  as  f  — >  <» , 
while  the  right-hand  side  approaches  zero  only  as  f“2  by  (8.75).  Therefore, 
(8.67)  cannot  be  satisfied,  and  hence  (8.58)  has  no  solution  that  is  integrable. 
(This  detailed  calculation  also  demonstrates  the  well-known  connection  be¬ 
tween  the  behavior  of  a  function  at  small  distances  and  the  behavior  of  its 
Fourier  transform  at  infinity.) 


8.4  The  Circular  Tubular  Antenna 


In  view  of  the  failure  of  (8.58)  to  have  a  solution,  it  is  necessary  for  us  to 
construct  a  more  precisely  defined  model  for  the  dipole  antenna.  In  this  sec¬ 
tion,  we  consider  a  model  for  the  infinite  dipole  antenna.  This  model  can  be 
very  easily  modified  to  give  the  finite  dipole  antenna. 

The  model  consists  of  an  infinitely  long  circular  tube  of  radius  a  and  zero 
thickness.  We  take  its  axis  to  be  the  z  axis,  and  we  imagine  the  tube  to  have  an 
infinitesimal  gap  at  z  =  0  so  that  a  scalar  potential  difference  Re  (Ve~iwt)  can 
be  maintained  between  the  two  halves  across  the  gap.  The  tube  is  perfectly 
conducting  so  that  the  tangential  component  of  the  electric  field  is  zero  on  this 
tube  except  at  the  gap.  We  also  assume 


ka  «  1 


(8.77) 


[For  all  the  considerations  in  this  section,  (8.77)  can  be  replaced  by  the  less 
restrictive  assumption  that  ka  is  less  than  the  first  zero  of  the  Bessel  function 
Jo  so  that  there  is  no  propagating  waveguide  mode  inside  the  tube.] 

By  (8.52),  we  can  write  Maxwell's  equations  in  the  following  form 


dBe 
°  dz 

(8.78) 

c  i  IfiB.) 

(8.79) 

dEt  dEt 

dz  dr 

(8.80) 

and 


ike  Be 


INTRODUCTION  TO  LINEAR  ANTENNAS 


315 


These  three  equations  hold  both  for  r  >  a  and  for  r  <  a.  The  boundary  con¬ 
dition  at  r  =  a  is 

Ez=-V5(z)  (8.81) 

Define  the  Fourier  transform  in  the  usual  way  by 


EM  = 

i 

f  ”  Ez(r,z)ei{z  dz 

J  CO 

(8.82a) 

EM)  = 

4 

f  Er(r,z)e^z  dz 

J  —00 

(8.826) 

and 

Be(r,  f)  = 

m 

CO 

/  Be(r,z)e^2  dz 
/  —00 

(8.82c) 

then  (8.78)  to  (8.81)  can  be  rewritten  as 

kEr(r,n  =  -fcS,(r,f)  (8.83) 

kEz(r,t)  =  [rBe(r, f)]  (8.84) 

and  kcBe(r,{)  =  -f£r(r,f)  +  i  EM)  (8.85) 

together  with  the  boundary  condition 

Ez(a,t)  =  -V  (8.86) 

Equations  (8.83)  to  (8.85)  imply  that 

r  ~  EM)  +  (fc2  -  m,{r, f)  =  0  (8.87) 


Together  with  the  radiation  condition,  (8.50)  for  example,  (8.86)  and  (8.87) 
determine  Ez  completely: 


If  r  <  a, 


EM)  = 


v  ToWfc2  -  f2) 

Jo(aV^2  —  f2) 


(8.88) 


If  r  >  a, 


EM  = 


Y  gp(1)  (rVfc2  -  r2) 

How  (a#2  -  f2) 

y  Kp  (nfc [  -  fc2) 

i^o(aVr2  —  fc2) 


for  If  I  <  /c 
for  |f  |  >  fc 


(8.89) 


Before  proceeding  any  further,  we  discuss  (8.89)  in  some  detail.  So  far,  we 
have  always  taken  co  =  kc  to  be  positive  and  also  f  to  be  real.  Indeed,  in  (8.82), 
the  integrals  certainly  fail  to  converge  if  f  is  not  real.  Accordingly,  (8.89)  can 
be  used  to  define  Ez  for  co  >  0  and  real  f .  We  proceed  to  enlarge  this  domain  of 
definition. 


1.  Consider  first  the  case  of  negative  co  still  with  real  f.  The  applied  scalar 
potential  difference  is 

Re  (Fe“*"')  =  (Re  V )  cos  co t  +  (Im  V )  sin  c of 


(8.90) 
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Since  the  real  part  of  Ve  io>t  is  the  only  physical  part,  we  can  alternatively  use 
its  complex  conjugate,  that  is, 

Re  ( Ve~iwt )  =  Re  (FV“0*  (8.91) 

In  other  words,  precisely  the  same  physical  situation  can  be  described  with  —  w 
and  F*.  Therefore,  in  the  present  problem,  any  field  quantity  Q  at  —  w  must 
be  obtained  from  the  same  field  quantity  at  cc  by  [compare  with  (8.24)] 

Q(-«)  -  [Q( «)|f->v*]*  (8.92) 

By  applying  this  prescription  to  (8.89),  we  get 

for  |f  |  <  k  I 

for  |f  |  >  \k\  (8.93) 

for  |f|  <  —k 

2.  In  (8.93),  both  k  and  f  are  still  real.  We  now  consider  complex  f,  keeping  k 
real.  For  the  sake  of  definiteness,  let  k  be  positive  for  the  time  being,  and  hence 
(8.89)  may  be  used.  We  analytically  continue  the  functions 

ff„(l)QVfc2  -  r2) 

How  (aVfc2  -  f2) 

to  values  of  f  larger  than  k}  and  we  get  the  result 

KoWf2  —  k 2)  +  f7r/0(rVf2  —  k 2) 

K0  («Vf2  —  &2)  +  tV/oCaVf2  —  /c2) 

if  the  analytic  continuation  is  carried  out  via  the  upper  half  plane,  or 

K  oCrVF117^2) 

A"0(aVf2  —  A:2) 

if  the  lower  half  plane  is  used  instead.  The  second  result  coincides  with  what 
we  want,  but  the  first  result  does  not.  We  therefore  reach  the  conclusion  that 
there  is  a  branch  cut  in  the  upper  half  of  the  f  plane  with  the  branch  point  at 
f  =  k .  Similarly,  there  is  a  branch  cut  in  the  lower  half  plane  starting  from  the 
point  f  =  —k.  These  two  statements  hold  for  both  positive  and  negative  k. 
The  precise  position  of  the  branch  cuts  are,  of  course,  not  defined  and  may  be 
taken  in  any  convenient  way.  One  possible  choice  is  shown  in  Fig.  8.2a. 

3.  We  next  let  f  be  real  but  co  complex.  Starting  with  (8.93),  and  employing 
precisely  the  same  kind  of  argument  as  in  the  last  paragraph,  we  reach  the  con¬ 
clusion  that  there  are  two  branch  cuts  with  branch  points  at  =bfc  and  that  both 
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of  these  branch  cuts  are  in  the  lower  half  of  the  co  plane.  Two  possible  choices 
are  shown  in  Fig.  8.26  and  Fig.  8.2c.  Note  that  there  is  no  branch  cut  in  the 
upper  half  of  the  co  plape,  as  discussed  in  Sec.  8.2. 


[b 


co  plane 

—  £  c 

Branch \  / 
cut 

(c) 

Fig.  8.2  Positions  of  the  branch 
cut. 

4.  Finally,  let  both  f  and  co  be  complex.  Suppose  we  choose  the  branch  cuts 
in  the  two -cases  above  as  follows:  If  k  is  real,  the  two  branch  cuts  are 


/ 

f  -  k  >  0  (8.94a) 

and  f  +  k  <  0  (8.946) 

[Equation  (8.94a)  means  that  f  —  k  is  real  and  nonnegative.]  If  f  is  real,  the 
branch  cuts  are  taken  to  be 

k  -  f  <  0  (8.95a) 

k  +  f  <  0  (8.956) 


The  choice  corresponds  to  those  shown  in  Fig.  8.2a  and  Fig.  8.26.  We  now  note 
that  (8.94)  and  (8.95)  are  formally  the  same  equations.  Thus  we  can  extend 
the  domain  of  definition  for  E»(r£)}  with  r  >  a,  to  the  direct  product  of  the 
complex  f  plane  and  the  complex  k  plane  with  the  exception  of  two  cuts  de- 
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fined  by  either  (8.94)  or  (8.95).  This  is  one  of  the  simplest  choices  of  cuts,  but 
it  is  by  no  means  the  only  one. 

We  can  therefore  write  (8.89)  or  (8.93)  more  simply  in  the  form,  for  r  >  a, 


with  the  understanding  that  analytical  continuation  can  be  carried  out  pro¬ 
vided  that  the  two  branch  cuts  are  not.  crossed.  [Analytical  continuation  of 
(8.88)  is  trivial.] 

After  this  long  digression,  we  return  to  the  computation  of  other  field  quanti¬ 
ties.  By  (8.83),  (8.85),  (8.88),  and  (8.96),  we  get 


for  r  <  a 

(8.97) 

for  r  >  a 
for  r  <  a 

(8.98) 

forr  >  a 


In  particular,  it  follows  from  (8.97)  that  the  surface  current  density  on  the 
outside  of  the  tube  is 


«)_*  go(1)/  (Wfc2  -  r2) 

H0W  (a^k2  -  f 2) 


(8.99) 


and  the  surface  current  density  on  the  inside  is 


C  plane 


Fig.  8.3  The  contour  of  integra¬ 
tion  C. 
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In  both  (8.99)  and  (8.100)  the  contour  of  integration  C  is  that  shown  in  Fig.  8.3. 
The  total  current  Im(z)  is  defined  to  be 

Ijz)  =  2ira[J+(z)  +  J-(z)\  (8.101) 


or 


/.(*)  = 


ikV 

2ir f  o  J  c 


e 


if  z 


4  (k2  -  f2)Jo(aVfc2  -  f2)//o<1)(aVP_ZT5) 


dt  (8.102) 


Equation  (8.102)  implies  that  the  current  on  the  infinite  tubular  antenna  is 
well  defined  and  finite  for  all  2  ^  0.  For  z  =  0,  the  integral  on  the  right-hand 
side  diverges  logarithmically.  Let  us  thus  investigate  the  behavior  of  the 
current  near  2  =  0.  It  follows  from  (8.99)  and  (8.100)  that,  for  \z\  « a, 


J+(z)  ■■ 

ikV .  1 

~  y  In 

7rf0  < 

/ 

(8.103) 

and 

J-(z )  : 

ikV .  1 

=  j.  In 

irfo  i 

L 

* 

(8.104) 

Hence,  again  for  \z 

«  a, 

IM  -  • 

-  4:ika£o~l  V  In 

(8.105) 

Equation  (8.105)  means  that  there  is  an  infinite  input  capacitance.  This  is 
easy  to  understand  physically  as  follows.  The  two  edges  of  the  halves  of  the 
tubular  antenna,  namely,  the  part  with  z  >  0  and  the  part  with  z  <  0,  are 
kept  at  different  potentials  but  separated  only  infinitesimally.  Thus,  there  is 
an  infinite  capacitance  between  the  two  circular  knife  edges.  This  also  explains 
why  the  right-hand  side  of  (8.105)  is  proportional  to  the  circumference  of  the 
tube  and  also  why  the  two  right-hand  sides  of  (8.103)  and  (8.104)  are  equal  to 
each  other  and  independent  of  a. 

On  the  other  hand,  by  (8.103),  the  input  conductance 

gro  =  lim  Re  (8.106) 

z->  0  V 

is  given  by  the  convergent  integral 

S-  =  2x-‘fo ~lk  (\  (k2  -  f2)-‘{[./o (a\F~r)P  +  [FoCaVfcW1)]2}-1# 

j  K 

(8.107) 

Therefore,  we  get  finite  answers  from  this  model  of  the  infinite  tubular  antenna, 
with  the  exception  of  the  input  susceptance.  This  infinite  capacitance  has  a 
very  simple  physical  interpretation,  and  it  must  be  blamed  on  the  overidealized 
driving  condition  of  the  delta-function  generator  [see  (8.81)].  This  problem  is 
discussed  further  in  Chap.  10. 
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8.5  Integral  Equations  for  the  Current  Distributions 

We  proceed  to  study  the  finite  tubular  antenna,  which  consists  of  a  circular 
tube  of  length  2 h,  radius  a,  and  zero  thickness.  We  assume  it  to  be  perfectly 
conducting  and  center-driven,  which  means  that  there  is  an  infinitesimal  gap 
at  the  middle  of  the  tube,  of  distance  h  to  either  end,  and  that  a  scalar  potential 
difference  Re  (Fe~*"0  is  maintained  across  the  gap.  The  geometry  is  shown 
in  Fig.  8.4. 


Z  =0 


Delta-function 
generator  at 
this  infinitesimal 
gap 


Fig.  8.4  The  finite  circular  tubular 
antenna. 


Maxwell’s  equations  in  the  form  (8.78)  to  (8.80)  hold  everywhere  except  on 
the  circular  tube,  i.e.,  except  when  r  =  a  and  \z\  <  h.  The  boundary  condition 
on  this  finite  tube  is 

Ez(a,z)  =  —VS{z)  (8.108) 

for  | z |  <  h.  Unlike  the  case  studied  in  detail  in  the  preceding  section,  we  can¬ 
not  solve  (8.78)  to  (8.80)  and  (8.108)  explicitly  for  finite  h .  Instead  we  try  to 
formulate  the  problem  in  terms  of  an  integral  equation. 

As  seen  in  the  preceding  section,  there  is  a  current  on  both  the  inner  surface 
and  the  outer  surface  of  the  circular  tube.  Both  current  densities,  to  be  desig¬ 
nated  as  J_(z)  and  J+(z),  respectively,  are  in  the  direction  of  the  2  axis  and  are 
given  by,  for  \z\  <  hf 

J-(z)  =  —  lim  /x0 ~lBe{ryz)  (8.109) 

r— >a  — 

J+(z)  =  lim  nflB${r,z) 


(8.110) 
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These  two  current  densities  must  satisfy,  by  the  continuity  of  current, 

J+(h)  =  —J -(h)  (8.111) 

Similar  to  (8.101),  the  total  current  is,  for  \z\  <  h, 

$(z)  =  2tt  a[J+(z)  +J-(z)]  (8.112) 

which,  by  (8.111),  satisfies  the  boundary  condition 

*(A)  =  0  (8.113) 

The  current  density  is  actually 

(2 Tra)~l$(z)  8(r  —  a) z  (8.114) 

Because  of  the  symmetry  of  the  geometry,  Ez,  He ,  J+(z),  J-(z),  and  d(z)  are  all 
even  functions  of  2,  while  Er  and  the  charge  distribution  on  the  tube  are  odd 
functions  of  2. 

We  introduce  the  vector  potential  A  in  the  manner  discussed  in  Sec.  8.1. 
Because  of  (8.30)  and  (8.114),  A  has  only  a  2  component,  which  is  given  by 

Az(ayz)  =  no  J  G( r  —  if)(27ra)-l$(z')8(r'  —  a)dtf  |r„0 

r  h 

=  m  j_h  S(z')X(z  -  z')  dz'  (8.115) 
where  JC(a)  =  J  K(z,2a  sin  ||)  dd  (8.116) 


with  K  defined  by  (8.59).  More  explicitly,  X (z)  is 

1  cr  /  r  / 

5C  (z)  =g~2]  (  z2  +  4«2  sin2  ^  )  exp  ikl  z2  +  4  a2  sin2  ^  J  dd 

Note  that  3Z(z)  has  a  logarithmic  singularity  at \  z  —  0  and  that  the  Fourier 
transform  of  X (z)  has  branch-cuts  from  the  points  ztk,  as  showm  in  Fig.  8.2a. 
On  the  other  hand,  the  derivation  of  (8.56)  holds  here,  and,  in  fact,  (8.56)  is 
exact  for  the  present  model  of  a  finite  tubular  antenna.  A  comparison  of 
(8.115)  with  (8.56)  then  yields  the  integral  equation  for  the  current  distribution 

r  h 

J  h  d(z')X(z  —  z')  dzr  V  sin  k\z\  +  6  cos  kz  (8.117) 

where  C  is  again  to  be  determined  by  the  boundary  condition  $(h)  =  0. 

Equation  (8.117)  differs  from  (8.58)  only  in  the  replacement  of  K  by  X. 
While  (8.58)  does  not  have  a  solution,  the  same  argument  as  given  in  Sec.  8.3 
does  not  lead  to  the  same  conclusion  about  (8.117).  The  reason  is  that  the 
crucial  equation  (8.76)  does  not  hold  for  the  Fourier  transform  of  X;  that  is, 
3C(F)  is  not  an  analytic  function  of  2  for  real  and  hence  its  Fourier  transform 
has  a  rather  different  asymptotic  behavior  from  that  of  K.  Indeed,  wre  can 
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show  that  (8.117)  has  a  unique  solution,  which  is  qualitatively  rather  similar 
to  the  current  distribution  on  the  infinite  tubular  antenna,  i.e.,  the  solution 
8{z)  is  finite  everywhere  except  for  a  logarithmic  singularity  at  z  =  0  given  by 
(8.105): 


i(z)  =  -4  ikaSo-'V 


In  ttt  +  0(1) 


(8.118) 


for  2  — >  0.  In  other  words,  the  infinite  knife-edge  capacitance  is  not  changed  by 
making  the  tubular  antenna  finite  in  length. 

We  also  write  down  the  integral  equation  for  the  current  on  an  infinite 
antenna 

[  ^(z')X(z  -  z')  dz'  =  (8.119) 

J  — CO 


By  Fourier  transformation,  it  is  straightforward  to  solve  (8.119)  and  to  verify 
that  its  solution  is  indeed  (8.102). 

Similarly,  analogous  to  (8.58),  we  would  also  study  the  following  integral 
equation  for  the  infinite  antenna 


-  z\  a)  dzr  =  ~lVeikW  (8.120) 


By  the  argument  of  Sec.  8.3,  (8.120)  does  not  have  a  solution  that  is  integrable. 
However,  we  can  still  ask  the  question  whether  we  can  meaningfully  interpret 
the  component  of  the  current  Im  in  phase  with  V.  More  precisely,  we  are 
raising  the  question  whether  we  can  find  a  real  function  such  that  the 

quantity 

*/«> 2(2)  =  Jo V-'Im(z)  -  Iml(z)  (8,121) 

is  formally  imaginary. 

We  answer  this  question  in  the  following  way.  First,  the  Fourier  transform 
of  K(zya)  as  defined  by  (8.64)  is  explicitly 


HiHow  (a 

(2,r)-i.Ko(aVr^T2) 


for  |f|  <  k 
for  |f|  >  k 


(8.122) 


Thus  the  structure  of  the  branch  cuts  for  K(£,a)  in  the  f  plane  is  precisely  that 
shown  in  Fig.  8.2a.  In  particular,  (8.76)  is  an  immediate  consequence  of 
(8.122).  Consider  the  expression,  for  ki  >  k, 


IJz\k  1) 


ikV  r  .,r/79 
__  /  e~l?z[(k2 

47T$0  J  C(fci) 


(8.123) 


where  C(Aq)  is  the  portion  of  the  contour  C,  shown  in  Fig.  8.3,  that  is  between 
—  fci  and  kx.  [The  motivation  of  considering  this  /^(zjAi)  is  this:  formally, 
analogous  to  (8.102),  the  solution  of  (8.120)  is  the  right-hand  side  of  (8.123) 
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with  O(A'i)  replaced  by  C.  But  no  meaning  can  be  attached  to  this  divergent 
integral  because  of  (8.66),  and  thus  we  truncate  the  path  of  integration.]  Let 


L(z'M)  =  Im(z)  -  Im(z;ki) 


(8.124) 


and  let  us  try  to  get  an  integral  equation  for  I^zfa).  By  direct  evaluation 


Uz';h)K(z  —  z' ,  a)  dz ' 


H  L, 


1  dr 


1  il*'K(z  —  z'  a)  dz' 


—  co 


f/cF  r 

o3r  /  e 
0  J  C(k i) 


(8.125) 


Accordingly,  by  (8.120)  and  (8.124), 
r00  « . .  ,  .  ,  ,  ffcF/  r~k 


/co  ^  iicV  f  r —k  i  r  00  \ 

Ia>(e';ki)K(z  -  z',  a)  dz'  =  ^r(  J_  +  )  e_if2(fc2  -  f2)~l  df  (8.126) 


Define  a  kernel  /2(z)  by  requiring  that  its  Fourier  transform  is 

fj0  (a  Vfc2  -  r2)  for  If  I  <  jfc 
A(f)  =  |  F0(aVfc2  -  f2) 

0  for  |f |  >  k 


(8.127) 


that  is,  we  define  R(z)  by 


Using  R(z),  we  define  the  kernel  KR  by 


J0(aVfc2  -  f2) 


dt 


(8.128) 


KR(z,a )  =  K(z,a)  +  [  R(z  —  z')K(z',a)  dz' 

J  —co 


(8.129) 


We  can  explicitly  compute  Kr  as 


(f,a)  =  f  ei(!  Kr(z,«)  dz  =  K(f,o)[l  +  fl(f)] 

J  “CO 


-  Ml[/o(«Vfc2  -  f2)]2  +  [FoOVfc2  - 

?)]’} 

for  |f| 

|  Yo(a^k2  —  f2) 

( (2x)->  N0(aVf2  -  fc2) 

for  |f| 

<  fc 

>  k 

(8.130) 


Note  that  this  KR,  and  hence  KR(z,a),  is  real.  We  next  compute 

U  R(z  -  z')  dz\  C  +  ~  f2)-1  di 


( Ik  +  k 


e~iiz (fc2  -  f2)-xl?(f)  df 


(8.131) 
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by  (8.127).  Therefore,  (8.126)  is  equivalent  to  the  integral  equation 


/co 

L(z'-fo)KR{z  ~  z',  a)  dz '  = 

-oc 


ikV 


CO 


cos  $z 


7rf0  J  k\  k 2  —  ,2 


d$ 


(8.132) 


In  this  equation,  the  kernel  is  real  as  remarked  above  and  the  right-hand  side 
is  purely  imaginary  except  for  the  factor  V.  Thus  tm(z;ki)/V  is  formally 
purely  imaginary.  We  have  thus  shown  that,  by  (8.124),  the  current  distribu¬ 
tion  I^iz)  can  be  split  into  two  parts;  one  part  Im(z;ki)  is  explicitly  given  by 
(8.123),  and  the  other  part  is  formally  purely  imaginary  after  multiplying  by 
F_i.  We  can  therefore  choose  the  required  Imi(z)  as 


I^z)  =  Re 

_  2k  [ k  e~^_ _ Jo(aVfc2  —  f2) _ 

*  J -*  k2  ~  f2  [Jo  ] 2  +  [  F0  (aVfcW2)  F* 

_  4fc  r  *  cos  f z  _ J0(aVfc2  -  f2) _ 

t  Jo  k2  -  f2  [j0(aVfc2  -  f2)]2  +  [Y0(ayjk2  -  f2)]2  f 


which  is  convergent  for  all  2  and  independent  of  the  choice  of  k\.  With  this 
7^1(2),  the  quantity  Im2(z)  defined  by  (8.121)  is  formally  real. 

It  is  perhaps  of  some  interest  to  compare  the  I^iiz)  of  (8.133)  with  the  cor¬ 
responding  quantity  for  the  integral  equation  (8.119),  namely,  from  (8.102), 


4k  fk  cos  fz  1 

Yio  k2  -  r2  [j0(a^k2  -  f2)]2  +  [ Fo (asjk2  -  f  # 


(8.134) 


The  right-hand  sides  of  (8. 133)  and  (8. 134)  differ  only  in  the  factor  Jo  (a\//,'2  —  f2) . 
Thus,  for  small  a , 

/„i(z)  -  Re  =  0(k2a2)  (8.135) 


uniformly  for  all  z.  It  is  also  interesting  to  study  the  case  where  k\  is  very,  very 
large,  but  we  shall  not  dwell  further  on  this  topic. 

So  far  as  the  author  is  aware,  the  corresponding  problem  for  the  finite  an¬ 
tenna  has  not  been  solved.  We  make  the  following  conjecture:  For  the  integral 
equation  (8.58)  with  the  boundary  condition  (8.60),  the  current  distribution 
can  be  written  in  the  form 


V~l$d(z)  =  h(z)  +  ih(z)  (8.136) 

where  I\(z)  is  finite  and  real  for  all  2  and  I2(z)  is  formally  real  in  the  same  sense 
as  in  the  case  of  the  infinite  antenna  discussed  above. 


8.6  Iterative  Solutions  for  the  Current  Distributions 

Neither  (8.58)  nor  (8.117)  can  be  solved  exactly  in  terms  of  known  functions. 
Many  approximate  procedures  have  been  suggested  over  the  years  to  get 
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valuable  information  about  the  center-driven  dipole  antenna,  and  the  litera¬ 
ture  in  this  connection  is  extensive.  Almost  all  of  these  procedures  are  equally 
applicable  to  (8.58)  and  to  (8.117).  However,  since  the  kernel  K{z,a)  is 
significantly  simpler  than  that  of  (8.117),  which  involves  an  integration,  most 
of  the  numerical  computation  has  been  carried  out  on  the  basis  of  (8.58).  On 
the  other  hand,  it  is  shown  in  Sec.  8.3  by  a  very  simple  argument  that  (8.58) 
has  no  integrable  solution.  Hence,  the  best  we  can  hope  is  that  these  approxi¬ 
mate  solutions  to  (8.58)  are  actually  in  some  sense  approximate  solutions  to 
(8.117).  (Of  course,  as  stated  at  the  end  of  Sec.  8.4,  the  model  of  the  circular 
tubular  antenna  has  a  difficulty  of  its  own,  but  here  we  are  not  concerned  with 
that  difficulty.)  To  find  out  whether  this  hope  is  actually  realized  or  not,  we 
can  apply  the  same  approximate  procedure  to  (8.58)  and  (8.117)  and  then  com¬ 
pare  the  two  resulting  approximate  solutions.  If  they  are  close  to  each,  then 
we  may  make  use  of  the  numerical  results  obtained  on  the  basis  of  (8.58),  even 
though  (8.58)  is  devoid  of  a  solution. 

We  shall  carry  out  this  comparison  for  the  so-called  iterative  solutions.  Since 
we  are  interested  only  in  questions  of  principle  here,  the  various  iterative  solu¬ 
tions  are  not  very  different.  For  definiteness,  we  shall  treat  the  iterative  pro¬ 
cedure  of  King  and  Middleton.6  In  order  to  avoid  obscuring  the  essential 
points,  we  shall  use  operator  notations.  For  example,  operator  K  on  I  gives  KI 
defined  by 

(KI)  (z)  =  f  h  K(z  -  z',  a)I(z')  dz'  (8.137) 


Similarly,  define  the  operator  X  by 


If 

and 


r  h 

(X $)(z)  =  /  h  X (z  —  zf)$(zf)  dzf 


m  =  V2^o-1Vsmk 

g(z)  —  cos  kz 


then  (8.58)  and  (8.117)  can  be  written  respectively  as 


(8.138) 

(8.139) 

(8.140) 


and 


KI  =f  +  Cg 
X$  =  /  +  eg 


(8.141) 

(8.142) 


The  King-Middleton  procedure  was  originally  designed  for  (8.141).  It  sought 
to  approximate  KI  by  'k / ,  where  >k  is  a  number.  For  the  present  purpose,  we 
need  not  go  into  the  details  of  the  choice  of  indeed,  we  are  not  even  con¬ 
cerned  about  whether  'k  is  real  or  complex.  King  and  Middleton  iterated 
the  equation 

*1  =  f  +  Cg  -  (K  -  *)/  (8.143) 

n  times  to  get  the  nth  iterated  solution 

/(n)  =  1  £  (i  _  *-!£)«(/  +  Cin)g) 

m=  0 


(8.144) 
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where  1  denotes  the  identity  operator.  An  operator  raised  to  the  mth  power 
merely  means  the  operator  applied  repeatedly  for  m  times.  (The  ^  here 
actually  differs  from  the  expansion  parameter  of  King  and  Middleton  by  a 
factor  of  47r.)  The  constant  C(n)  for  the  nth  iterated  solution  is  determined  by 

=  0  (8.145) 

E  [(1  -  *-lKTf](h) 

CM  =  _  2Z0 -  (8. 146) 

E  [(1  - 

m—  0 


For  example,  the  first-order  solution  is 

/CD  =  *-i[(2/  -  'V-lKf)  +  C'W(2g  -  *~lKg) 

and  f  u>  =  2 /W  ~  *~l(Kf)(h) 

2 g(h)  -  M r\Kg)(h) 


(8.147) 

(8.148) 


A  rather  large  amount  of  numerical  calculation  has  been  carried  out  on  the 
basis  of  (8.147)  and  (8.148). 

The  procedure  is,  of  course,  equally  applicable  to  (8.142)  with  the  result 


1  E  (1  -  4f-13C)OT(/  +  e<n,fif)  (8.149) 

m—  0 

E  [(1  -  T_13C)m/](/i) 

with  qm  =  -  S_2 -  (8.150) 

E  [(1  -  'F-13£)”!ff](/i) 

m  —  0 

Note  that  we  have  used  the  same  in  both  cases;  this  choice  is  certainly  per¬ 
missible,  although  not  unavoidable. 

So  far  as  the  author  is  aware,  virtually  nothing  is  known  about  the  con¬ 
vergence  of  the  iterative  procedure  in  the  form  (8.149)  and  (8.150).  It  is 
conjectured  that,  for  a  finite  antenna,  these  series  indeed  converge  with  a 
suitably  chosen  4r.  This  conjecture,  however,  is  by  no  means  obvious  and  in¬ 
deed  may  be  incorrect.  In  this  connection,  we  shall  study  in  some  detail  the 
case  of  the  infinite  tubular  antenna  of  Sec.  8.4  and  show  that  the  series  (8.149) 
has  rather  interesting  structures. 

We  first  write  down  this  series  in  some  detail.  Instead  of  (8.138),  we  use 

CO 

(X4)(z)  =  X (z  -  z')<f(zf)  dzf  (8.151) 


In  this  notation,  the  integral  equation  (8.119)  is 


~~  /o 

fo(z)  = 


where 


(8.152) 

(8.153) 
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No  boundary  condition  is  involved.  The  case  is  therefore  particularly  simple, 
and,  instead  of  (8.149)  and  (8.150),  we  have 


n 


3JH)  =  T-1  £  (1  -  'h-13C)m/o 

ra  =  0 


(8.154) 


This  current  $J>n){z)  can  be  written  more  explicitly  by  Fourier  transforms. 
Similar  to  (8.63)  to  (8.66),  we  define 


co 


and 


/o(f) 


By  (8.116)  and  (8.122), 


4  co(n>  (f )  =  f  djn)(z)e^dz 

J  CO 

(8.155a) 

r 00 

:  /  X  (z)elte  dz 

J  —CO 

(8.1556) 

:  f  fo(z)e^z  dz  =  ik^0~1V(k2  —  f2)™1 

J  CO 

(8.155c) 

=  }4iH0m(a^k2  -  f2)Jo(aVfc2  -  f2) 

(8.156) 

with  the  branch  cuts  as  shown  in  Fig.  8.2a.  Equation  (8. 154)  implies  that 

hM(t)  =  T-1  E  [1  -  y-'SZitiMoin  (8.157) 

m  =  0 

Note  that  the  operator  notation  is  used  in  (8.154),  but  not  in  (8.157). 
Therefore 

KM(£)  =  {1  —  [1  —  *-l3C(f)]n+1}  (8.158) 

and  a  comparison  with  (8.102)  shows  that 

{by  r  _  _ 

*»(*)  -  ^(n)(2)  =  2tfJc  e-HHiQc*  -  f2)Jo(aVfc2  -  f2)//o(1,(Wfc2  -  f2)H 

X  [l  -  (o Vfc2  -  f2)//o(1)(aV^2  -  f2)]n+1df  (8.159) 

How  does  this  integral  behave  for  large  n?  We  shall  discuss  this  question  from 
several  points  of  view. 


1.  If  n  is  fixed  and  z  — >  0,  (8.105)  also  holds  in  the  sense  that 

4co(z)  —  $Jn)(z)  ~  —  4ifcaf0”1Tlni  (8.160) 

\z\ 

Hence  the  iterative  solution  does  not  reproduce  the  logarithmic  singularity  in 
the  current  distribution.  This  is  certainly  to  be  expected,  since  3Cn/0  is  bounded 
for  all  n. 

2.  We  consider  next  the  case  where  n  is  fixed  and  2  — »  00 .  In  this  case,  we 
can  shift  the  contour  of  integration  C  until  it  wraps  around  the  left  branch  cut 
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of  Fig.  8.1a,  and  the  contribution  comes  mostly  from  the  vicinity  of  the  point 
f  =  —  k.  Thus 

^coO)  -  3jn){z)  ~  3in)(z)  (8.161) 

where 


5<n>(z) 


ikV 

27T f 


0 


L 


e-*‘(k2  -  f2)-1 


Mi 


1  + 


1 


M^ 


(8.162) 


The  right-hand  side  of  (8.162)  is  obtained  from  that  of  (8.159)  by  the  approxi¬ 
mations 

./o  (W'c2  -  r)  =  i 

and  //0(1)  Mk2  -  r2)  =  1  +  ”(r  +  In  |V^2  -  f2)  (8.163) 

Moreover,  the  contour  C_  is  obtained  from  C  by  the  rule  that,  wherever  there  is 
a  pole  on  the  real  axis,  C_  is  considered  to  be  in  the  lower  half  plane.  The  change 
from  C  to  C_  is  necessary  because  the  right-hand  side  of  (8.163)  has  zeros  at 

f  =  ±  (4a~2e~2y  +  k2)H  (8.164) 


In  (8.163)  and  (8.164),  y  is  Euler’s  constant,  roughly  0.577217. 

To  find  3in)(z)  approximately  for  large  2  and  fixed  ft  let 

x  =  (k  +  £)z  (8.165) 

Thus  we  may  find  5(n)(^)  by  setting 

k  +  f  =  -  and  f  =  —  k 


in  the  two  braces.  The  resulting  integral  can  be  evaluated  from  the  residue  of 
the  integral  at  f  =  —  k,  and  the  answer  is 

n-fl 


$w(z) 


or,  more  simply,  by  (8.161), 


\  Ik] 

-1 

w  U~lVeikz- 

-lnay;i 

►  4 

1  —  (27TT)"1  In 


(8.166) 


tfcofc)  -  ^(z)  ~  J/2fo""1F4r”1(47rT)-n(ln  z)neikz 


(8.167) 


for  2  — »  co  .  Thus  the  difference  between  4^(2)  and  {n)(z)  is  unbounded  for 
large  2.  The  case  n  =  1  can  be  derived  more  simply  by  integrating  (8.151) 
directly. 

3.  We  finally  let  2  be  fixed  and  nonzero  while  ft  — *  00 .  The  behavior  of 
(2)  —  djn)(z)  in  this  case  depends  on  the  choice  of  T.  For  a  given  4r,  it  may 
or  may  not  be  possible  to  deform  the  contour  of  integration  C  such  that 


1  -  M^"V(aVfc2  -  f2)tfo(1)(aVfc2  -  r2)l  <  1 


(8.168) 
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on  the  entire  deformed  contour.  If  this  is  possible,  then 

4co0)  -  (8.169) 

for  every  fixed  2  ^  0  and  n  — >  00 .  If  for  every  deformation  of  the  contour, 

|1  -  -  T2) H 0a) (ayjk?  -  f2)l  >  1  (8-170) 

on  some  part  of  the  contour,  then 

3oo (z)  —  $Jn)(z)  —>  oo  (8.171) 

for  every  fixed  2  5^  0  and  n  — »  . 

We  conclude  with  a  short  discussion  of  the  finite  antenna.  We  have  seen 
from  the  derivation  of  (8.167)  that  the  unboundedness  of  (n)(z)  is  due  to  the 
fact  that  the  spectrum  set  of  X,  as  defined  in  (8.151),  is  unbounded.  In  this 
case,  the  spectrum  set  is  just  the  set  of  values  taken  by  3C(f)  for  real  f.  Sim¬ 
ilarly,  for  the  finite  antenna,  the  convergence  of  the  iterative  solution  depends 
on  whether  the  spectrum  set  of  X,  as  defined  in  (8.138),  lies  in  a  circle  with 
center  at  'k  and  radius  |T|.  In  this  case,  since  X  is  a  Fredholm  operator,  its 
spectrum  set  is  just  the  set  of  its  eigenvalues.  The  answer  to  this  question  is 
not  known  by  the  author. 


8.7  Comparison  of  the  Iterative  Solutions 

In  this  section,  we  attempt  to  compare  the  two  iterative  solutions  (8.144) 
and  (8.149).  The  iterative  solutions  are  useful  only  when  a  is  sufficiently  small 
and  kh  not  large.  Thus  we  shall  assume  that  ka  «  1,  a/h  <$C  1,  and  also,  for  the 
sake  of  definiteness,  kh  is  of  the  order  of  unity.  In  other  words,  we  shall  study 
the  limit  a  — >  0  for  fixed  X  and  h. 

It  is  easily  seen  from  (8.144)  and  (8.149)  that 


J<0)(2)  =  0(0)  (Z)  =  /(z)gW  -  f(h)g(g) 


*9(h) 


(8.172) 


We  compare  in  detail  /(1>(z)  and  £(1>(z).  To  begin  with,  note  that,  by  (8.122) 


C  K(z,a)  dz  =  K(0,a)  =  HiH^Qca) 

J  —GO 


and 


f  X(z)  dz  =  X(0)  =  34f#o(1) (ka)Jo(ka) 

J  — oo 

Therefore,  for  a  — >  0  with  fixed  X  and  h 

lim  XiHMkaMz)  = 


(8.173) 


(8.174) 


a — ►0*1“ 


g(h) 


(8.175) 


provided  that  2  ^  0  and  that  g(K)  ^  0.  A  comparison  of  (8.172)  and  (8.175) 
shows  that 

*  =  0(— In  ka)  (8.176) 

In  order  to  compare  Im  and  5l(1),  it  is  sufficient  to  compare  Kf  and  Kg  with  X/ 
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and  Xg,  respectively.  Let  F  be  a  smooth  function  independent  of  a;  F  may  be 
/  or  g  in  particular.  The  difference  between  KF  and  XF  is,  by  (8.137)  and 

(8.138), 

h 


(XF)(z)  -  (KF) (z)  =  f  [X (z  -  z’)  -  K(z  -  z',  a)}F(z')  dz' 

J  h 

=  Ai(z)  +  F(z)A2(z)  +  A3(z) 


where 


(8.177) 


Ai(z)  =  J_h  {[X(z  -  z')  —  K(z  —  z',  a) 


-  [X (z  -  z')  -  K(z  -  z',  a)]|t=0}T(z')  dz'  (8.178) 


A2(z)  =  j_h  tjC(z  -  z')  -  K(z  -  z',  a)]\Mdz' 


(8.179) 


and 


As(z)  =  /_*  [«(*  -  2')  -  K(*  -  z’>  a)Iko[F(z')  -  F(z)]  dz'  (8.180) 


Consider  first  Aj (z).  Let  F0  be  the  maximum  of  \F(z)\;  then  by  (8.176) 


f  jF(z')[exp  {ik[(z  —  z')2  +  a2]^\  dz ' 

J  —  h 


—  (2?r)  1  j  *  exp  |  i 


ik 


(z  —  z')2  +  4a2  sin2- 


■  dd 


<  TT-^q  I"  dF  h 

J  ~h  J  -IT 

<  2tt~1Fq  J"  dd  f 


sin  k\[(z  —  z')2  +  a2]^ 


(z  —  z')2  +  4a2  sin2 


8 


H 


dd 


2  h 


sin 


k 


(z/2  +  a2)  **  —  ( z'2  +  4a2  sin2 


6 


H 


dz ' 


2  h 


<  2w  1F0  j  T^d8  j *  min  (1  ,%ka2/z')  dz' 

=  6 ka2F0  In  =  0(ka2^)  (8.181) 


Therefore,  by  (8.59), 


r k  Aeh  4 pWh 

Ai(z)|  <  6F0  ka2  In  dk  =  SF0(ka)2  In  =  OQc2a2'k)  (8.182) 


Ska2 


4e#A 


This  difference  is  indeed  small. 

The  function  A2(z)  can  be  written  in  the  form 


A2(z)  =  (87T2)-1  f 


sinh 


-i 


h  —  z  *  l  i  h  z 

+  sinh-1 


—  sinh 


2a  j  sin  (0/2)  |  1  “““  2a|sin  (6/2) 

i  h  —  z  •  v  i  h  “b  z 
i - sinh-1 - 

a  a 


dd 


(8w2)  1 J 


In  1+1  + 


2a  (h 


+  ln  1+  1  + 


w  .  6 

Z)  1  sin  - 


6 


21  H’ 


2 1  M 


2 a(h  +  z)”1  sin  - 


In  (1  +  {1  +  [a (A  -  z)-1}2}^)  -  In  (1  +  {1  +  [a (A  +  z)~ *]2}#) 


dO 


(8.183) 
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In  (8.183)  use  has  been  made  of  the  identity 


/, 


In  (  2  sin  ^  )dd  =  0 
o  \  2 


(8. 184) 


It  is  seen  from  (8.183)  that 


and 


A 2(z)  =  Ar4(/i2  -  z2)-20(fc2a2) 
A  »(±A)  =  0(k2a2) 


Thus  A2(z)  is  small  except  when  z  is  close  to,  but  not  equal  to,  h  or 
Finally,  A3(z)  is  comparatively  not  so  small.  Since 


(8.185) 

(8.186) 

h. 


/, 


K(z,a)]\k=0zF(z)  dz 

2)-x  dd  J*  Hz2  +  4a2  sin2  -  (z2  +  a2)-« 


zF(z)  dz 


/. 


z2  +  4a2  sin 


•  A*- 

m  2/ 


(z2  +  a2)  W 


F(z) 


0 


/oV'(z)[(z2+4a2sin2|) 


H 


(z2  +  a 2)^ 


dz 


dO 


J'  (a  -  2a  sin  0F(O)  dfl  +  0(fca2  ¥) 


(4tt)-1(i  -  ^aF(O)  +  0(fca2  T)  (8.187) 


we  get  the  following  orders  of  magnitudes  for  A3(z): 


for  z  not  close  to  ±/i  or  0 ; 


A3(z)|f 


0(»F) 


for  z  not  close  to  ±h; 


A3(z)|F=0  =  0(fc2a2T) 


(8.188) 

(8.189) 


A3(0) 

Aa(±A) 


and  A3(±ft) 


F =/ 


(47r) o-1  Ffca ( 1  -  |Vl  +  o (*»¥)] 

✓  <  V 


(8.190) 


F  =/ 


(87r)-Tf0-lFlca 


(‘-9 


cos  M[1  +  0(fca  SF)]  (8.191) 


F~q 


—  (47r)  lka(^l  —  sin  kh[  1  +  0(/ca  ^) 


(8.192) 


Substitution  of  these  results  into  (8.177)  gives  that 

m  (z)  -  m  (z) 


—  (87 r)  H‘f0  lVka(^  1  —  cos  kh[  1  +  0(/ca4r)]  for  2  =  db/fc 
=  (47r)-H‘r0-1F/ca(l  -  £Vl  +  0(ka  ¥)]  for  z  =  0 


for  z  not  close  to  ±/i  or  0 


(8.193) 
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and  (JC g)(z)  -  ( Kg)(z ) 


4 


(47r)  Vcaf  1  —  -  )  sin  kh  [  1  +  0(ka  'F)] 

7 r 


for  2 


( 0(A:2a2F)  for  s  not  close  to  d= h 


(8.194) 


Thus  the  difference  is  at  most  of  the  order  of  ka . 

The  conclusion  is  therefore  reached  that,  by  (8.185),  (8.193),  and  (8.194), 


Im(z)  -  ^(z)  =  0(77) 


(8.195) 


provided  that  both  k(h  —  z )  and  k(h  +  z)  are  not  much  less  than  (k 
coefficient  of  kaV  in  (8.195)  can  be  calculated  easily  if  so  desired. 
This  result  (8.195)  holds  for  any  order  of  iteration,  namely 


¥2 


The 


7<">(s)  -  *<">(«)  =  0 


ka\ 

77 


T 


(8.196) 


More  precisely,  (8.196)  means  that,  for  a  — >  0  with  fixed  X,  fixed  h,  and  fixed  n, 
the  difference  I{n)(z)  —  3(n)(z)  is  of  the  order  of  magnitude  kaV/£ 0.  As  dis¬ 
cussed  in  the  preceding  section,  no  such  result  holds  if  n  — >  00  also. 

We  shall  not  derive  (8. 196)  in  any  detail.  We  shall  merely  say  that  for  n  =  2, 
the  following  identity  is  useful: 


z2  +  4a2  sin2  ^ 


34 


—H 


sinh 


-1 


2 a  sin 


02 


-1 


dz 


► 

'  f  sinh™1 

! _ 

.  6 
sin  7 

r,i 

J~  7T 

L  \ 

2 

J  J 

< 

dd 


(8.197) 


This  trick  can  also  be  generalized  to  the  cases  where  n  >  2. 

Equation  (8.196)  gives  the  answer  to  the  question  raised  at  the  beginning  of 
Sec.  8.6:  when  ka  is  very  small,  the  first  few  iterations  of  (8.58)  are  indeed  good 
approximations  to  the  corresponding  iterations  of  (8.117).  We  do  not  have 
any  good  estimate  of  the  permissible  number  of  iterations  for  given  ka  and  kh, 
but  this  number  is  expected  to  be  less  than 


for  small  ka. 


ln(l  /ka) 
In  ln(l /ka) 


(8.198) 


8.8  The  Circular  Tubular  Antenna  (Continued) 

The  finite  circular  tubular  antenna  of  Fig.  8.4  is  an  idealization  of  a  number 
of  physical  situations,  for  example,  a  monopole  driven  from  a  coaxial  line.  In 
big.  8.5  we  show  two  possible  geometries  intermediary  between  the  physical 
situation  and  that  of  Fig.  8.4;  that  is,  in  Fig.  8.5  we  have  two  idealizations 
where  the  coaxial  lines  are  not  eliminated.  In  order  that  the  development  given 
in  the  preceding  sections  be  physically  meaningful,  the  solutions  of  (8.117) 
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must  be  good  approximations  to  the  current  distributions  for  the  geometries  of 
Fig.  8.5a  and  Fig.  8.56. 

In  particular,  let  h  — >  <» .  Then  the  integral  equation  (8.117)  becomes 
(8.119),  the  solution  of  which  is  already  given  in  Sec.  8.4.  On  the  other  hand, 
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2  a 


r  * 
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z  -  h 
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Fig.  8.5  Linear  antennas  driven  from  coaxial  lines. 


as  h  — >  oo  it  is  clear  that  the  electromagnetic  field  is  zero  when  z  >  8  and  r  <  a 
for  the  geometry  of  Fig.  8.5a  and  that  it  is  also  zero  when  r  <  a  for  that  of 
Fig.  8.56.  Therefore,  the  desired  field  for  the  infinite  circular  tubular  antenna 
is  not  that  obtained  from  (8.97)  and  (8.98) ;  instead,  the  Fourier  transforms  of 
B$  and  Er  are  given  by 


and 


cBe(r,t)  —  < 


f2)_n  gp(l),Wfc2  -  r) 

~^n0a)  (aVfc2  -  r2) 


Er  (r,f)  = 


if  F(fc2  -  f2)-* 


ff0(»'(Wfc2  - f2) 

#o(1)  (aVfc2  -  r2) 


for  r  <  a 

for  r  >  a  (8.199) 

for  r  <  a 
for  r  >  a  (8.200) 


In  particular,  it  follows  from  (8.81)  that 


Ez(a+,z)  =  lim  Ez(r,z)  =  -V5(z) 
Ez(a—,z)  =  lim  Ez(r,z)  =  0 

r— — 


(8.201) 

(8.202) 


Thus  the  infinite  circular  tubular  antenna  is  driven  by  a  5-function  generator 
on  the  outside  of  the  tube  but  not  on  the  inside  of  the  tube. 
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We  study  in  this  section  the  solution  given  by  (8.199)  and  (8.200)  and  ask 
how  (8.119)  may  be  modified  to  yield  this  solution.  In  the  next  section,  we 
apply  these  considerations  to  the  finite  tubular  antenna. 

The  first  step  is  to  introduce  the  vector  potential  A.  In  order  for  this  vector 
potential  to  be  useful,  it  must  satisfy  at  least  the  following  conditions:  (1) 
A  =  z Azy  that  is,  A  has  only  a  0  component,  (2)  A  — >  0  as  r  — >  co  y  and  (3)  A  is 
continuous.  Accordingly,  by  (8.30), 


and  hence  by  the  second  condition 


dAz 

dr 


Bo(r',z)  dr' 


(8.203) 

(8.204) 


By  the  third  condition,  (8.204)  must  hold  both  for  r  >  a  and  r  <  a .  Therefore, 
by  (8.199),  for  r  <  a 

A,(r,z )  =  Ag(a,z)  (8.205) 


More  explicitly,  also  by  (8.199),  for  r  >  a, 

Az(rA)  =  ikc~W (k2  -  f2)”1 


(8.206) 


The  substitution  of  (8.206)  into  (8.205)  yields  immediately  that,  for  r  <  a, 

Az(ry f)  =  ihr'VQt  -  f2)"1  (8.207) 

Ag(r,z)  =  Mcr'Ve*™  (8.208) 

The  important  point  here  is  that  dAz/dz  is  discontinuous  for  2  =  0  and  r  <  a. 

The  next  step  is  to  calculate  (V2  +  k2)Az .  This  is  zero  except  on  the  tube 
r  =  a  and  on  the  disk  2  =  0  and  r  <  a.  Instead  of  (8.101),  the  total  current 
^i(z)  is  more  simply 

$£>(z)  =  2  7raJ+(z)  =  2'iraido~1Bo(a+,z)  (8.209) 

By  (8.208)  and  (8.209),  we  get 

(V2  +  k2)Az(r,z)  =  —  (2tt a)~l^t(z)b(r  -  a)  +  ik<rlV8(z)H(a  -  r)  (8.210) 

where  H  is  defined  by  (8.49).  By  (8.116),  we  can  compute  the  vector  potential 
on  the  tube  from  (8.210) 

r  00 

Az(a,z )  =  juo  /  0+(z)X(z  -  z')  dzf  -  ikc~lVW(z,a )  (8.211) 

J  —00 

where 

W(z,a)  ~  JQ  ?  dr  J  (z2  +  r2  +  a2  —  2m  cos  0)“** 

exp  [ik(z2  +  r2  +  a2  —  2 ra  cos  6)Yi]  dd  (8.212) 
Note  that  W (2, a)  is  a  completely  known  function. 
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4  comparison  of  (8.211)  with  (8.208)  then  yields 


co 


— oo 


*£(«')»(*  -  2')  dz'  =  y2U~lVeikM  +  ikU~lVW{z,a)  (8.213) 


This  is  the  required  integral  equation  for  the  current  on  an  infinitely  long  cir¬ 
cular  tubular  antenna  driven  by  a  5-function  generator  on  the  outside  of  the 
tube.  Equation  (8.213)  differs  from  (8.119)  only  in  the  pr*esence  of  an  extra 
term  on  the  right-hand  side. 

We  conclude  this  section  with  a  bxdef  discussion  of  the  function  IF.  First,  it 
can  easily  be  expressed  as  a  single  integral 

1  r  2a 


W  (z,a) 


r 

2tt  J  o 


cos 


-1 


2a 


(~2  r2)-H  eXp  \ik(z2  +  r2)^]r  dr  (8.214) 


Let  r  =  2a  sin  0,  then  by  integrating  (8.214)  by  parts  we  get 

ikW(z,a)  =  ~\  e*w  +  L  fr*  exp  [ik(zl  +  4a2  sin2  6) dd  (8.215) 


The  limiting  behaviors  of  W  are  as  follows: 

mv  (0,a)  =  -  j  +  C  /." 


e 


2 ika  sin  Q 


dO 


or 


W  (0,a) 


4  k 


[1  —  J0(2ka )  +  iE0(2ka)] 


(8.216) 


where  E0  is  the  Anger- Weber  function  of  order  zero;7  and,  as 

2 


CO 


W(z,a) 


a 


4  2 


ik  It 


(8.217) 


Furthermore,  as  k  — >0,  W (z, a)  reduces  simply  to 

W(z,a) lt_0  =  -M\z\  +  ~  r  (22  +  4a2  sin2  0)*  dO 

=  ~H\z\  +  i  (z2  +  4o2)^(fc0) 

where  E  is  the  complete  elliptic  integral,  and 

fc0  =  2  a(z2  +  4a2)-« 

As  a  check,  it  follows  from  either  (8.216)  or  (8.219)  that 


(8.218) 


(8.219) 


W  (0,o) 


—  - 
k^Q  ^ 


(8.220) 


It  is  interesting  to  note  that,  by  (8.215),  the  integral  equation  (8.213)  may 
be  written  as 


/CO 

4+(z)3C(z  -  z')  dz'  =  HtyVeik 

CO 


+ 


V  rx/2 


27rfo  J  o 


f  T  exp  [ik(z2  +  4a2  sin2  «)*]  dd  (8.221) 
J  o 
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That  the  coefficient  of  Veik[z{  is  reduced  by  a  factor  of  2  is  intimately  related  to 
the  fact  that 

lim  =  V2  (8.222) 

*-> 0  $oo{z) 

which  is  a  direct  consequence  of  (8,209),  (8.101),  (8.103),  and  (8.104). 


8.9  Integral  Equations  for  the  Current  Distributions  (Continued) 


We  have  seen  from  (8.213)  that  a  term  ik^~lVW (z,a)  needs  to  be  added  to 
the  right-hand  side  of  (8.119)  in  the  case  of  an  infinite  antenna.  In  this  section 
we  shall  show  that  the  same  term  should  be  added  to  the  right-hand  side  of 
(8.117)  for  the  finite  antenna. 

In  view  of  (8.201)  and  (8.202),  we  may  formulate  the  problem  as  follows. 
Solve  (8.78)  to  (8.80),  which  hold  except  where  r  =  a  and  \z\  <  h,  with  the 
boundary  conditions  (8.201)  and  (8.202),  which  hold  when  \z\  <  h .  Again,  this 
means  that  the  circular  tubular  antenna  is  driven  by  a  6-function  generator  on 
the  outside  of  the  tube  but  not  on  the  inside.  However,  in  the  present  case  the 
field  is,  in  general,  not  zero  inside  the  tube. 

The  main  point  in  this  section  is  that  we  must  be  extremely  careful  in  intro¬ 
ducing  the  vector  and  scalar  potentials.  Since  B  =  8 B}  we  try  to  define  a 
vector  potential  which  satisfies  the  three  conditions  enumerated  in  the  pre¬ 
ceding  section.  By  (8.203),  (8.204)  must  hold  also  for  the  finite  circular  tubular 
antenna,  and  it  defines  the  vector  potential  unambiguously.  It  is  seen  from 
(8.208)  that,  for  r  <  a, 


d_ 

dz 


*=0+ 


(8.223) 


for  the  infinite  antenna.  Equation  (8.223)  also  holds  for  the  finite  antenna. 
To  see  this,  we  use  (8.204)  and  (8.78)  to  get,  for  r  <  a, 


dz 


Az(r,z ) 


2=*  0-4" 


-  h 


CO 


2=0— 


_a 

dz 


Bdr',z ) 


~  i  Be(r',z ) 
2=0+  oz 


2  =  0 


dr! 


=  ike-1  I"  [Er(r't 0+)  -  Er{r', 0-)]  dr' 


=  ike  1  f  Ez{a+,z )  dz  = 

J  o+  C 


(8.224) 


We  have  used  the  fact  that,  locally  near  the  6-function  generator,  the  field  has 
approximately  the  form  of  the  static  field. 

Attention  is  next  turned  to  the  scalar  potential.  It  is  easily  verified  that 


V  X  (E  -  twA)  =  0 

and  hence  there  exists  a  function  $  such  that 


(8.225) 


(8.226) 


The  important  point  is  that,  since  the  region  exterior  to  the  tubular  antenna  is 
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not  simply  connected,  is  in  general  not  single-valued .  It  is  therefore  con¬ 
venient  to  introduce  a  cut  at 

z  =  l  and  r  <  a  (8.227) 

where  \l\  <  h,  as  shown  in  Fig.  8.6.  We  say  that  <£  is  defined  in  the  exterior  of 
the  tubular  antenna  and  the  cut  taken  together,  and  we  attempt  to  compute 


iz 


Deita-functio  n 
generator  on 
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No  delta-function 
generator  on  the 
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z-l 


The  contour  C<p 


Z  =0 


Fig.  8.6  Circular  tubular  antenna  driven 
on  the  outside  surface  only. 


the  discontinuity  of  $  across  this  cut.  Let  C*  be  the  contour  shown  in  Fig.  8.6, 

and  we  integrate  (8.226)  along  the  contour.  By  (8.201)  and  (8.202), 

\ 

/c*E<rf  S=-F  (8.228) 

By  the  continuity  of  the  vector  potential 

A-ds  =  0  (8.229) 

Therefore 

*(r,Z+)  -#(r,Z-)  =  V  (8.230) 


for  r  <  a.  Note  that,  given  the  cut  by  (8.227),  <f>  is  unambiguously  defined  by 
(8  226)  together  with  the  condition  that  $  vanishes  at  infinity. 

We  have  defined  the  vector  and  scalar  potentials  with  no  reference  to  the 
Lorentz  condition  (8.32).  Let 


V-A  - 


dAz  __  ik& 
dz  c 


(8.231) 


then,  by  (8.12), 


V2A  +  k2k  =  VX 


(8.232) 
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exterior  to  the  tubular  antenna.  Since  A  has  only  a  3  component,  (8.232) 
implies  that 


=  <bc  =  0 

dx  dy 


(8.233) 


Since  x  —  0  at  infinity,  (8.233)  may  be  solved  to  yield  that 


x(r,z) 


function  of  z 

J 

for  r  <  a  and  z 

0 

otherwise 

<  h 


(8.234) 


By  (8.224)  and  (8.230),  x  has  the  following  discontinuities  for  r  <  a: 


x(r,0+)  -  x(r,0  — )  =  ^  (8.235) 

c 

—  ik  V 

and  xW+)  -  xW-)  =  — — -  (8.236) 


Indeed,  since  x  is  an  analytic  function  of  r  and  2,  it  follows  from  (8.234)  to 
(8.236)  that,  if  l  >  0,  \ 


for  r  <  a  and  0  <  z  <  l 
otherwise 


(8.237) 


and  if  l  <  0, 

x(r,z)  = 


for  r  <  a  and  l  <  z  <  0  (8.238) 

otherwise 


Therefore,  the  Lorentz  condition  x  =  0  is  satisfied  if  and  only  if  we  choose 

l  =  0  (8.239) 

in  connection  with  the  scalar  potential. 

By  (8.232),  Az  satisfies  the  homogeneous  Helmholtz  equation  except  possibly 
on  the  tubular  antenna  and  the  disk  z  =  0  and  r  <  a.  Let  4+(z)  be  the  total 
current  on  the  circular  tubular  antenna  driven  on  the  outside  surface  only, 

3+(z)  =  2ira}iQ~1[Be  (a + ,z)  —  B8(a  —  ,z)]  (8.240) 

then,  by  (8.224), 

(V2  +  k2)Az(r,z)  =  -  (27ra)~W^(z)5(r  -  a)  +  ikc~Wb(z)H{a  -  r)  (8.241) 
similar  to  (8.210).  Hence,  by  (8.212), 

A9(a,z)  —  (jlo  f  h$+(z)X(z  —  zf)  dzl  —  ikc~lVW(z,a)  (8.242) 


By  (8.234)  and  (8.56),  (8.242)  is  an  integral  equation  for  the  current  4+(z): 
f  4+(z)3C(z  —  zf)  dz'  =  J^ffo’^Isin  k\z\  +  2W(z,a)]  +  e+  cos  kz  (8.243) 

j  — —  it 
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where  the  constant  C+  is  to  be  determined  by  the  boundary  condition 

$+(h)  =  0  (8.244) 

Equation  (8.243)  is  the  desired  integral  equation,  and  it  differs  from  (8.117) 
only  in  the  appearance  of  the  additional  term  ik$(TlVW (z}a)  on  the  right- 
hand  side. 

Some  properties  of  W (z, a)  have  already  been  given  in  the  preceding  section. 
By  (8.217)  to  (8.220),  when  ka  is  small,  W(z,a)  is  of  the  order  of  magnitude  of 
a2/ (a  +  \z\).  Thus  for  a  thin  antenna,  the  term  ikVW (z, a)  gives  only  a  small 
correction  to  the  right-hand  side  of  the  integral  equation.  In  particular,  when 
ka  «  1,  this  term  does  not  appreciably  alter  the  first  few  terms  of  the  iterative 
solution  discussed  in  Secs.  8.6  and  8.7 ;  however,  its  effect  on  the  behavior  of 
the  iterative  solution  after  many  iterations  is  not  understood. 

For  numerous  technical  reasons,  there  is  now  a  great  deal  of  interest  in  the 
case  when  ka  is  not  very  much  smaller  than  1.  In  that  case,  the  term 
ikU~l  V)V(z,a)  is,  of  course,  very  important,  and  calculations  based  on  (8.117) 
without  this  term  must  be  considered  to  be  irrelevant  to  the  problem  of  a  mono¬ 
pole  driven  from  a  coaxial  line.  Investigations  on  this  problem  have  been 
carried  out  by  Chang.8 


8.10  A  More  General  Case 

It  is  shown  in  the  preceding  section  that,  in  the  case  of  a  tubular  antenna 
driven  only  on  the  outside,  the  scalar  potential  is  discontinuous.  Moreover, 
this  discontinuity  occurs  across  a  surface  in  free  space.  Under  these  circum¬ 
stances,  it  may  be  considered  desirable  to  avoid  introducing  a  scalar  potential. 
To  understand  this  point  better,  we  study  in  detail  here  a  more  general  case, 
where  a  tubular  antenna  is  driven  on  the  outside  by  a  5-function  generator  that 
depends  on  the  angular  variable  6.  In  this  case,  it  is  very  cumbersome  to  use 
vector  and  scalar  potentials;  instead  we  deal  with  the  field  quantities  directly. 

Consider  the  geometry  of  Fig.  8.6.  Instead  of  (8.201)  and  (8.202),  the 
boundary  conditions  are 

Ez(a+,d,z)  =  lim  Ez(r,$,z)  =  —  Veind8(z)  Ee(a+,0,z)  =  0 

r— >o+ 

and 

Ez{a—  ,6,z)  —  lim  Ez(r,d,z)  =  0  Ee{a  —  fi,z)  —  0 

r— *a  — 

for  \z\  <  h.  In  writing  down  (8.245)  and  (8.246)  we  have  made  use  of  the  ro¬ 
tational  invariance  and  linearity  of  the  Maxwell  equations.  When  n  —  0, 
(8.245)  and  (8.246)  reduce  to  (8.201)  and  (8.202).  Unlike  the  cases  treated  in 


(8.245) 

(8.246) 


340 


ANTENNA  THEORY 


Secs.  8.3  to  8.9,  no  field  component  vanishes,  and  we  need  the  entire  set  of 
Maxwell’s  equations  in  free  space: 


and 


1 

r 


1 
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1  dEz  dEe 


r  dd 


dz 


dEr  dE; 


dz 


dr 


A 

dr 


(rE0) 


dEr 

~dd 


1  dB ,  dB 
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r  dd 


dz 


dBr  dB 


dz 


dr 


d_ 
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(rBe) 


dBr 

~dd 


io)B 


icoB 


e 


iooB 


—  icofioeoEr 


—  ioiix^Ee 


ittifjLQtqE; 


(8.247) 

(8.248) 

(8.249) 

(8.250) 

(8.251) 

(8.252) 


The  problem  is  to  solve  (8.247)  to  (8.252),  which  hold  except  where  r  =  a  and 
\z\  <  h,  together  with  the  boundary  conditions  (8.245)  and  (8.246). 

The  dependence  of  each  field  component  on  6  is  given  by  eind.  Accordingly, 
we  define  Fourier  transforms  by 

Ei{r£)  =  e~ine  f  Ft-(r,0,z)e^  dz  (8.253) 

J  —  co 

-  c 00 

and  =  e~ine  /  Bi(r}d,z)e^z  dz  (8.254) 


where  i  =  r,  6,  z .  In  terms  of  these  Fourier  transforms,  it  follows  from(8.248) 
and  (8.250)  that 

(fc2  -  OEr(rJ)  =  -if  |  E.(r, f)  -  y  5,(r,f)  (8.255) 

and  (k2  —  f2)6e(r,f)  =  icon0t0  Ez(r£)  +  —  (8.256) 

dr  r 


Similarly,  it  follows  from  (8.247)  and  (8.251)  that 

(fc2  -  f2)£„(r,f)  =  ^  Ez(r,t)  -  io>  ~  (8.257) 

and  (k2  -  r2)A(r,f)  =  Ez{r,t)  -  tf  y  5.(r,f)  (8.258) 


The  substitution  of  (8.255)  to  (8.258)  into  (8.249)  and  (8.252)  then  yields  the 
differential  equations  for  Ez  and  Bz  as  follows: 


+  k 2 


(8.259) 
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It  is  important  to  note  that  we  do  not  retain  any  term  involving  the  currents. 
Any  attempt  to  write  down  these  terms  leads  to  confusion.  Equations  (8.255) 
to  (8.259)  hold  both  for  r  >  a  and  r  <  a. 

The  current  densities  are  given  by  the  sum  of  those  on  the  outside  of  the 
tubular  antenna  (denoted  by  +)  and  those  on  the  inside  (denoted  by  — ): 

+  J7(dyz)  (8.260) 

and  Js(d,z)  =  +  J7(0,z)  (8.261) 

where  all  the  J) s  are  zero  for  \z\  >  h,  while  for  \z\  <  h 

Jt(d,z)  =  =T/xo rlBz(a±fi,z)  (8.262) 

and  Jf(0,z)  =  ±.fio~lB$(adz.,d)z)  (8.263) 

Define  Fourier  transforms  similar  to  (8.253)  and  (8.254);  for  example, 

Ji(r)  =  e~ine  J_k  Ji{8,z)e dz  (8.264) 

where  i  =  6,z.  Then,  by  (8.260)  to  (8.263), 

&(a+,r)  -  A(a-,f)  -  Mo J.(f)  (8.265) 

and  Bz(a+, f)  -  5,(a-,f)  =  (8.266) 

The  corresponding  boundary  conditions  for  E  follow  from  (8.245)  and  (8.246): 

Ee(a+£)  -  E8(a-J)  =  0  (8.267) 

and  5.(a+,f)  -  S.(a-,f)  =  —  V  (8.268) 

Equation  (8.268)  is  responsible  for  the  difficulties  encountered  in  attempts  to 
include  the  current  terms  in  Maxwell’s  equations.  It  follows  from  (8.257), 
(8.267),  and  (8.268)  that 

|  BAa+J)  -  |  5,(o-,f)  =  (8.269) 

Similarly,  it  follows  from  (8.256),  (8.265),  and  (8.266)  that 

!;&(«+, r)  -  Ez(a-S)  =  (W)-Ha(fc2  -  nU(f)  +  «f  J,(f)]  (8.270) 

Because  of  the  boundary  conditions  (8.266)  and  (8.268)  to  (8.270),  the 
differential  equations  (8.259)  can  be  solved  with  the  radiation  condition  to  give 
the  following  results.  For  r  >  a: 

E,(r, f)  =  {-HiKmoUW  -  r2)U(D  +  nf  J9(f)]./|n|(A/fcrr72a) 

-  y2iiraV^k*  -  S*JM&  -  r2a)!H|„|(1,(V^72r)  (8.271) 

and 

&(r,f)  =  j  -  y2iira^k*  -  f2  J,(f)  j[n,(V^2  -  f2a) 

+  y2mtw~lVJ |„|(Vfc2  -  f2a)}/7|ni(l)(Vfc2  -  (8-272) 
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For  r  <  a: 

Ez{r,{)  =  {-teic(fMo)-l[a(P  -  f2)J*(f)  +  nfJ9(f)]//|n,<»(VfcW2a) 

-  YiiiraV^  -  f2//m,(1)'(Vfc2  -  ?a)}JMW^?r)  (8.273) 

and  &(r,r)  =  { -  yim^k*  -  f2Jfl(f)tf  ,„,<»'(  V^2  -  f2a) 

+  y2m$orWHM™{^  -  ^a))J (8.274) 

where  the  branch  cuts  for  \  /V2  —  t2  are  in  every  case  again  taken  to  be  those 
shown  in  Fig.  8.2a.  In  order  to  use  the  boundary  conditions  (8.245)  or  (8.246), 
it  remains  to  write  down  the  expressions  for  2?*(r,f)  from  (8.257).  For  r  >  a: 

Ee(r, f)  =  -^xanf(coe0r)-1Jz(f)J|„i(Vfc2  ~  f2a)tf  |B,<»(#2  ~  f*r) 

+  J»(f)[-M» (a>eor)-W(fc2  -  f*)-V|.|(#  ~  r2a)^im(1>(Vfc2  “  f2r) 

-  y2Trao>noJ'M(-\ik2  -  f2a)//|„|(1>'  (Vfe2  -  f*r)] 

-  MtVnfF(/c2  -  f*)-M[ar-Vf.|(VJfc*  -  f2a)tf  ,„i(1)(V*2  -  f2r) 

+  JiniW^^a^ini^'CV^WV)]  (8-275) 

For  r  <  a: 

Ee(rJ)  =  -  ?a)J (V&WV) 

+  Je(f)[-K7r(^or)-bi2f2(fc2  -  r2)-W|„,(»(V/c2  -  f2a)J|„|(V/c2  -  f2r) 

-  y2iramaH\ny{^  -  f2aV|n|(Vfc2  -  C2r)] 

-  Mf7mfF(fc2  -  f2)-W[ar-W|n|W'(V*2  -  ^Vl-lCV**  -  f20 

+  #,„,<»(>/**  -  r2ay[n,(Vfc2  -  fV)]  (8-276) 
Let  r  — >  a—  ;  then  it  follows  from  (8.273)  and  (8.276)  that 

&(<*-, r)  =  (fc2  -  f 2)37Z2(f)Jz(f)  +  M,e(r)J9(f)  +  70.00  (8.277) 

and  Ee(a—,{)  =  F,.(f)J.(f)  +  37„(r)J,(r)  +  Fg»(f)  (8.278) 

where  F„(f)  =  -^(^“Vi.iCV**  ~  f2a)//|n,'»(Vfc2  -  f2a)  (8.279) 

¥29(f)  =  37,, (f)  =  -H*»r(«^)_V|.i(V**  -  f2a)7/im(1)(V^2  -  f2«)  (8-280) 

^Mf)  =  —  3^7r(&)€oa)_1[n2f2(fc2  -  f2)-V|„i(Vfc2  -  f2a)/f|„i(1)(Vfc2  -  f2a) 

+  fcW[n|(Vfc2  -  f2a)#,„ ,(1)'(Vfc2  -  f2a)]  (8.281) 

0.GO  =  -KtVaVA:2  -  f2/,„i(Vfc2  -  r2a)i7|n|(I)'(V^r7ia)  (8.282) 

and 

0»(f)  -  -  f2)-^[/mi(Vfc2  -  f2a)#i»i(1),(#2  -  f2«) 

+  Jm(V*2  -  f2a)/f|ni(1> (V/e2  -  f2a)]  (8.283) 
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Let  Mzz(z)  etc.  be  the  functions  whose  Fourier  transforms  are  M2z(f)  etc., 
that  is, 

MiAz)  =  (2t)->  fc  TU3{t)e~^  d{ 


(8.284) 


and 


g,(z)  =  (27 r)-1  fc  gi(f)e-*'f2  df 


(8.285) 


where  i, j  =  z,d  and  the  contour  of  integration  C  is  that  shown  in  Fig.  8.3.  It 
then  follows  from  (8.246)  that,  for  \z\  <  h, 

d2  \  r  h  r  h 

dz2  +  k~)  J_h  M^z  ~  dz'  +  /  ^  Mze(z  -  z’)Je(z’)  dz'  +  Vg.(z)  =  0 

(8.286) 

and 

Jhh  M$.(z  -  zVmOO  dz'  +  Mm(z  -  z')Je(z')  dz'  +  Vg,(z)  =0  (8.287) 


The  behavior  of  Jz  and  ■/«  near  z  = 


Jz(z) 


and 


Je(z)  =  0 


±h  is,  of  course, 

0(V/t2  —  22) 

1 


V/i2  - 


(8.288) 

(8.289) 


Equations  (8.286)  and  (8.287)  are  the  desired  integral  equations.  The  be 
havior  of  the  various  functions  near  z  -=  0  is  as  follows: 


Mzl(z) 
Mze(z)  =  M«z(z ) 


i(2irueo)  1  In  |z|  +  0(1) 
n(27rcoe0a)~1z~1  +  0(1) 


(8.290) 

(8.291) 


Mee(z)  =  -i(2wo>€0)-4k2  -  In  \z\  +  0(1)  (8.292) 


and 


g&) 

g»(z ) 


%&(z)  +  0(ln  lzl) 

0(1) 


(8.293) 

(8.294) 


In  particular,  the  integrals  hi  (8.286)  and  (8.287)  involving  Mz6  or  Mtz  should 
be  interpreted  in  the  sense  of  principal  values. 

So  far,  n  can  be  any  integer,  positive,  zero,  or  negative.  We  now  consider 
briefly  the  case  n  —  0.  It  follows  from  (8.280)  and  (8.283)  that  in  this  case 


z»(f)  =  TUnd)  =  ff$( D  =  0 


Or,  by  (8.284)  and  (8.285), 

Mz6(z)  =  Mez(z)  =  ge(z )  =  0 

Moreover,  by  (8.296)  and  the  integral  equation  (8.287), 

Je(z)  =  0 


(8.295) 


(8.296) 


(8.297) 


which  is  already  contained  in  (8.52).  The  substitution  of  (8.296)  and  (8.297) 
into  (8.286)  gives 

(~  +  k2\  j  *  Mzz(z  -  z')Jz(z')  dz'  +  Vgt{z)  =  0  (8.298) 
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Since  n  =  0,  a  comparison  of  (8.156)  and  (8.279)  shows  that 

M„(z)  =  27rm(co€o)“1OC(z)  (8.299) 

Since  the  total  current  is  27ra  times  the  current  density,  that  is, 

0+(z)  =  2ttoJz{z)  (8.300) 

the  substitution  of  (8.299)  into  (8.298)  gives 

(S  +  k2)  f-h  X(-Z  ~  z'^+(-z')  dz'  =  *“«o^0.(*)  (8.301) 

To  find  the  relation  between  gz  and  W,  we  note,  from  (8.212)  and  (8.51),  that 
W(£,a)  =  f  W(z,a)e^z  dz 

J  —  oo 

=  [  r  dr  f  }4iH0m(y[k?  —  P\/r2  +  a2  —  2ra  cos  8)  dd 

=  y2Td  f0°  //oa)(\/fc2  -  f2a)J0(Vfc2  -  V2r)r  dr 
=  -VziMk1  -  (8.302) 

Accordingly,  by  (8.282), 

0.(0  =  1  +  (k2  -  r2)F(r,a)  (8.303) 

The  inverse  Fourier  transform  of  (8.303)  is  simply 

0.(2)  =  «(2)  +  (£2  +  kAlV(z,a)  (8.304) 

which  can  be  substituted  into  (8.298)  to  give 

+  kA  J_*  X(z  -  z')0+(z')  dz'  -  ikU~lVW(z,a)  =  ikU~lV&(z)  (8.305) 

Equation  (8.305)  is  equivalent  to  (8.243).  It  is  interesting  to  note  that  the 
Fourier  transform  of  W (z, a),  as  given  by  (8.302),  is  of  a  rather  simple  form. 

We  conclude  this  section  with  a  discussion  of  the  case  when  the  5-function 
generator  is  inside  the  tubular  antenna.  In  this  case,  the  boundary  conditions 
are,  instead  of  (8.245)  and  (8.246), 

Ej"(a+,e,z)  =  0,  Eein8(a+,d,z)  -  0  (8.306) 

and  Ezins(a-,d,z )  =  -Vein$8(z)  Eein8(a- ,6,z)  =  0  (8.307) 
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for  \z\  <  h.  Moreover,  (8.271)  to  (8.276)  still  hold  provided  that  F  is  replaced 
by  —  F.  Let  r  -  ■>  a  4- :  it  follows  from  (8.271)  and  (8.275)  that 

E™(a+,t)  =  (fc2  -  f2)M2z(f)J,i-(f)  +  TZ«(£)Jp*(t)  +  Vg™(t)  (8.308) 

and  Ee™(a+,t)  =  +  M99(f)J9™(r)  +  Vgj™(  f)  (8.309) 

where  g™($)  =  -  f2a)/7|„i(1)(\/fc2  -  ?a)  (8.310) 

and  <?9ins(f)  =  -gtii)  (8.311) 

Therefore,  the  coupled  integral  equations  are  in  this  case 

(S + k2)  I-k Mzlz  ~  2')</jins(2,)  dz> 

+  /_*  Ma(z  -  a,V^i“(^,)  dz'  +  F0,iM(a)  =  0  (8.312) 
and  J  Mg*  (2  —  z')J  }n*(z*)  dz' 

+  J_kh  Meeiz  -  z’)Jp*(z’)  dzf  +  Vgf-(z)  =  0  (8.313) 

for  \z\  <  h.  Or,  by  (8.310)  and  (8.311), 

(j?  M^ziz  —  zf)Jjn*(zf)  dz' 

+  -  z')J8in8(z')  dz 9  +  V»(z)  -  Vg2(z)  =  0  (8.314) 

and 

[  h  M»(z  -  z’)J™(z')  dz' 

J  ^  h 

'  +  /_*  M99(2  -  z'Wns(z')  dz'  -  Vge(z)  =  0  (8.315) 

If  (8.314)  is  added  to  (8.286),  and  (8.315)  to  (8.287),  then 

(S  +  /c2)  /_»  “  2')[^.(z')  +  J2in8(z')] 

+  il/rf(2  -  a')[J,(a')  +  ^ins(z')l  dz'  +  F5(a)  =  0  (8.316) 

and 

J_*  Mu(z  -  z')[d z(z')  +  Jsins(2')]  da' 

+  /  *  Mu(z  -  a')[J,(a')  +  d9ins(2')]  da'  =  0  (8.317) 

for  |^|  ^  /i*  These  are  the  inte^rfl/1  equations  for  the  cs^se  where  a  ^“function 
generator  is  present  both  inside  and  outside  the  tubular  antenna. 
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8.11  Conclusions 

In  this  chapter,  we  have  developed  the  integral  equation  for  the  current  in  a 
transmitting  dipole  antenna.  Much  of  the  material  is  not  new,  but  is  well 
known  to  people  working  in  the  field.  Rather,  we  attempt  to  present  the  argu¬ 
ment  in  a  reasonably  systematic  way,  with  emphasis  on  what  we  do  or  do  not 
know.  It  is  beyond  the  ability  of  the  author  to  trace  the  history  of  the  develop¬ 
ment;  we  shall  merely  summarize  the  content  of  this  chapter  and  give  a  few 
references. 

Most  of  the  existing  numerical  calculation  about  properties  of  the  trans¬ 
mitting  dipole  antenna  is  carried  out  on  the  basis  of  (8.58).  It  was  realized  a 
long  time  ago,  for  example,  by  Schelkunoff,9  that  this  rather  naive  equation 
has  no  integrable  solution,  as  shown  in  Sec.  8.3.  This  does  not  mean,  however, 
that  numerical  results  obtained  on  the  basis  of  (8.58)  are  meaningless.  In 
searching  for  an  integral  equation  without  this  defect,  it  is  useful  to  study  the 
model  of  an  infinite  circular  tubular  antenna.  This  model  is  solved  in  Sec.  8.4, 
part  of  which  may  be  compared  with  the  work  of  Hallen.10  It  then  becomes 
clear  how  (8.58)  should  be  modified  to  give  (8.117),  which  can  be  found,  for 
example,  in  the  book  by  Schelkunoff9  or  in  the  work  of  Kapitza,  Fok,  and 
Vainshtein.11  Inasmuch  as  the  kernel  of  the  integral  equation  (8.117)  is  very 
much  more  complicated  than  that  of  (8.58),  relatively  little  numerical  calcula¬ 
tion  has  been  carried  out  on  the  basis  of  (8.117).  Fortunately,  as  shown  in 
Secs.  8.6  and  8.7,  the  iterative  solutions  of  (8.58)  and  (8.117)  are  virtually 
identical  for  thin  antennas  except  near  the  driving  point,  at  least  when  the 
number  of  iterations  is  small.  Thus  most  of  the  existing  numerical  calculations 
on  the  basis  of  (8.58)  are  still  useful  in  the  sense  that  they  are  also  applicable 
approximately  to  (8.117).  On  closer  examination,  as  first  noticed  by  King  and 
the  author,12  (8.117)  still  needs  to  be  modified  by  the  inclusion  of  an  additional 
term,  because  (8.117)  actually  corresponds  to  a  problem  with  an  extraneous 
generator  inside  the  tubular  antenna.  In  order  to  eliminate  the  extraneous 
generator,  the  scalar  potential  cannot  be  continuous.  When  this  is  properly 
taken  into  account,  (8.117)  is  further  modified  to  (8.243).  For  thin  antennas, 
the  solution  of  (8.117)  and  that  of  (8.243)  are  again  close  except  near  the  driv¬ 
ing  point.  For  better  understanding,  a  more  general  problem13  is  studied  in 
Sec.  8.10,  where  the  driving  voltage  depends  on  the  angle  6. 

Both  of  the  integral  equations  (8.117)  and  (8.243)  still  have  the  defect  that 
the  reactive  component  of  the  input  current  is  not  finite.  This  is  intimately 
connected  with  the  5-function  generator,14  and  the  removal  of  this  infinity 
requires  an  examination  of  the  transmission  line.15  In  the  case  of  a  coaxial  line 
driving  the  antenna,  this  problem  of  the  end  correction  is  treated  in  Chap.  10. 
A  similar  problem  exists  in  the  more  general  case  of  Sec.  8.10.  However,  for 
n^O,  we  have  at  present  no  understanding  whatsoever  of  the  problem  of  end 
corrections. 

At  the  beginning  of  this  chapter,  in  Sec.  8.1,  the  time-dependent  problem  is 
formulated.  However,  so  far  we  have  failed  to  discuss  the  transient  problem 
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connected  with  linear  antennas.  Most  of  the  existing  work  on  antenna 
transients  gives  results  in  terms  of  the  Fourier  transforms  of  steady- 
state  solutions.  Although  these  results  are  very  interesting  and  very  useful, 
they  are  outside  the  scope  of  the  chapter.  In  the  next  section,  the  last  one  of 
the  chapter,  we  shall  discuss  an  exactly  solved  problem  of  transients  on  linear 
antennas,  the  solution  involves  more  than  straightforward  Fourier  trans¬ 
formation. 


8.12  Transient  Response  of  a  Dipole  Antenna 


Although  many  approximate  methods  have  been  devised  to  deal  with  the 
dipole  antenna  of  finite  length,  rather  few  cases  have  been  solved  exactly.  In 
this  section  we  present  such  a  case;  more  precisely,  we  consider  the  initial  be¬ 
havior  of  the  transient  response  of  the  circular  tubular  antenna,  as  shown  in 
Fig.  8.4.  For  t  <  h/c,  the  dipole  behaves  as  though  it  were  infinitely  long,  and, 
for  this  reason,  an  exact  solution  is  possible.  We  restrict  ourselves  to  this  time 
interval  t  <  h/c,  and  accordingly  it  is  sufficient  to  study  the  infinite  tubular 
antenna.  The  driving  voltage  is  chosen  to  be  a  step  function  in  time:16 


&z(a,6,z,t)  = 


|° 

[  —  V  5  (z) 


for  t  <  0 
for  t  >  0 


(8.318) 


The  problem  is  rotationally  symmetrical  with  respect  to  0 ,  provided  that 


Se(a,0,z,O  =  0 


(8.319) 


This  problem  was  solved  in  Ref.  16,  and  also  later  by  Morgan.17  However,  in 
both  of  these  papers,  an  infinite  number  of  terms  is  incorrectly  omitted.  We 
shall  follow  tlie  procedure  of  Ref.  16. 

It  follows  from  (8.11)  and  (8.15)  that 


dS2  _  d2dz  2  d2&z 

Ht  ~  ~W+  c  Hz? 


(8.320) 


In  (8.320)  we  have  made  use  of  the  fact  that  CE  has  only  a  2  component.  The 
substitution  of  (8.318)  into  (8.320)  gives,  for  r  =  a, 

(5  ■ c-2  ir*)a« =  ~c~w  5{z)  m  (8-321) 

On  the  other  hand,  let  z3  (z,t)  be  the  total  current  on  the  dipole  antenna.  Then, 
by  (8.36)  and  (8.16),  the  vector  potential  may  be  expressed  as 

/CO  CO  x 

dz'  \  d(z',t')  dt'  I  g(r  -  r ',t-  t')  d6'  (8.322) 

-OO  J  —CO  J  — S' 


Because  of  (8.322),  it  is  convenient  to  define  the  kernel  k  by 


K(z,t)  =  (2x)-1  j  ^  g(r  -  r',  t)  dd' 


(8.323) 
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where  r  =  (a,0,z)  and  r'  =  (a,#,0).  By  (8.47),  k  is  more  explicitly 


K(z,t)  =  (8 irct)  1  J  5  z 2  +  (/2a  sin 


6 


ct 


dd 


(8.324) 


In  terms  of  this  kernel,  the  integral  equation  resulting  from  the  substitution  of 
(8.322)  into  (8.321)  is 


(1^  -  c  2  /_„  dz>  j_cod('Z',t>')K('Z  ~  z>> 1  ~  0  dt>  =  -c-1fo_1V’5 (z)8(t) 

(8.325) 

Equation  (8.325)  is  invariant  under  the  formal  one-dimensional  ortho- 
chronous  Lorentz  transformation 


Zz  —  z  cosh  <t>  +  ct  sinh  <j> 
Zct  =  2  sinh  <t>  +  ct  cosh  <f> 


(8.326) 


This  is  the  underlying  reason  for  the  simplicity  of  the  present  problem.  To 
make  use  of  this  invariance,  introduce  a  formal  “photon  mass”  m  >  0  and  con¬ 
sider  (8.325)  to  be  the  limit  as  m  — >  0+  of 


—  z',  t  —  tf)  dt' 

=  -c-%~lV5(z)m 


(8.327) 


The  Green's  function  g  for  the  one-dimensional  Klein-Gordon  equation 

(Jz2  ~  ~~  m2)g(-z’l)  =  ~8^  (8.328) 

has  the  representation 

g(z,t)  =  “(2?r )~2  JSq  (c~2w2  —  k2  —  m2)™1  exp  [i(kz  —  c ot)]  die  doo  (8.329) 

It  is  desired  to  choose  the  complex  surface  of  integration  So  so  that  the  g  of 


u)  plane 


£ 


The  contour 


Fig.  8.7  Projection  of  Co  on  the  w  plane. 
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(8.329)  is  the  retarded  Green’s  function  and  also  that  SQ  is  invariant  under  the 
formal  Loren tz  transformation  in  the  momentum  space 


£k  =  k  cosh  <j>  +  c~ho  sinh  <£ 
£c~lu  =  k  sinh  <j>  +  c_1to  cosh 


(8.330) 


Let  C0  be  a  contour  where  k  =  0  and  co  ranges  from  —  00  to  00  slightly  above 
the  real  axis  except  for  a  dip  to  pass  through  the  origin,  as  shown  in  Fig.  8.7. 
(This  contour  is  different  from  that  of  Ref.  16.)  Then  a  possible  choice  for  *S0  is 


both  real  if  ck  > 


CO 


il 

h> 

O 

o 

h-<  • 

e 

V 

~cT 

Pt4 

(8.331) 

The  kernel  k  has  the  integral  representation 

* 

r 00  /•“ 

k(z,0  =  (2ir)  2  /  dk  I  a(k, co)  exp  [i(fez 

J  —03  y  —co 

3 

3 

1 

(8.332) 

where 

}4iHo{l)(a^u>2  —  k2c2/c)Jo{a^u2  —  k2c2/c) 

for  co  > 

ck 

ic(k,  co)  =  < 

—  }4,iHo^2)(a^o)2  —  k2c2/c)Jo{ayjo)2  —  k2c2/c ) 

for  00  < 

-\ck\ 

(27r)“1AT(a\//c2c2  —  w2/c)I  o{a^k2c2  —  a >2/c) 

for  ]  co  < 

ck\ 

(8.333) 

Thus  the  solution  of  (8.327)  is 

0(2,0  —  (27r)"2  f  0(fc,co)  exp  [i(fc2  —  wOld^dw 

(8.334) 

where 

0(fc,co)  =  —  c“lfo_1F(c~2co2  —  k2  —  m2)~l[h 

c(fc,co)]  1 

(8.335) 

In  order  to  evaluate  (8.334),  divide  the  surface  *So  into  four  pieces:  (1) 
Re  co  >  \ck\ ;  (2)  ck  >  |co|;  (3)  —Re  co  >  \ck\;  and  (4)  —  ck  >  ]co|.  Let 
0;,  i  —  1, .  . .  4,  be  the  contributions  to  0  of  (8.334)  from  these  four  regions,  re¬ 
spectively.  With  the  variable  ^co2  —  c2k2/c,  it  may  be  verified  that 

=  ~  Mo)-*r  L  (f2  -  m2)-1[M^o(1)(af)Jo(af)]-1STi(Z,«;f)f  df  (8.336) 


In  (8.336),  the  four  contours  of  integration  are  as  follows:  C\  is  from  0  to  oo  just 
above  the  positive  real  axis,  C2  and  C4  are  both  from  ico  to  0  along  the  positive 
imaginary  axis,  and  C3  is  from  0  to  —  00  just  above  the  negative  real  axis.  The 
functions  $*•  are  explicitly  given  in  Table  8.1.  From  Table  8.1,  it  is  seen  that 


0i  CM)  +  04(2,0  =  02  (2,0  +  03(2,0  =  0 

for  z  >  ct,  and 

0i  (2,0  +  02(2,0  =  03(2,0  +  04(2,0  =  0 

for  z  <  —ct.  Therefore 

0(^,0  =  0 


(8.337) 

(8.338) 

(8.339) 


unless  \z\  <  ct.  For  \z\  <  ct,  it  follows  from  Table  8.1  that 

=  2(nf0)-1V  /  (f2  -  m2)-1J0aV^^)[^o(1)(af)J0(ar)]-1  f  df  (8.340) 
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Table  8.1  Values  of 


For  example,  in  the  region  z  >  c\t\,  Fi  =  (2w)~1Ko(^z2  —  c2t2 


Region 

I  z  <  ct 

z  >  ct\ 

mi 

z  <  —  c|J| 

Argument 

tycH2  -  z2 

f\z2  —  cH2 

c* 

I 

c* 

c* 

fVz2  -  cH1 

-  HiHow 

(2tt)~1Kq 

(2 

3F2 

(2k)-1k»  +  y2ih 

Min  0<i) 

(2tt)-1Ao 

HiHoil)  +  }  ‘>iJ o 

(2x)-ik:„  +  y2ih 

HiHom 

(2  x)-»x„  +  yziio 

9"  4 

(2tt)-1A% 

MiH0{1) 

(2  x)-‘K,  +  y2ih 

where  the  contour  of  integration  is  that  shown  in  Fig.  8.7  and  the  limit  m  -^04- 
remains  to  be  taken. 

We  note  that  the  integrand  on  the  right-hand  side  of  (8.340)  has  poles  at  the 
zeros  of  J0(a£).  Let  tj  be  the  values  where  J0  vanishes;  thus,  approximately, 
n  =  2.4048,  r2  —  5.5201,  r3  =  8.6537,  etc.  Consequently)  with  m  —>04",  the 
current  is  given  by 


=  4 fo-^jl  [ 

7 r  J  ( 


i  r  j0 (rv'c2<2  -  z»/ a)  #  _  ^  /oGvVgg  -  g*/o)  1 

o  [^o(f)]2  +  [7o(f)]2  f  y-l  TjJ o (r y)  F o(ry) 


(8.341) 


for  1 2 1  <  ct.  The  sum  in  (8.341)  represents  currents  associated  with  the  various 
circularly  symmetric  waveguide  modes  excited  inside  the  tubular  antenna.  It 
is  this  sum  that  is  incorrectly  omitted  in  the  papers.1647  It  is  perhaps  interesting 
to  note  that 

JoivWoiTi)  <  0  (8.342) 


for  all  j.  It  is  trivial  to  write  down  separately  expressions  for  the  currents  in¬ 
side  and  outside  the  tubular  antenna.  But  we  shall  not  go  into  this  point  heye. 

The  desired  answer  (8.341)  is  already  quite  complicated.  If  the  tubular 
antenna  is  finite,  (8.341)  holds  only  for  t  <  h/c.  It  is  in  principle  straight¬ 
forward  to  use  the  Wiener-Hopf  procedure  to  find  exactly  the  current  for 
h/c  <  t  <  Zh/c,  Zh/c  <  t  <  5h/c,  etc.,  but,  so  far  as  the  author  is  aware,  this 
has  not  been  explicitly  carried  out.  In  any  case,  for  t  >  h/c,  there  is  no  in¬ 
variance  under  (8.326),  and  consequently  the  results  are  most  probably  too 
complicated  to  be  instructive. 

It  is  worth  emphasizing  that  our  knowledge  about  the  transient  response  of 
antennas  is  very  meager  indeed.  Any  progress  in  this  rather  neglected  field  is 
certainly  going  to  be  of  tremendous  value. 
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CHAPTER  9 


CYLINDRICAL  ANTENNAS  AND  ARRAYS 

Ronold  W.  P.  King 


9.1  Introduction 

The  purpose  of  this  chapter  is  to  develop  a  practical  theory  of  the  thin 
cylindrical  antenna  and  arrays  of  such  antennas  when  used  for  transmission  or 
reception.  Beginning  with  the  basic  integral  equations,  solutions  are  to  be 
sought  for  the  circuit  and  field  properties.  These  are  the  distribution  of  current 
along  and  the  driving-point  admittance  of  each  element,  the  radiation  field  of 
transmitting  antennas,  and  the  effective  length  of  receiving  antennas.  Related 
quantities  of  interest  are  the  distributions  of  charges  and  the  electromagnetic 
field  near  each  antenna.  Solutions  are  called  practical  if  they  combine  reason¬ 
able  quantitative  accuracy  with  formal  simplicity  in  a  physically  meaningful 
representation.  Such  solutions  can  be  used,  on  the  one  hand,  to  solve  engineer¬ 
ing  problems  and,  on  the  other  hand,  to  illuminate  the  underlying  physical 
principles  in  their  relation  to  actual  situations. 

The  first  problem  considered  is  the  isolated  center-driven  cylindrical  an¬ 
tenna  of  relatively  small  radius  constructed  of  a  metallic  conductor  that  need 
not  be  perfect.  It  is  imbedded  in  an  infinite  homogeneous  and  isotropic 
medium  characterized  by  arbitrary  dielectric  constant  and  permeability. 
Initially  the  conductivity  is  also  arbitrary,  but  eventually  the  conductivity  of 
the  medium  is  restricted  to  values  that  are  not  too  high.  Owing  to  algebraic 
complications  the  actual  solution  for  currents  and  admittances  is  carried  out 
for  a  nonconducting  medium,  but  the  application  to  a  more  general  medium  is 
pointed  out.  It  is  shown  that  highly  conducting  antennas  may  be  treated  as  if 
perfectly  conducting,  and  the  complete  electromagnetic  field  is  determined  for 
this  case.  Its  evaluation  in  the  more  general  situation  of  an  imperfectly  con¬ 
ducting  antenna  involves  somewhat  greater  mathematical  difficulties. 

The  second  problem  is  the  analysis  of  the  center-loaded  receiving  antenna  in 
a  plane-wave  incident  field.  The  distributions  of  currents  and  charges,  the 
effective  length,  the  power  in  the  load,  and  the  electromagnetic  field  near  the 
antenna  when  functioning  as  a  scatterer  are  determined. 

The  final  problem  is  that  of  an  array  of  parallel  nonstaggered  antennas  in 
circular  or  curtain  arrays.  The  currents  in  the  several  elements,  their  driving- 
point  admittances,  and  the  distant  electromagnetic  field  are  studied. 

9.2  The  Internal  Impedance  and  the  Vector 
Potential  of  a  Transmitting  Antenna 

Consider  the  antenna  shown  in  Fig.  9.1.  It  consists  of  a  thin  metal  cylinder 
of  radius  a  and  half  length  h  center-driven  by  a  5-function  generator  with 
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emf  I  V  at  an  angular  frequency  o>.  The  internal  impedance  per  unit  length1  of 
the  conductor  is  z\  For  solid  conductors  for  which  a  \V/ji<xi  >  10  or  tubular 
conductors  with  walls  that  have  a  thickness  d  that  is  large  compared  to  the  skin 


Fig.  9.1  Cylindrical  antenna. 


depth  ds(d  »  ds  =  it  is  given  by  =  (1  +  j)  {2Tta<nds)-1  =  f,/2 wa 

(see  Sec.  1.7).  If  the  walls  of  the  tube  are  thinner  than  the  skin  depth 
(d  <  ds),  the  impedance  per  unit  length  is  essentially  the  dc  resistance, 
zx  —  Tq  —  (2Taa1d)~1.  The  antenna  is  immersed  in  an  infinite  medium  char¬ 
acterized  by  the  constants  <r,  e,  and  jjl.  It  is  assumed  that  the  conductivity  of  the 
medium  is  small  compared  with  that  of  the  cylindrical  conductor  (<n  »  a). 

From  the  definition  of  the  internal  impedance  per  unit  length,  the  electric 
field  at  the  surface  r  =  a  of  the  antenna  is  given  by  Ez(r  =  a)  =  Iz2\  In  terms 
of  the  scalar  and  vector  potentials  $  and  A  at  points  outside  the  antenna,  this 
same  field  is  given  by  Ez  =  —  d$/dz  —  jo)Az.  This  is  true  except  at  z  =  0, 
where  the  generator  maintains  the  additional  field  Ez  =  —  F0e<5  (z) .  If  use  is 
made  of  the  Lorentz  condition  V*A  +  j(k2/w)&  =  0  and  the  boundary  condi¬ 
tion  Ez(r  =  a)  is  continuous,  the  following  equation  is  obtained  at  r  =  a, 
—  h  <  z  <  h: 

+  &yz(z)  =  j  k~  [z<Iz(z)  -  V0‘5(z)}  (9.1) 


where 


k  =  0  —  ja  = 


is  the  complex  propagation  constant  of  the  infinite  medium.  The  complex 
parameter 


€ 


CO 


CO 
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Exercise  9. 1  Show  that  the  real  and  imaginary  parts  of  k  in  (9.2)  may  be  separated  by 
means  of  the  tabulated  functions2,  f(p)  —  cosh  Q/2  sintr1  p),  g(p)  —  sinh  i}/2  sinh"1  p) 

in  Vl  ±  jp  =  f(p )  db  jg(p). 


If  the  radius  a  and  the  real  part  of  the  propagation  constant  satisfy  the  in¬ 
equality  fia  < $C  1,  the  vector  potential  on  the  surface  of  the  antenna  is  given 
approximately  byf 


Mz)  =f^j\  I*{z)K{z,z')  dz' 


(9.3) 


where 


K(z,z  0  = 


,-jkR 

IT 


R  —  yj(z  —  z'Y  +  a 2 


(9.4) 


The  kernel  (9.4)  may  be  separated  into  the  following  two  parts: 


where 


K(z,zf)  =  Kr(z}z')  +jKj(z ,z') 
KR(z,z')  =  R~x  cos  kR 
K^z.z')  =  —  R~l  sin  kR 


(9.5) 

(9.6a) 

(9.66) 


[Note  that  (9.5)  does  not  separate  real  and  imaginary  parts  of  the  kernel  except 
when  a  =  0.]  This  separation  is  made  because  the  properties  of  the  two  parts 
of  the  kernel  are  very  different  when  the  variable  point  z’  on  the  surface  of  the 
antenna  approaches  the  fixed  point  2  where  the  vector  potential  is  evaluated. 
Consider  specifically  the  associated  parts  (not  the  real  and  imaginary  parts)  of 
the  vector  potential  Az(z)  =  AR(z )  +  j A T(z),  where 


Ar{z) 


Ai(z) 


JA 

4:W 


j  *  L(z')Kr{z,z')  dz' 


£  /_*  LWKrM  dz' 


(9.7  a) 


(9.7  b) 


When  z' 


z,  R  *  a,  so  that,  with  a  <  and  0a  <<C  1,  \ka\  «  1  and 


Kr(z,z') 

k 

Ki{zyz’) 

k 


cos  ka  1  1 

ka  ka 


—  sin  ka 
ka 


(9.8  a) 


(9.8  b) 


fExtensive  computations  in  R.  W.  P.  King,  E.  A.  Aronson,  and  C.  W.  Harrison,  Jr., 
Determination  of  the  Admittance  and  Effective  Length  of  Cylindrical  Antennas,  Radio 
Sci.f  vol.  1,  July,  1966,  show  that  the  approximate  kernel  (9.4)  yields  essentially  the  same 
results  as  the  exact  kernel  for  a  tubular  antenna, 

1  f  h  e~3kR{6) 

K  (z,z')  —  —  / - d$ 

}  2t rJ-h  R($) 

with  R(0 )  =  V(2  —  z')2  +  [2a  sin  (d/2)]2  for  antennas  with  \ka\  <  0.1. 
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Clearly,  KR(z,z')  has  a  sharp  peak  near  z'  =  z,  so  that  whatever  the  distribu¬ 
tion  of  current  /2(z),  provided  only  that  it  varies  slowly  over  distances  com¬ 
parable  with  10a,  the  function  AK(z)  must  vary  with  z  much  as  does  Iz{z),  since 
the  kernel  greatly  magnifies  the  contributions  to  the  integral  from  elements  of 
current  at  and  near  z'  =  z.  Since  Iz(h)  —  0,  the  vector  potential  difference 
Ar(z)  —  Ait(h)  should  be  approximately  proportional  to  Iz(z)  at  all  points 
along  the  antenna.  That  is, 


4tt//  '[4s(z)  —  AR(h)}  =  4r(z)72(z)  =  ^/2(z)  (9.9) 

where  'k  is  the  approximately  constant  value  of  h(z)  defined  at  a  suitable 
reference  value  of  z.  In  general,  this  is  at  the  maximum  of  current. 

The  kernel  Ki(z,z')  has  no  peak  at  z'  =  z,  so  that  contributions  to  .4 7(2)  must 
come  almost  equally  from  elements  of  current  over  a  range  of  values  of  lz'  —  z\ 
which  is  quite  wide  when  ah  is  small  or  zero.  It  follows  that  an  approximate 
form  of  Ki(z,z')/k  is 


Ah(z,z') 

k 


2  sin  1 4kR  cos  Y2kR  .  .  2J  n 

- ^ -  =  -  cos  Y2kR 


(9.10) 


over  a  range  \kR\  <  3.5.  Hence, 


Ai(z)  =  —  j ^  7(z')(cos  YkRl  +  cos  Y2kRA  dz' 


(9.11) 


where  Ri  =  ^(z'  —  z)2  +  a2  = 


z'  —  z]  and  R2  =  -\J(z'  +  z)2  +  a2  = 


z'  +  z 


Exercise  9.2  Compare  the  functions  (sin  kR)/kR  and  cos  (kR/2)  in  the  range 
kR  <  3.5  when  a  =  0  and  so  verify  that  (9.11)  is  a  very  good  approximation  of  (9.76). 

The  principal  part  of  (9.11)  is 

\ 

Ai(z)  =  H/(0)  cos  Ykz  (9.12a) 

where  .4/(0)  =  f  *  Z(z')  cos  Ykz'  dz'  (9.126) 

is  a  constant.  It  is  seen  that  in  this  approximation  the  2  dependence  of  Ai(z)  is 
actually  independent  of  the  distribution  of  current  lz{zf).  For  values  of  @h  that 
do  not  much  exceed  tt,  the  representation  (9.12a,6)  is  a  satisfactory  approxi¬ 
mation. 

If  use  is  made  of  (9.9)  to  eliminate  Iz{z)  from  (9.1)  and  k2Az(h)  is  subtracted 
from  both  sides,  it  becomes 

-  [A r(z)  —  Aii(h)] 

-  k2Az(h)  -  j  -  lY5(z)  (9.13) 

Ot) 


d2 


dz2 


+  fc2)[H2(z)  -  Az(h)}  =  j-~ 
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where  f  =  wy/A\  It  is  now  convenient  to  define  the  complex  constant  k€  by 

(9'i4) 

and  make  use  of  (9.12a).  With  these,  (9.13)  becomes 

(S  +  *«*)  [Az{z)  ~  Az(h)]  =  j(kA  ~  WMO)  cos  V2kz 

-  [k2AR(h)  +  jkMiih )]  -  j  -  Vo °8(z)  (9.15) 

CO 


This  is  a  differential  equation  for  the  vector  potential  difference.  It  has  the 
solution 

4iir f±~l[A  Z(z)  —  Az{h)) 

-j4:wk 


where 


Ci  cos  kcz  +  oe  sin  fcclzl  +  D  cos  +  Uk\  (9.16) 


_  —jo)kr  T/c2 

(  A*  —  — 


D  - 


ArQi)  +  jAi(h) 


kJ  —  k 


-2 


A2/4 


4/(0) 


(9.17) 


(9.18) 


The  arbitrary  constant  C-\  can  be  expressed  in  terms  of  Uk,  D ,  and  F0e  if  2  is  set 
equal  to  h  in  (9.16).  Thus, 

Ci  =  —  (M^V  sin  kch  +  D  cos  y^kh  +  Uk)  sec  kch  (9.19) 


9.3  Integral  Equation  for  the  Current  and  Its  Approximate  Solution 


If  (9.19)  is  substituted  in  (9.16),  the  quantity  cos  Y^kh  cos  kch  is  added  and 
subtracted  in  the  coefficient  of  2),  and  the  integral  (9.3)  is  used  on  the  left,  the 
following  integral  equation  is  obtained  for  the  current  I2(z)  in  the  antenna: 


/. 


*  h(z')Kd(z,z')  dz'  =  . ,;;47r/'',  ,  Q/2Vo°Mkz  +  U'kFkz  -  DH0z  cos  kch) 

►  h  COS  Kctl 


where  V'k  =  Uk  +  D  cos  ) Akh 


(9.20) 

(9.21) 


M 


kz 


sin  kcQi  —  \z\)  Fkz  —  cos  kcz  —  cos  kch 


H0z  =  cos  y^kz  —  cos  Y^kh  (9.22) 


and  the  difference  kernel  is 


Kd(z,z')  =  K(z,z')  -  K(h,z')  =  R~le~jkR  -  Rh-le~*R»  (9.23) 

with  Rh  =  yj(h  —  z')2  +  a2.  R  is  defined  in  (9.4).  Also  let  Kdii(z,zf)  = 
Kr(z,z')  -  KR(hyzf),  Kdi(z,z')  =  Kr(z /)  -  Xj(M'). 

A  solution  of  the  integral  equation  (9.20)  for  the  current  Iz(z)  along  an  im¬ 
perfectly  conducting  antenna  immersed  in  an  infinite  imperfect  dielectric 
medium  may  be  carried  out  with  the  help  of  the  principles  that  are  involved  in 
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(9.9)  and  (9.12a).  Specifically,  the  leading  terms  in  the  integral  in  (9.20)  obey 
the  following  relations: 


/_*  L(z')KdR(z,z')  dz'  =  It{z) 
f  I z{z')Kdi{z,z')  dz'  —  H0z 

I  — 


(9.24a) 

(9.246) 


where  HQz  is  defined  in  (9.22).  With  these  considerations  and  an  examination 
of  the  right  side  of  (9.20),  it  is  clear  that  the  principal  part  of  the  current  in  the 
antenna  may  be  expressed  quite  accurately  in  the  form 


I  z{z)  —  Iy(z)  +  Iu(z)  +  Id{z)  (9.25) 

where  Iv{z)  =  IvMkz  Iv(z)  =  IvFkz  ID(z)  =  IDH0z  (9.26) 


If  (9.25)  is  substituted  in  (9.20),  the  following  integrals  are  obtained;  they 


may  be  approximated  as  shown 

/_*  Iv(z')KdR(z,z’)  dz'  = 

j  [  Iv(z')KdR(z,z')  dz'  = 

/_*  ID(z')Kd(z,z')  dz'  = 

!_[  Iv(z')KdI{z,z’)  dz'  = 

j_h  Iu(z')Kdi(z,z')  dz’  = 


Iv(z)^dR  +  y  v{z) 

(9.27  a) 

Iu{z)^dUR  +  yu(z) 

(9.27  b) 

lD(z)^dD  +  y  d(z) 

(9.27c) 

I  d{z)  TD~^di  +  y  i(z) 

(9.27  d) 

I  d(z)TuT  D^'kdui  +  yj{z) 

(9.27e) 

where  the  shorthands  TD  =  Id/Iv ,  Tv  =  Iu/Iv  are  used.  The  y’s  are  small 
correction  terms  that  are  neglected  in  a  zero-order  solution.  Explicit  formulas 
for  the  several  functions  are  given  later.  With  these  approximate  formulas, 
(9.20)  is  reduced  to  an  algebraic  equation  which  is  satisfied  by 


Iv(z) 


ivMkz  -  iv  = 


Iuiz)  —  I  uFkz 


^ dR 

y  u(z) 

dUR 


Iu  = 


{kc^dR  COS  kch 

j4:wk(Uk  +  D  cos  y2kh) 


Id(z)  =  IdI1$z 


y  d(z) 

dD 


Id  = 


tkc^dUR  COS  kch 

- j  ( 4:7rDk  .  T  ,  T  \ 

^  vw  +  VdI  +  u*dm ) 


(9.28a) 

(9.286) 

(9.28c) 


Exercise  9.3  Verify  the  solution  (9.28).  Hint:  Solve  for  the  current  amplitudes 
Ivy  luy  and  Id  first  by  neglecting  the  y’s. 


For  a  zero-order  solution  the  small  correction  terms  y(z)  can  be  neglected.  It 
follows  that  an  approximate  solution  for  the  current  [Iz(z)] 0  has  been  obtained 
in  the  form  (9.25)  with  (9.26).  It  remains  to  evaluate  the  several  parameters. 
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Since  the  zero-order  currents  are  given  by  (9.25),  (9.26),  and  (9.28a-c)  with 
the  t’s  equal  to  zero,  it  is  possible  to  substitute  (9.25)  directly  in  the  original 
differential  equation  (9.1)  and  evaluate  TV,  Iu ,  and  ID  directly  with  the  aid  of 
(9.27a-c).  It  is  also  necessary  to  determine  ^  in  the  expression  (9.14)  for  kc. 

The  subtraction  of  k2Az(h)  from  both  sides  of  (9.1)  and  the  multiplication 
by  gives 

4,rM_1(S  +  k2)[/U(z)  -  A*(h)] = [ztJz{z)  ~ VtfMz)  +juAAh)]  (9-29) 

where,  with  (9.27a-c) 

±iryr'lAz(z)  -  Az(h)]  =  IvMkz  +  IvFkz  +  IDH0z  (9.30a) 

with  _ 

lv  =  Iv'S'dR  Iu  =  Iu^dun  Id  =  Ini^dD  +  jTji~ll^di  +  jT  b~1Tu^  dui) 

(9.306) 

Td  =  Id/Iv}  Tv  =  Iu/Iv  as  defined  following  (9.27c).  If  the  differential 
operator  (d2/dz2  +  k2)  is  applied  to  (9.30a),  it  follows  that 

[Left  side  of  (9.29)]  =  Iv[(k2  —  kc2)Mkz  —  2 kc  cos  kch  8(z)] 

+  Iu[(k2  —  kc2)Fkz  —  k  2  cos  kch]  —  IDk2(cos  Yzkh  —  %  cos  Y?kz)  (9.31a) 

Similarly, 

[Right  side  of  (9.29)] 

=  j~  W{IvMkz  +  IvFkz  +  IdH0z)  -  Va‘Uz)  +  jwAz(h)]  (9.316) 
Exercise  9.4  Obtain  (9.31a)  from  the  left  side  of  (9.29)  and  (9.306). 


If  these  two  expressions  are  equated,  the  coefficients  of  5(z)  must  be  equal,  and 
also  the  coefficients  of  M kz.  These  give 


Ial  =  iMIg! 

^ dR  f kc^dR  cos  kch 


(9.32) 

(9.33) 


Note  that  kc2  as  defined  in  (9.22)  is  the  same  in  form  as  (9.14),  but  the  more  re¬ 
fined  parameter  4^  appears  instead  of  the  tentative  rough  constant  4'. 

With  the  principal  amplitude  Iv  evaluated,  it  remains  to  determine  Iu  and 
Id-  With  (9.32)  and  (9.33)  the  remaining  equation  obtained  when  (9.31a)  is  set 
equal  to  (9.316)  is 

Iu[(k2  —  kc2)Fkz  —  k  2  cos  kch}  —  IDk2{ cos  Ykh  —  %  cos  %kz) 

=  VdRik2  -  kc2) (I uF kz  +  IdHQz)  -  4 irvi-WAzih)  (9.34) 
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This  relation  reveals  its  approximate  nature,  since  the  independent  equating  of 
the  coefficients  of  Fkz  and  H0z  is  possible  only  when  kc  —  k  or  2{  =  0.  However, 
for  antennas  that  are  not  too  long,  \kh\  <  3.5,  the  distributions  Fkz  =  cos  kcz  — 
cos  kch  and  H0z  =  cos  ykz  —  cos  } -/Qkh  both  have  maxima  at  2  =  0,  vanish  at 
z  =  h,  and  vary  smoothly  between  these  values.  If  the  coefficient  of  each  is 
quite  accurately  evaluated  at  2  =  0,  so  that  the  admittance  of  the  antenna  is 
well  approximated,  a  moderate  error  in  the  distribution  Fkz  or  HQz  is  tolerable, 
since  it  affects  only  a  part  of  the  electromagnetic  field  very  near  the  antenna. 
It  follows  that  (9.34)  may  be  satisfied  exactly  at  2  =  0  and  2  =  h,  and  the  fact 
that  it  is  not  satisfied  for  2  between  these  extremes  ignored.  In  this  evaluation 
the  vector  potential  at  2  =  h  may  be  expressed  in  terms  of  the  distribution 
(9.25).  That  is 


where 


4irn~lAz(h) 

=  Iv'&vQl)  +  Iu'&uQl)  +  Id^dQi) 

(9.35) 

*v(h)  = 

f  h 

p—jfcRh 

j  sin  kc(h  — 

A)  -B-  dz' 

tih 

(9.36a) 

»4)  = 

f  h 

e~jkRh 

I  (cos  kczr  — 

COS  kch)  . -  dzf 

Eh 

(9.366) 

VdQi)  = 

r  h 

p—jkRh 

j  (cos  V2kzf  - 

-  cos  y2kK)  —  dzf 

Eh 

(9.36c) 

where  Eh  =  *sj(h  —  z')2  +  a2.  When  (9.35)  is  substituted  in  (9.34),  two  equa¬ 
tions  are  obtained,  one  with  2  =  0,  the  other  with  2  =  h.  These  may  be  solved 
simultaneously  to  obtain  first  Iu  and  Id  in  terms  of  Iv  and  then  the  coefficients 
Tu  =  Iu/Iv ,  Td  ~  Id/Iv *  The  results  are 


rp  _  CvEd  —  CdEv  rp  _  CuEy  “  CyEu 

*  u  n  tt1  n  tp  ^  ^  n  z?  c*  j? 

Lu&D  —  Cd&U  isjj&D  “  Ld&U 

where  Cv  =  (1  -  nl)  (VdUR  —  'hdK)(l  -  cc) 

—  n^dURCc  +  j'&duii'Fi  —  c)  +  'i'u(h) 

CD  =  -  c)  -  (1  -  n2)^B(l  -  c)  +  *o(h) 

Cv  =  —  ~  c)  +  '^vih)] 

Eu  =  —n^duRCc  —  jH^duiC  +  Vu(h) 

Ed  =  — li’i'dDC  +  $d(A) 

Ev  =  jV^dic  —  'f'vQi) 


(9.37) 

(9.38a) 

(9.386) 

(9.38c) 

(9.38d) 

(9.38e) 

(9.38/) 


In  these  formulas  the  shorthands  n2  =  kc2/k2,  cc  =  cos  kch,  and  c  =  cos  %kh 
have  been  used.  The  several  '1'  functions  are  obtained  from  (9.27a-e)  with  z 
fixed  at  zm  with  m  =  M,  F,  and  H  which  specified  the  maximum  values  of 
Mkz,  F^,  and  I  In,,  respectively.  It  is  readily  verified  that  these  maxima  occur 
when  zf  =  zH  —  0  and  when  zM  satisfies  the  equation  sin  '2dr(h  —  zM)  = 
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—  (otc/Pc)  sinh  2 ac(h  —  Zm )•  When  ac(h  —  zm )  is  small,  this  reduces  to 
(3cZm  =  Pch  —  7t/[2(1  —  ac2//3c2)].  As  ac//3c  increases  from  small  values  toward 
1,  /3cZm  moves  from  /3ch  —  w/2  toward  zero  while  the  largest  amplitude 
| sin  kcQi  —  zM) |  =  [cosh2  ac(h  —  zM)  —  cos 2  0c(h  —  zM)]H  increases  from  1  to 
cosh  ach.  It  follows  that 


^ dR  =  esc  kc(h  —  \zM\)  J  h  sin  kc(h  —  |z'|) 


m  /cos  kRm  cos  kRh 


m 


R 


dz'  (9.39a) 


dUR  ~  (1 


cos  krh)~l  f  (cos  kcz'  —  cos  kch)( C°*. )  dz' 

J - h. 


R 


0 


R 


C  h 

dD  =  (1  —  cos  3 ^kh)-1  I  (cos  Y^kz'  —  cos  Ykh) 


Q—jkRn  e—jkRh\ 

Rq 


(9.396) 


=  -  (1 


—  cos  )^M)_1  I  sin  kjh 

—  h 


Rh  )dz' 

(9.39c) 

sjnfc^o  _  (Q_39d) 


0 


ft 


'J'dtu'  —  — (1  —  cos  Ykh) 


-i 


fcos  k  z'  -  cos  k  h)( sin  kRo  -  sin  dz ' 

A  tUo  h  cJi J  1  j~y  j-y  1  tfv 

\  itO  Jtlh  / 


(9.39c) 


where  Ro  =  ^z'2  +  a2,  =  ^(h  —  z')2  +  a2,  Rm  =  ^(zm  —  z')2  +  a2.  Note 

that  ^dD  =  Tdns  +  j*dx>i.  When  fc  and  A  c  are  complex,  the  subscripts  R  and  I 
do  not  refer  to  real  and  imaginary  parts. 

The  parameter  ^ dR  is  contained  in  the  definition  (9.33)  of  the  propagation 
constant  kc.  On  the  other  hand,  kc  appears  explicitly  in  the  integral  (9.39a) 
which  defines  4^.  Since  ^ dR  is  relatively  insensitive  to  the  value  of  kc,  a 
process  of  iteration  may  be  used  in  which  (^d«)o  is  determined  from  (9.33)  with 
k  substituted  for  kc.  The  value  (4^)0  is  then  used  in  (9.33)  to  determine 
(^d«)i.  It  is  to  be  expected  that,  when  zi  is  small,  (4^#) o  is  a  satisfactory  ap¬ 
proximation  to  determine  kc  but  that  one  or  more  iterations  may  be  necessary 
for  larger  values  of  z\ 


9.4  Distributions  of  Current  and  Charge ;  Admittance 


The  zero-order  solution  for  the  current  in  an  imperfectly  conducting 
cylindrical  antenna  is 


/.(*) 


o 


j2irk  Vq 


{kc&dR  cos  kch 


sin  kc(h  —  \z\)  +  Tu( cos  kcz  —  cos  kch) 


The  driving-point  admittance  is 


+  Td(cos  Y kz  —  cos  Ykh)]  (9.40) 


Y 


o 


UQ)  =  _ 

IV  th^dR  cos  kch 


j2irk 


[sin  keh  +  Tu(  1  —  cos  kch)  +  TD(  1  —  cos  Ykh)] 

(9.41) 
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The  charge  per  unit  length  is  obtained  from  the  equation  dlz(z) /dz  +ju)q(z)  =  0. 
For  z  >  0  it  is 


2  x/c  Voe 

cos  kch 


cos  kcQi  —  z)  +  Tu  sin  kcz  + 


sin  Yzkz 


(9.42) 


For  z  <  0,  q(  —  z)  =  —  q(z). 

When  the  antenna  is  perfectly  conducting  (z{  =  0,  kc  =  fc0  =  «/c)  and  im¬ 
mersed  in  air  (<j  =  0,  e  =  e0,  ju  —  nQ,  k  —  ko  =  aj^poeo), 


[Z2(^)]o  =  ”  W)  +  ^V(cos  —  cos  A'0/i) 


where  now  7V  and  TV  are  simply 


+  7V(cos  3^^  —  cos  J^fcoA)] 


Ta  —  Q  —  y*di*z>(6)] 

Td  —  —  jQ~l{^di[^dUR  cos  k 0h  —  **/(6)]  +  *daz*>(6) } 
with  Q  =  *di>[*dt7i?  cos  A06  -  *t/(6)]  +jfrd^i>(A) 


(9.43) 

(9.44a) 

(9.446) 

(9.44c) 


The  *  functions  are  defined  in  (9.36a-c)  and  (9.39a-e),  but  with  kc  —  k  =  k0. 

Since  cos  kch,  which  occurs  in  the  denominator  of  (9.40),  becomes  quite  small 
when  /3ch  —  x/2  and  ach  is  small  —  it  vanishes  when  ac  =  0,  an  alternative  but 
equivalent  form  for  Iz(z)  is  convenient  when  f3ch  is  at  or  near  x/2  and  ach  is 
small.  It  is 


— j2xATV 


(sin  k, 


—  sin  kch)  +  7V(cos  kcz  —  cos  kch) 

—  T^(cos  x/?kz  —  cos  Y^kkt)) 


where 


Tu  +  sin  kch 
cos  kji 


Td 

cos  kch 


(9.45a) 

(9.456) 


Exercise  9.5  Show  that,  when  a  =  0,  T'n  and  TfD  are  both  finite  when  cos  kch  =  0 


For  z  >  0:  ^ 

QirkVfS 

[q(z)]o  =  (cos  kcz  —  Tfv  sin  kcz  +  Y>T'D  sin  } /2kz)  (9.46) 

For  2  <  0,  the  symmetry  relation  q(—z)  =  —q(z)  obtains. 

Typical  numerical  values  of  the  parameters  for  a  perfectly  conducting  an¬ 
tenna  with  a/X0  =  7.022  X  10“3  in  air  are  as  follows.  ForA06  =  xandO  =  2  In 
(26/ a)  -  9.92:*,*  =  5.737,  Tv  =  -0.117  +  jO.114,  TD  =  -0.106  +  j0.108, 
F0  =  (0.976  +  j0.988)  X  10“3  mhos.  For  kQh  —  x/2  and  0  =  8.58: 
*,*  =  6.218,  K  =  3.085  +j3.581,  T'd  =  1.061  +/0.025,  F0  -  (9.578  -  J4.756)  X 
10“3  mhos. 

It  is  instructive  to  compare  the  approximate  theoretical  currents  and  charges 
given  by  (9.40)  and  (9.42)  with  measured  values.  Data  are  available  for 
monopoles  in  air  base-driven  from  a  coaxial  line  over  a  very  large  ground 
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Fig.  9.2  Current  in  half-wave  dipole. 


screen.3  In  this  case,  ac  =  0,  f$c  =  $  =  ko  =  w/c.  For  the  antenna  in  question 
fcoa  =  0.044,  which  still  satisfies  the  requirement  k0a  <<C  1.  The  measured  and 
calculated  normalized  components  of  current  for  k0h  =  x/2  are  shown  in 
Fig.  9.2,  and  those  for  kQh  =  x  in  Fig.  9.3.  Note  that  l”{ 0)/VQe  —  Go  is  the 
conductance  and  /'( 0)/VQe  =  J50  is  the  susceptance.  The  associated  normalized 
distributions  of  charge  per  unit  length  are  shown  in  Figs.  9.4  and  9.5.  In 
general,  the  agreement  is  quite  good  in  view  of  the  fact  that  only  the  leading 
trigonometric  terms  have  been  used.  Results  for  imperfectly  conducting  an¬ 
tennas  in  air  are  in  the  literature. 


For  determining  admittances  and  electromagnetic  fields  at  some  distance 
from  the  antenna  a  simpler  and  only  slightly  less  accurate  formula  for  the 
current  may  be  satisfactory  for  highly  conducting  antennas  in  air  for  which 
kc  =  k  =  Jko.  When  k0h  <  x,  the  two  distribution  functions  cos  koz  —  cos  k0h 
and  cos  (koz/2)  —  cos  (k0h/2)  are  quite  similar.  The  latter  is  important 
primarily  in  the  vicinity  of  the  ends  of  the  antenna,  where  it  maintains  a  larger 
amplitude  than  the  former.  If  cos  (Jcqz/2)  —  cos  (k0h/2)  is  replaced  every¬ 
where  by  cos  koz  —  cos  k0h,  ^dD  =  'kdu,  ^dQi)  =  ^u(h),  so  that  (9.43)  is 
reduced  to 


[/.(*)]  0 

with 


| 


r~r - tt  sm  -  \z\)  -h  i  (cos  /CqZ  - 

cos  k0h 

T  _  *vQi)  -  j*di  cos  kph 
'S'du  cos  kQh  —  'F u(h ) 


cos  kQh)] 


(9.47a) 

(9.476) 
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Fig.  9.3  Current  in  full-wave  dipole. 
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Fig.  9.4  Charge  in  half-wave  dipole, 
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A  similar  simplification  may  be  made  in  the  alternative  form  (9.45a).  Numeri¬ 
cal  values  for  a/X0  =  7.022  X  10“3  are,  for  kQh  =  i r,  T  =  —0.172  +  j0.175, 
Y0  =  (1.021  +  jl.000)  X  10~3  mhos.  For  kQh  =  ir/2,  T '  =  2.65  +  j3.79, 


Fig.  9.5  Charge  in  full-wave  dipole. 


Fo  =  (10.17  —  j4.43)  X  10~3  mhos.  The  values  of  F0  differ  only  slightly  from 
those  obtained  with  the  three-term  formulas. 

A  comparison  of  the  two-term  admittance  F0  =  l/*(O)]o/F0e  as  determined 
from  (9.47a)  and  its  alternative  form  near  k0h  =  w/2  with  the  King-Middleton 
second-order  admittance  is  given  in  Fig.  9.6,  together  with  the  measured 
curves.  The  measured  susceptance  involves  the  difference  between  the  local 
geometry  near  the  driving  point  of  the  actual  antenna  and  that  of  the  idealized 
5-function  generator.  An  approximate  correction  has  been  made  in  the 
measured  curve  by  including  a  lumped  terminal-zone  network.4,5  As  seen 
especially  in  Fig.  9.3,  the  trigonometric  functions  are  incapable  of  representing 
accurately  the  sharp  peak  in  l'z(z)/VQe  near  z  =  0.  An  empirical  correction  may 
be  made  for  this  error  by  adding  a  constant  lumped  susceptance  to  B0.  The 
value  required  when  kQh  =  w  is  0.72.  It  is  seen  from  Fig.  9.6  that  this  correc¬ 
tion  improves  the  agreement  of  B0  with  the  King-Middleton  second-order 
values  (Table  9.1)  and  the  measured  values. 

A  more  accurate  distribution  of  current  is  required  if  the  charges  near 
2  =  0,  ± h  and  the  electric  field  very  near  the  antenna  r  <  10a  are  to  be  deter¬ 
mined  with  quantitative  precision.  A  first-order  current  is  readily  obtained  if 
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k*h 


Fig.  9.6  King-Middleton  second-order  admittance  Y  =  G  +  jB,  two- 
term  zero-order  admittance  F0  =  Go  +  jB0}  and  measured  curves. 

the  correction  terms  y (z)  are  retained  in  (9.28a-c).  It  follows  from  (9.27a-e), 
that  first-order  values  of  these  quantities  are 


[7  v(z)]J  = 

* 

f  h 

I  h  Mkz'KdR{z,z')  dz'  —  M kz'&du 

(9.48a) 

[7u(z)]l  = 

4 

r  h 

j  ^  Fks'KdR(z,zf)  dzf  —  Fkz'&duR 

(9.486) 

[7d(z)]i  = 

f  h 

/  h  Ft0z'KdR(zfzf)  dzf  —  Floz'ffdj) 

(9.48c) 

where  the  zero-order  currents  have  been  substituted  for  I(z).  If  (9.48a-c)  are 
substituted  in  (9.28a-c)  the  following  first-order  currents  are  obtained: 

lUz)]i  =  2{Iz(z)]o  -  Id(z)  (9.49a) 

with 

rm 

Ia(z)  —  Iv  ^dR~x  J  h  M kz' K dit(z ,zr)  dz'  +  Tif^duR~x  j  h  FkZ'Kdii(z,z')  dz' 

+  rD'VdD~l  /_*  H0z.Kd(z,z')  dz'  (9.496) 
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Table  9.1  Second-order  Admittance,  Impedance,  Effective  Length, 
and  Directivity  of  Cylindrical  Antenna;  il  =  2  In  2h/a  =  10 


koh 

Y,  mmhos 

Z}  ohms 

dh. 

D 

0.5 

0.00985  +  >1.40329 

4.9993  -  y712.5738 

0.24218  -  y0.00053 

1.40783 

0.6 

0.02298  +  >1.76626 

7.3644  -  y566.0731 

0.29524  -y0.00113 

1.42037 

0.7 

0.04942  +>2.18972 

10.3026  -  y456.4468 

0.35102  -  y 0.00218 

1.43521 

0.8 

0.10165  +  >2.70219 

13.9011  ->369.5470 

0.41015  -y0.00390 

1.45230 

0.9 

0.20576  +  ^3.34929 

18.2737  -  y297.4484 

0.47333  -  y0.00658 

1.47152 

1.0 

0.42137  +  >4.20717 

23.5695  -  y235.3288 

0.54140  -y0.01062 

1.49291 

1.1 

0.89990  +;'5.40415 

29.9820  -  yi80.0505 

0.61532  -  >0.01657 

1.51648 

1.2 

2.07678  +>7.11904 

37.7639  -  yi29.4519 

0.69620  -  yo.02518 

1.54220 

1.3 

5.27830  +  jQ.  15773 

47.2439  -  y81.9671 

0.78535  -  y0.03746 

1.57018 

1.4 

12.28788  +  >7.60298 

58.8508  -  y36.4132 

0.88430  -  yo.05478 

1.60063 

1.48 

14.27641  +  yo. 14974 

70.0379  -  yo.7346 

0.97169  -  y0.07354 

1.62699 

1.5 

13.50489  -  yi.50120 

73.1434  +  y8.1306 

0.99481  -  y0.07906 

1.63388 

t/2 

9.65893  ->4.46911 

85.2751  +  y39.4561 

1.08112  -y0.10186 

1.65938 

1.6 

8.25871  ->4.76188 

90.8731  +  y52.3964 

1.11895  -yo.  11303 

1.67023 

1.7 

5.08984  -  ^4.35364 

113.4588  +  y97.0480 

1.26015  -  yo.  16218 

1.70735 

1.8 

3.51213  -  ^3.50121 

142.8070  +  yi42.3630 

1.42159  -  yo.23399 

1.74417 

1.9 

2.65621  -  >2.75171 

181.5916  +yi88.1206 

1.60586  -  yo. 33972 

1.78039 

2.0 

2.14531  -j'2.14009 

233.6347  +y233.0658 

1.81334  ->0.49682 

1.81567 

2.1 

1.81653  -  y 1.63501 

304.1220  +  y273.7312 

2.03788  -  y0.73163 

1.84988 

2.2 

1.59258  -  /1.20581 

399.1128  +  y302.1859. 

2.25702  -  >1.08107 

1.88303 

2.3 

1.43327  -  yo.82995 

522.5034  +y302.5626 

2.41333  —  y 1.58608 

1.91535 

2.4 

1.31604  ->0.49158 

666.8191  +  y249.0787 

2.39191  ->2.25819 

1.94727 

2.5 

1.22746  -  jO.  17953 

797.6292  +  yil6.6627 

2.03778  -  y3.00063 

1.97931 

2.6 

1.15923  +>0.11424 

854.3421  -  y84.1965 

1.29575  -  y3.55619 

2.01214 

2.7 

1.10619  +  yo.39569 

801.4512  -  >286.6857 

0.37447  -  >3.67786 

2.04632 

2.8 

1.06527  +  y0.66940 

672.9909  -  y422.8962 

-0.40256  -  y3.39356 

2.08234 

2.9 

1.03491  +  y0.93903 

529.9562  ->480.8611 

-0.89144  —  y2.92740 

2.12040 

3.0 

1.01475  +  yi. 20777 

407.7867  -  y485.3552 

-1.13515  ->2.46030 

2.16044 

3.1 

1.00537  +  >1.47858 

314.4768  -  y462.4952 

-1.22571  —  y2.06609 

2.20217 

1C 

1.00494  +  >1.59254 

283.3940  -  y449.0990 

-1.23629  -  >1.92723 

2.21993 

3.2 

1.00811  1.75453 

246.2016  -  y 428.4926 

- 1.23458  -  yi.75564 

2.24521 

3.3 

1.02500  +  ^2.03920 

196.7771  -  y391.4790 

-1.20490  -  >1.51726 

2.28921 

3.4 

1.05889  +  ^2.33712 

160.8428  -  y355.0024 

-1.16018  -  >1.33492 

2.33373 

3.5 

1.11390  +  j'2. 65438 

134.4233  -  >320.3261 

-1.11253  ->1.19408 

2.37776 

3.6 

1.19644  +  y2.99924 

114.7455  ->287.6447 

- 1.06773  -  y 1.08295 

2.41874 

3.7 

1.31719  +^3.38293 

99.9443  -  y256.6868 

-1.02801  —  y0.9924 1 

2.45138 

3.8 

1.49467  +^3.82032 

88.8155  -  >227.0097 

-0.99364  —  yo.91558 

2.46661 

3.9 

1.76194  +  ^4.32984 

80.6308  -  yi98.1446 

-0.96379  -  yo.84744 

2.45124 

4.0 

2.17958  +  y 4.93036 

75.0053  -  yi69.6670 

-0.93712  -  yo.78451 

2.38967 

The  zero-order  current  [Iz(z)]0  is  given  in  (9.40)  or  (9.45a).  The  three  integrals 
in  (9.496)  can  be  expressed  in  terms  of  tabulated  generalized  sine  and  cosine 
integral  functions,  or  they  may  be  evaluated  numerically  by  computer. 
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9.5  The  Electromagnetic  Field  near  a  Cylindrical  Antenna 

The  electromagnetic  field  at  all  points  outside  the  cylindrical  antenna  of 
radius  a  may  be  expressed  in  terms  of  the  scalar  and  vector  potentials  in  the 
cylindrical  coordinates  r,<t>,z.  Specifically,  with 

Az(r,z)  =  ^  j  ^  Iz(z')Kr(z,zf)  dz'  (9.50 a) 

$(ryz)  =  ~~  J  ^  qz(z/)Kr(z/)  dz '  (9.50 6) 


where  Kr(zyz')  =  e  jkR/R  with  R  =  ^(zr  —  z)2  +  r2,  Iz(z)  is  given  in  (9.40), 
and  q(z)  in  (9.42),  the  components  of  the  electromagnetic  field  are 


B<t>(r,z) 


Er(r,z) 


—  d$(r,z)  _  —jud2Az(r,z) 
dr  k 2  dz  dr 


—  d&(rfz) 
dz 


ja)Az(r,z) 


d2Az(r,z) 

dz2 


(9.51a) 

(9.516) 

(9.51c) 


Note  that  at  r  =  a,  —h  <  z  <  h  the  square  bracket  in  (9.51c)  vanishes,  so  that 
Ez(a,z)  =  0  everywhere  on  the  surface  of  the  antenna.  The  evaluation  of  these 
components  in  closed  form  is  not  possible  in  general.  Even  when  the  an¬ 
tenna  is  a  perfect  conductor  so  that  kc  =  k ,  only  the  first  term  in  the  distri¬ 
bution  of  current  can  be  integrated  directly.  Specifically,  if  the  amplitude 
Im  =  O'27tT0 e/^dR  cos  kh)  is  introduced,  the  part  of  the  field  due  to  the  current 
Iv(z)  =  7m  sin  k(h  —  \z\)  may  be  shown  to  be7 

[Bt(r,z)]v o  =  (e ->«-'« n  +  e-*R*  _  2  cos  kh)  (9.52 a) 

[Er(r,z)}vo  =  e~lkR>k  +  e~m2h  ~  lr  (9-526) 

47rr\  Kin  ri2h  Ro  / 

I  —  /o-jkRih  e-jkR2h  O  \ 

[Ez(r,z)]v  o  V“  +  ^ - 4-  e~*R°  cos  kh  )  (9.52c) 

47 r  \  Kih  R2h  Ro  ) 


where  R$  —  -yjz2  +  r 2,  Rih  =  V( 2  —  W2  +  ft  ft h  =  V(2  +  ^)2  +  r2.  This 
part  of  the  field  is  the  complete  field  only  if  the  distribution  of  current  is  given 
accurately  by  the  first  term  in  (9.40)  instead  of  the  sum  of  all  three  terms.  For 
an  antenna  of  finite  radius  this  is  possible  only  if  it  is  maintained  by  a  suitable 
continuous  distribution  of  generators  instead  of  by  a  single  generator  at  z  =  0. 
The  contributions  to  the  field  obtained  by  substituting  Iu(z)  =  7m7V(cos  kz  — 
cos  kh)  and  ft  (2)  =  7mft(cos  } /^kz  —  cos  ]^kh)  have  not  been  evaluated  in 
general.  However,  the  fields  very  close  to  the  antenna  and  very  far  from  it  are 
readily  obtained. 

At  points  that  are  electrically  near  the  antenna  so  that  r2  <<C  h2  and 
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\kr\  «  1,  and  not  too  near  the  ends,  h 2  ^>>  z2,  contributions  to  the  vector  and 
scalar  potentials  (9. 48a, 6)  come  principally  from  elements  of  current  or  charge 
at  zf  that  are  electrically  near  the  point  2  where  the  potential  is  calculated. 
Over  such  distances  the  current  and  charge  vary  only  slightly  and  retardation 
is  negligible.  Hence, 


u-lziz)  r  h  dz^  ^  jilz{z)  2 h 

47 r  J-h  R  2tt  n  r 


(9.53a) 


&(r,z) 


±  gQO  f h  ^  q(z) ,  2/1 
47 T€  J  ~h  R  2l TE  r 


(9.53  b) 


It  follows  from  (9.51a, b)  that 

B*(r,z)  =  ^  Er(r,z)  =  (9.53c) 

f 

where  7z(z)  and  5(2)  are  given  by  (9.40)  and  (9.42).  Within  the  approxima¬ 
tions  implied  in  (9.53),  Ez(r,z)  can  be  calculated  directly  from  Maxwell  s 
equation  in  the  form 


dEr(rfz)  __  dEt(r,z )  _ 

dz  dr 


Thus, 


EM  =  f 

J  a 


dEr(r,z) 


+ 


—juBt(r,z) 
jco  (r,z)  1  dr 


dz 

f 

1  F 1  dq(z)  .  T  .  .1 .  r 
7T_  -  +3<anl,(z)  In  - 

Zir[_e  dz  J  a 


j  r  'ti&i + 


27ra7eL  dz2 


In- 

a 


(9.54a) 


(9.546) 


With  (9.40)  and  (9.42)  specialized  to  have  kc  —  k, 

k  Ve  r 

Ez(r,z) ]0  =  - — - ry  [Tu  cos  kh  —  TD(%  cos  ]^kz  —  cos  } /^kh)}  In  -  (9.55a) 

'xdR  cos  Kfi  a 


Alternatively,  when  /3h  is  near  7r/2,  form  (9.46)  gives 

—  kV€  r 

Ez(r,z)]0  —  — - [sin  kh  +  Tfv  cos  kh  +  TfD(%  cos  l/?kz  —  cos  l^kh)}  In  - 

*dR  "  a 

(9.556) 

Note  that  (9.546)  satisfies  the  boundary  conditions  Ez(a,z)  =  Oon  the  surface 
r  —  a  of  the  perfectly  conducting  antenna.  Clearly,  the  component  (9.51c) 
alone  does  not. 

It  follows  from  Figs.  9.2  and  9.3  that  Iz(z)  and,  hence,  B^ir^z)  near  the  an¬ 
tenna  are  well  represented,  respectively,  by  (9.40)  and  (9.52c).  Similarly, 
Figs.  9.4  and  9.5  indicate  that  q(z)  and  with  it  Er(r,z)  near  the  antenna  are 
quite  well  approximated  by  (9.42)  and  (9.53c)  except  quite  near  2  =  0,zb/i. 
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Since  E\(r,z)  depends  on  both  Iz(z)  and  dq(z)/dz,  it  is  clear  from  Figs.  9.2  to  9,5 
that  (9.54 a, 6)  is  at  best  a  rough  approximation  at  some  distance  from 
^  =  0,  zt :A. 

In  order  to  obtain  a  better  approximation  of  q(z)  =  dlz{z)/dz  and 
dq(z)/dz  =  d2Iz(z)/dz 2,  the  first-order  current  (9.49a, 6)  may  be  used. 

Since  the  more  accurate  current  is  needed  primarily  to  calculate 
Ez(r,z)  close  to  the  antenna,  it  is  sufficient  to  obtain  ( d2/dz 2  +  k02)Iz(z)  = 
2  (d2/dz2  +  k2)[Iz(z)]  o  —  ( d2/dz 2  +  k2)  I  a(z)  with  (9.48a, 6)  and  a  repeated  inte¬ 
gration  by  parts.  Thus, 

2  +  k^Idiz)  =  J  v^dR~l  +  J  +  J  DTj)fydD~l  (9.56) 

where  Jv  =  j  *  Iv(z')(j^  +  E\KiR(z,z')  dz' 

=  /_*  Iv(z')  ^  Kr(z,z')  dz'  +  k*  j*  Iv(z')KiR(z,z')  dz'  (9.57) 


Use  has  been  made  of  the  relations  KdR(zyzf)  =  KR(z,zf)  —  KR(h,z')  and 
d2KR(z,z')/dz2  =  d2KR(z,zf)/dz'2.  Corresponding  expressions  for  Jv  and  JD  are 
obtained  with  changes  in  subscripts  on  I(z')  and  the  omission  of  the  subscript 
R  for  J D.  Integration  by  parts  twice  and  the  condition  Iv(h)  =  0  yield 


KR(h,z')Iv(z ')  dz' 


(9.58) 


Analogous  expressions  apply  to  Jv  and  JD .  Since  for  use  in  (9.58), 
Iv(z')  =  Iv  sin  A(A  —  |^|)  =  Iv{H(z)  cos  k(h  —  z)  —  [1  —  #(2)]  cos  A  (A  —  z)}, 
where H(z)  =  lforz  >  i[,tf(z)  =  Oforz  <  1, /^(«)  =  IvTu{coskz  -  cosAA), 
Id(z)  =  /fTd(cos  ^  —  cos  %kch)y  it  follows  that  dlv(z)/dz  =  —  7fAc  { i/  (2) 
cos  k(h  —  z)  —  [1  —  #(2)]  cos  AC(A  +2)},  dlu(z)/dz  =  —IykcTu  sin  kzy  and 
dIjo(z)/dz  =  —^IvTd  sin  J/^Az,  and  (a2/az2  +  k2)Iy(z)  =  —  21  vk  cos  kh  8(z), 
(d2/dz2  +  k2)Iu(z)  =  —Iyk2Tu  cos  AA,  (a2/a22  +  A2)/^)  =  Ivk2TD{%  cos 
3^Az  —  cos  3^2 AA ).  With  these  values 

J v  ~  Ivk 2  Re  Li{z}h)  —  2  cos  AA  — —  L2(A)  (9.59a) 

Jc;  =  IykrTu  Re  {£1(2, A)  sin  kh  —  [Ea(h,z)  —  Ea(h,h)]  cos  AA  —  Ca(A,A) } 

(9.596) 

Jd  =  Ivk2Tj>\y2Lx(z7K)  sin  3^>AA  —  [2?a(A,2f)  —  jE7« (A,A)]  cos  Y^kh 

+  %$a(h,z)  —  $a(h,h)}  (9.59c) 
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The  following  new  symbols  have  been  introduced: 

Lx(z,h)  =  K(-Z,h ^  +kK(z,-h)  (9.60a) 

U{h)  =  Ca{h,h)  sin  kh  -  Sa(h,h)  cos  kh  (9.606) 

Sa(h,z)  =  f  [K (z,z')  +  K(z,—z')]  sin  kzf  dzf  (9.60c) 

J  o 

Ca(h,z)  =  /"  [7f(z,z')  +  i£(z,  —  z')]  cos  kzf  dzf  (9.60d) 

J  o 

Ea(h,z)  =  f  h  l K(z,z ')  +  K(a,-«')]  dz’  (9.60e) 

J  0 

$a(h,z)  =  f  [7f(z,z')  +  /i(z,  — z')J  c°s  dzf  (9.60/) 

*/  0  ^ - 

p — jkR 

where  K(z}zf)  =  KR(z,z’)  +  jKi{z,zf)  =  (9.60#) 

in  which  72  =  ^{z  —  z')2  +  a2. 

The  functions  Sa(h,z),  Ca(h,z),  and  Ea(hfz)  may  be  expressed  in  terms  of  the 
tabulated  generalized  sine  and  cosine  integral  functions.8  The  functions 
Sa(h}h),  Ca(hyh),  and  Ea(h,h)  have  been  tabulated.9  The  function  &a(htz)  may 
also  be  expressed  in  terms  of  the  generalized  sine  and  cosine  integrals.! 

With  (9.59a-c)  and  (9.56)  used  in  (9.545), 

[E2(r,z)]i  =  2[Ez(r)z)]0  —  Eei(r,z) 

where 

Eci(r,z)  =  —  (J v^dsT1  +  J uTu^Jur  +  J ln  ~ 

Ziraie  a 

=  T  ~Vk,J Re  [ Lx (z,h)  -  2  cos  kh  ^ y ^  -  L2(h)\dR~l 
VdR  cos  kh\  L  k  J 

+  Re  {Li(z,h)  sin  kh  —  [ Ea(h,z )  —  Ea(h,h)]  cos  kh  —  Ca(hfh))Tu^dun 

+  \/4Ei (z,h)  sin  l^kh  —  [Ea(h,z)  —  Ea(h,h)]  cos  } /^kh 

+  HtJa(h,z)  -  da(h,h) }  Td^d-1 )  ln  -  (9.61a) 

/  Of 


t  &a {h,z) 


( .  ,  u*  .  1„ 

smh  +  smh  1  —  1  cos-t/o 

H”  +  c(A’-f)  +*4*'-*) +iS(‘1'5r 


_  -e~iVo/2 
2 


+ys(^.f) 


where  Uo  =  fcz,  J7i  =  k(h  —  z),  Ut  =  k(h  +  z),  A'  =  A~\[3/ 2  with  A  =  ka.  Also, 


C(A,C/) 


»  1  -  c  VlP  +  J.  SIA:m_[°sM  +  *iU 

»  +  A1  Jt>  yU*  +  A* 
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An  alternative  convenient  form  of  EcX(r,z)  when  kh  is  at  or  near  tt/2  is  obtained 
with  the  parameters  Tfv  and  TfD,  which  remain  finite  when  kh  =  tt/2.  They  are 
defined  by  Tu  =  —  [Tu  cos  kh  +  sin  kh],  T&  =  T'd  cos  kh.  The  desired  ex¬ 
pression  for  Eci(?',z)  very  near  the  antenna  is 


Eci(r,z)  = 


Vkf 


*dR  \ 


Re 


1 _ sin2  kh\Lx(z,h)  _  2K(z,0) 

^ dR  Str dUR  )  cos  kh  k^dR 

1  1 


^ dR  'frdUR 


Ca(h,h)  tan  kh 


Sa(h,h)  .  [Ea(h,z)  —  Ea(hfh)]  sin  kh 


T' 
1  u 


*dR 


+ 


'F dUR 


-  Re  \Li(z,h)  sin  kh  —  [Ea(h,z)  -  Ea(h,h)]  cos  kh  -  Ca(h,h)  j 
+  izfi)  sin  Yvfch  —  [Ea(h,z)  —  Ea(h,h)]  cos  ] /^kh 


*dD 


+ 


%$a{h,z)  —  $a(h,h) }  ^  In  ~  (9.616) 


Numerical  values  for  antennas  in  air  with  a/X0  =  7.022  X  10~3  or  kQa  =  0.044 

are 


k0h  =  tt:  *dR  =  5.737  Vdu  =  7.572  -  j4.449  VdD  =  7.224  -  j2.398 

Tv  =  -0.117  +i0.114  Td  =  -0.106  +  j*0.108 

koh  =  tt/2:  =  VdU  =  6.218  —  j2.161  VdD  =  6.120  -  j0.652 

Tu  =  3.085  +J3.581  T»  =  1.061  +  i0.025 

The  functions  Ca(h,h ),  Sa(h,h),  and  Ea(h,z)  have  been  tabulated10  or  may  be 
evaluated  from  tables  of  the  generalized  sine  and  cosine  integral  functions. 

Note  that,  when  kh  =  tt/2,  VdUR  =  V dR .  Since  KR(0,0)/k  ~  1/fca  and 
Li(-±Ji,h)  =  1/A’a,  it  is  clear  that  Ez(r,z)  as  given  in  (9. 61a, 6)  has  large  values 
at  z  =  0,  dbA  which  are  not^iven  by  (9.55a, 6).  On  the  other  hand,  at  small 
distances  from  these  points,  ihe  order  of  magnitude  of  \Ez(ryz)\  in  (9. 61a, 6)  is 
roughly  approximated  by  (9. 55a, 6).  Graphical  representations  of  the  com¬ 
ponent  of  the  electric  field  Ez(rfz)  near  a  half-wave  dipole  and  a  full- wave 
dipole  are  shown  in  Figs.  9.7a  and  6,  where  the  results  computed  from  (9.55) 
and  (9.61)  are  compared.  A  comparison  with  the  field  obtained  from  (9.50c) 
alone  for  an  assumed  sinusoidally  distributed  current  is  given  in  Fig.  9.8. 


9.6  The  Radiation  Field  of  a  Cylindrical  Antenna 

The  radiation  field  EeT  of  a  cylindrical  antenna  in  air  is  given  by 


Eer  =  jo)Azr  sin  6 


A /  = 


Mo  f  h 


J  Iz(z)ejk*z' cos  6  dzf  (9.62) 


47 r  Rq 
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Fig.  9.7  (a)  Normalized  electric  field  near  center-driven  antenna;  kji  —  7r/2,  a/X0  = 

7.022  X  10~3,  G(z)  —  \0Ez{r,z)/V  In  r/a;  ( b )  normalized  electric  field  G(z)  —  \oEz(r,z)/V 
In  r/a  near  center-driven  antenna;  k0h  =  tt,  a/X0  —  7.022  X  10~3. 


where  h(z) 

Ef  = 

where 

Fm(0,k0h)  = 


=  [h(z)] o  is  in  (9.45a).  It  may  be  expressed  as  follows: 

—  Vne  p—ihRa 

-r  -  ,  - rr  [Fm(6,hh)  +  TvGm(6,k0h )  +  TDDm(6,k0h)}  (9.63) 

YdR  A  o  COS  Kn 


f  A 

I  sin  /c0(/i 


—  z'De*'*' cos  9  sin  0  dz* 


cos  (fcoft  cos  0)  —  cos  k0h 

sin  0 


(9.64a) 
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Fig.  9.8  Ez{r}h/ 2)  near  half-  and  full-wave  dipoles;  a/X0  =  7.022  X  10~3 


GmiSjcoh)  =  ~  J  h  (cos  kozf  —  cos  k0h)ejk*z' eoBd  sin  6  dzf 


sin  k0h  cos  (kji  cos  0)  cos  0  —  cos  k0h  sin  (kQh  cos  0) 

sin  0  cos  0 


(9.646) 


Dm(dtkqji)  =  ~  J  h  (cos  fy^koz'  —  cos  3 /2kQh)ejk(iZ' cos8  sin  6  dzf 


2  cos  (/c06  cos  0)  sin  —  4  sin  ( k0h  cos  0)  cos  Ykoh  cos  0 


1  —  4  cos2  0 

_  sin  (koticos  0)  cos  3^/c06 

cos  0 


If  the  alternative  form  (9.46a)  is  used  for  the  current, 


sin  0  (9.64c) 


VneP~~ikQRQ 

Ef  =  . „ . +  T'vGm(e,k0h) 


^dRRQ 

kr  r  h 


-  T'DDm(6M)]  (9.65a) 


where  Hm($,k0h)  =  ^  J  h  (sin  & 


o 


sin  kdi)ejk*zf  008  9  sin  0  dzf 


_  cos  0  [1  —  cos  k0h  cos  (k0h  cos  0)]  —  sin  k0h  sin  (k0h  cos  0) 

sin  0  cos  0 


(9.656) 
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Note  that,  when  kGh  =  t/2, 


cos  8  —  sin  [(t/2)  cos  0 
sin  6  cos  0 


n  (a  A  _  C0S  [0/2)  COS  0], 
vTml  Pj  o  I  •  n 

\  2/  sin  0 

n  w\  _  V2 12  cos  [(t/2)  cos  0]  —  4  sin  [(t/2)  cos  6}  cos  6 
T2/  2  I  1  -  4cos20 

sin  [(t/2)  cos  6]\  .  _ 

- - f  sin  Q 

cos  8 


(9.66a) 

(9.666) 


(9.66c) 


The  associated  magnetic  field  is  B/  =  Eer/c. 

The  field  obtained  with  the  conventionally  assumed  sinusoidal  distribution 
of  current  is  the  same  as  (9.63)  with  TV  =  TV  =  0.  However,  the  usual  refer¬ 
ence  for  phase  and  amplitude  is  the  current  instead  of  the  voltage.  Since 
Iz{ 0)  =  Voe/ZQ,  where  Z0  is  the  driving-point  impedance,  the  substitution  is 
easily  made.  For  the  sinusoidal  assumption  ZQ  =  (/$V3//2t)  cot  kji ,  so  that  the 
coefficient  Vtf/'&dR  cos  kQh  becomes  jlz(0){o/2w  sin  k0h  =  jImU/ 2t,  where 
lm  =  7z(0)/sin  kji  is  the  maximum  of  the  sinusoidally  distributed  current. 

The  so-called  far-field  factor  or  far-field  pattern  $Fo(0,fco 6)  is  contained  in 


2  T 


R 


0 


5o(0,k  oh) 


(9.67  a) 


Evidently  (9.63)  may  be  reduced  to  this  form  if  F0e  is  eliminated  by  means  of 
(9.44)  with  2  =  0.  It  follows  that 


So  (8,koh)  = 


Fm(6,koh)  TuGm(d,kQh)  TpDm(8,koh) 

sin  koh  T"  7V(1  —  cos  koh)  -f-  TV(1  —  cos  /^koh) 


(9.676) 


Note  that  if  a  sinusoidally  distributed  current  were  assumed,  TV  =  TV  =  0 
and 

MOM)  =  FoOM)  =  Fm(9’^}  (9.67c) 

sm  k0h 

where  Fm(0}koh)  is  given  by  (9.64a).  This  is  a  conventional  form. 


9.7  Distributions  of  Current  and  Charge  in 
a  Center-loaded  Receiving  Antenna 

The  electromagnetic  field  maintained  by  the  periodically  varying  currents 
in  a  transmitting  antenna  induces  currents  in  more  or  less  distant  parasitic 
antennas  that  may  be  loaded  with  a  receiver  or  simply  reradiate  as  scatterers. 
The  important  quantities  in  a  receiver  are  the  current  or  voltage  or  power  in 
the  load.  For  the  scatterer,  the  reradiated  field  is  of  interest,  particularly  the 
field  very  close  to  the  antenna  in  certain  problems  involving  radio-frequency 
hazards. 
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The  current  and  power  in  the  load  of  a  cylindrical  receiving  antenna  in  an 
arbitrarily  directed  plane  wave  incident  field  are  readily  obtained  by  a  simple 
generalization  of  the  formulation  for  the  transmitting  antenna.  The  geometry 
and  notation  are  shown  in  Fig.  9.9.  The  angle  6  is  measured  between  the  axis  of 
the  antenna  (z  axis)  and  the  ray  of  the  plane  wave  that  passes  through  the 

Hh2  o 


Fig.  9.9  Center-loaded  receiving  antenna  in  an  in¬ 
cident  plane  wave  field.  The  plane  of  the  incident  wave 
front  is  perpendicular  to  the  dash-dot  line. 


center  of  the  antenna  at  z  =  0.  The  angle  is  between  the  incident  electric 
vector  E{  and  the  plane  defined  by  the  2  axis  and  the  ray  through  z  =  0. 

The  differential  equation  for  the  vector  potential  Az(z)  at  the  surface  r  =  a 
of  an  antenna  in  which  a  part  of  the  current  is  induced  by  an  incident  field  El 
and  a  part  maintained  by  a  5-function  generator  with  emf  TV  at  its  center  is 
like  (9.1)  with  an  added  term.  If,  for  simplicity,  the  antenna  is  assumed  to  be 
perfectly  conducting  so  that  z{  =  0  and  immersed  in  air  so  that  k  =  k0,  the 
equation  is 

(£ + *4*-«  -  -  q£)uv-  -  v  w« 

with  g0  =  k0  cos  6  and  U*  =  —  (E{  cos  ^)/fc0  sin  6.  It  is  anticipated  that  the 
emf  VQe  will  be  replaced  by  the  negative  of  the  voltage  drop  across  a  lumped 
load  impedance  ZL  at  z  =  0.  That  is,  TV  will  be  set  equal  to  —  Iz(0)ZL.  As 
for  the  transmitting  antenna,  it  is  assumed  that  the  radius  a  of  the  antenna 
satisfies  the  inequalities  k0a  1  and  a  <<C  A,  where  h  is  the  half-length  of  the 
antenna. 

The  general  solution  of  (9.68)  when  0  <  z  <  h  is 


Az(z) 


4 


(Ci  cos  koz  +  C2  sin  koz  +  U'e**2) 


c 


(9.69) 
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The  solution  for  —  h  <  z  <  0  is  like  (9.69)  but  with  the  different  constants  C3 
and  C4  substituted  for  C\  and  C2.  These  constants  must  be  evaluated  from  the 
driving  and  boundary  conditions  at ,2  =  0  and  z  =  h. 

The  solution  of  (9.69)  and  its  analog  with  2  negative  is  more  involved  than 
the  corresponding  problem  for  the  center-driven  antenna  owing  to  the  absence 
of  symmetry  when  the  direction  of  incidence  is  arbitrary.  It  is  convenient  to 
separate  the  symmetric  problem  with  even  currents  and  vector  potentials  and 
odd  charges  and  scalar  potentials  from  the  antisymmetric  problem  with  odd 
currents  and  vector  potentials  and  even  charges  and  scalar  potentials.  With 
Az(z)  =  Azs(z)  +  Aza(z),  Iz(z)  —  Izs(z )  +  Iza(z),  the  symmetric  part  of  (9.69) 
is  defined  by  Az*(z)  =  Y&Az(z)  +  Az{  —  z)]}  Izs(z)  =  YUz(z)  +  Iz{  —  z)\  and  the 
antisymmetric  part  by  Aza(z)  =  Y^Az{z)  —  Az(-z)]Jza(z)  =  YUz(z)  —  /,(— z)}. 
With  these  defining  relations,  the  driving  condition  F0e  =  <£*(+())  +  <$>“(—()), 
the  boundary  condition  IzQi)  —  0,  and  rearrangements  like  those  previously 
carried  out  for  the  transmitting  antenna,  the  following  two  integral  equations 
may  be  derived  for  the  symmetric  (even)  and  antisymmetric  (odd)  parts  of  the 
current  in  an  antenna  that  is  immersed  in  an  incident  plane  wave  electromag¬ 
netic  field  and  simultaneously  center  driven  by  an  emf  VQe: 


(9.70  a) 


(9.70  b) 

where  the  upper  sign  is  for  z  >  0,  the  lower  sign  for  z  <  0.  The  following 
notation  has  been  introduced: 

Kd‘(z,z')  =  K(z,z')  -  K(h,z')  Kda(z,z')  =  K(z,z')  -  -  K(h,z')  (9.71a) 

z 

U‘  =  Y  As(h)  =  Y2  (  h  hs(z')K’(h,z')  dz'  (9.716) 

A  0  4  7T  J  —  h 

Ua  =  YZh  A°(h)  =  Yi  f  —h  W>KaM  dz'  (9.71c) 

The  solution  of  the  integral  equations  (9.70 a,b)  is  complicated  by  the  pres¬ 
ence  (in  g0  =  h  cos  0)  of  the  angle  6  between  the  axis  of  the  antenna  and  the 
propagation  vector  k0  of  the  incident  field.  Since  great  simplification  is 
achieved  when  the  antenna  lies  in  the  plane  wave  front  of  the  incident  field 
(6  —  7r/2)  and  since  at  this  angle  the  maximum  current  with  respect  to  6  is 
obtained  for  antennas  with  k0h  <  ir,  only  this  practically  most  important  case 
is  discussed  in  the  following.  The  more  general  case  has  been  treated  elsewhere 
in  a  somewhat  different  form.11 

When  6  =  7t/2,  no  antisymmetric  currents  are  induced,  Iz(z)  —  7/(2), 


] h‘{z')Kd’{z,z')  dz' 


j4?r 


fo  COS 


[YVe  sin  h(h  —  \z\)  +  67s(cos  qoz  —  cos  q0h) 

rCQfl 


[_h  lza(z')Kda(z,z')  dz'  = 


+  LTi{ cos  koz  cos  qQh  —  cos  q$z  cos  koh)] 

j4w 


[C/°(sin  fc0 


sin  k0h) 


fo  sm  koh 

dh  jTri(sin  qoz  sin  kQh  —  sin  k0z  sin  qQh) 
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Iza(z)  =  0,  and  the  integral  equation  (9.706)  is  obviated.  Furthermore,  since 
q0  =  0,  the  complicated  angle-dependent  coefficient  of  lri  in  (9.70a)  reduces 
simply  to  the  shifted  cosine.  It  follows  that  (9.70a)  reduces  to 

f  Iz(z)Kd(z,z')  dz '  =  —  ^  [lAV0e  sin  kQ(h  —  \z\)  +  U( cos  kQz  —  cos  kQh)] 

J  -  h  fo  COS  KqH 

(9.72) 


where  V  =  lTi  +  Vs  with  Lri  =  —  cos  ^)/fc0  sin  B  and  U3  given  by  (9.716). 
This  equation  is  formally  like  (9.20)  for  the  transmitting  antenna  when  written 
for  perfectly  conducting  antennas  in  air,  i.e.,  with  kc  =  k  =  kQ,  D  =  0.  Indeed, 
if  =  0,  it  reduces  identically  to  (9.20)  so  specialized.  It  follows  that  an 
approximate  solution  may  be  found  by  the  same  procedure.  The  resulting 
current  is  like  (9.40)  but  with  an  added  term  due  to  the  contribution  by  U\ 
The  final  result  is 


v(z) 


j2ir 


u(z) 


jAw 

fo Q 


Iz(z )  =  Fc fv(z)  +  U*u(z) 

[sin  k0(h  —  |z|)  +  Tv (cos  k0z  —  cos  kQh ) 

+  Td( cos  Ah z  —  cos  V2koh)] 
4>dx>(cos  kQz  —  cos  kQh )  —  j'f'dui  (cos  Ak0z  —  cos  Ak0h)] 


fo ^dR  cos  kQh 


(9.73  a) 

(9.736) 

(9.73c) 


where  the  coefficients  TUy  TD)  and  Q  are  defined  in  (9.45a-c)  and  the  'F  func¬ 
tions  in  (9.36a-c)  and  (9.39a-c)  with  k  =  kc  =  k0. 

The  current  in  an  antenna  that  is  center-loaded  with  an  arbitrary  lumped 
impedance  ZL  is  obtained  from  (9.73a)  with  VQe  =  —  Iz(0)ZL  used  to  eliminate 
F0e.  The  result  is 


u(z)  —  v(z)u(  0) 


Zl  +  ZoJ 


(9.74) 


where  Z0  is  the  driving-point  impedance  of  the  antenna.  This  expression  shows 
that  the  current  in  a  center-loaded  receiving  antenna  is  composed  of  two  parts: 
the  one  distributed  as  in  an  unloaded  antenna  and  the  other  distributed  as  in  a 
center-driven  antenna.  Depending  on  the  relative  magnitudes  of  the  load  Zl 
and  the  impedance,  the  one  or  the  other  of  these  two  distributions  predomi¬ 
nates.  It  is  evident  that,  when  ZlZ0/(Zl  +  Z0)  is  maximized  by  setting 
ZL  =  Z*,  the  distribution  will  resemble  that  on  a  transmitting  antenna.  On 
the  other  hand,  when  \ZL\  <<C  |Z0j,  the  distribution  is  more  like  that  on  an  un¬ 
loaded  receiving  antenna. 

The  distribution  of  charge  per  unit  length  is  readily  obtained  with  the  equa¬ 
tion  of  continuity,  q(z)  =  (j/u)  (dl9/dz) .  When  h  >  z  >  0,  it  is 


where 


!/(*)  = 


9(2) 


u'(z) 


_  jU{ 


j2wk 


co 

— j4irfc0 

foQ 


u'(z)  —  v'(z)u(  0) 


ZnZ 


0  ^  L 


%Q  +  z  L 


^ dD  sin  fco2  —  |  'i'dui  sin  AkoZ 


0 


cos  ko(h  —  z)  +  Tv  sin  k0z  +  ATd  sin  AkoA 


cos  k0h 

With  normal  incidence  ( 8  =  x/2),  q(—z)  =  q(z). 


(9.75a) 

(9.75  b) 
(9.75c) 
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When  k0h  is  near  tt/2,  a  convenient  alternative  expression  for  v(z)  with 
z  >  Ois 


—fin 
fo  ^dR 


where  T'v  = 


[(sin  koz  —  sin  /c0/i) 

+  T^(cos  kQz  —  cos  fcoA)  —  T'd( cos  —  cos  (9.76) 

—  (Tu  +  sin  k0h) /cos  fc0/i  and  =  75>/cos  /c0/i  are  finite  when 


9.8  Effective  Length  and  Directivity  of  a  Center-loaded  Receiving  Antenna 


The  current  in  the  load  ZL  of  a  receiving  antenna  with  an  impedance  Z0  is 
obtained  from  (9.74)  with  z  =  0.  It  may  be  expressed  as  follows: 


L(0)  = 


Uiu(Q)Z0  __  V 
Z0  +  ZL  Z0  +  ZL 


(9.77) 


This  is  the  equation  for  the  current  in  a  simple  series  circuit  consisting  of  the 
impedances  Z0  and  ZL  and  the  emf  V  =  Ulu(0)ZL-  This  is  readily  found  to  be 
the  voltage  across  the  load  in  the  limit  as  it  becomes  infinite.  Thus 

V  =  lim  Iz(0)Zl  =  U'u(0)Z0  lim  =  U'u(0)Z0  (9.78) 

Zl — >  00  Zl — >  00  "  0  \  &  L 


Since  the  incident  electric  field  is  a  factor  in  U\  it  is  convenient  to  express  the 
open-circuit  voltage  V  in  the  form 

V  =  -E<2he( l)  cos  *  (9.79) 

where  2he(n/2)  is  known  as  the  complex  effective  length  of  the  antenna  of 
length  2 h.  In  general,  it  is  a  function  of  6.  However,  since  (9.74)  is  specialized 
to  6  =  7r/2,  he  in  (9.79)  must  also  be.  The  electrical  half  length  of  the  antenna 
in  radians  when  6  —  tt/2  is  given  by 


=  V2U(0)Zo 


In  (9.78)  and  (9.80) 

U(°)  =  ^  [*ad(1  - 


cos  kQh) 


—  j^duii  i  —  cos  y2hh) 


(9.80) 

(9.81) 


where  Q  is  given  in  (9.45c)  and  the  'k  functions  in  (9.39c,e).  When  only  the 
leading  shifted-cosine  term  is  used  as  an  approximation  of  the  current  in  the 
unloaded  receiving  antenna,  kJie(w/2)  =  tan  ykQh.  The  formula  (9.80)  is  more 
accurate  than  this  simple  form  —  which  is  useful  only  when  k0h  <  tt  — -  but  less 
accurate  than  the  more  complicated  iterated  expression  in  the  literature.12 

In  order  to  derive  the  complete  expression  for  he(d)  it  is  possible  to  solve  the 
0-dependent  integral  equation  (9.70a).  Alternatively,  and  more  simply,  the 
Rayleigh-Carson  reciprocal  theorem13  may  be  applied,  which  reduces  to 


kohe(6)  =  SFo(0,fcoA) 


(9.82) 


where  $Q(d,k0h)  is  the  far-field  function  of  the  same  antenna  when  center  driven. 
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It  is  given  in  the  three-term  approximation  by  (9.676).  Note,  however,  that 
kJ%e(ir/2)  as  given  by  (9.82)  does  not  reduce  identically  to  (9.80)  with  (9.81) 
used  for  u(0)  and  Zo  obtained  from  (9.44).  The  reason  is  that  both  expressions 
are  approximate,  so  that  they  agree  only  approximately.  More  accurate  cal¬ 
culations  of  actual  numerical  values  have  been  made  from  the  general  relation 


fa  he{6) 


u(0)Zq 
2  sin  d 


(9.83) 


with  King-Middleton  second-order  values  of  u  (0)  and  Z0.  A  short  table  taken 
from  more  extensive  computations14  is  in  Table  9.1. 

The  power  in  the  load  is  given  by  PL  =  ^/z(0)/* (0 )RLf  where  Iz{ 0)  is  given 
by  (9.77)  with  (9.79).  It  is  readily  verified  that  Pl  is  maximized  when 
Zl  —  Z*.  The  maximum  so  obtained  is  conveniently  expressed  in  the  form 


where 


/V° El  CQS  ^  T)( Z  l\ 

87Tf0  D\2Mh) 
fo  ko2he2(Tr/2) 

7T  Rq 


(9.84a) 

(9.846) 


is  the  dimensionless  directivity.  [Note  that  in  general  D(6,koh )  is  a  function  of 
6  as  well  as  of  kQh.  However,  when  k0h  <  3tt/2,  (Pl) max  occurs  at  8  =  7t/2.] 
Values  of  D('jr/2JkJi )  are  given  in  Table  9.1  as  computed  from  (9.80)  by  using 
second-order  King-Middleton  values  of  Z0  and  u (0).  The  maximum  directivity 
is  seen  to  occur  when  k0h  ~  4.f 


9.9  The  Electromagnetic  Field  near  a  Thin  Scattering  Cylinder 

For  some  purposes,  notably  in  problems  related  to  radio-frequency  hazards, 
a  knowledge  of  the  electromagnetic  field  very  near  to  a  conducting  cylinder  is 
required.  This  field  is  composed  of  the  incident  field  and  the  scattered  field. 
For  simplicity,  let  the  conducting  cylinder  be  oriented  parallel  to  the  incident 
electric  field  so  that  the  induced  current  is  a  maximum.  The  incident  magnetic 
field  is  then  transverse.  Since  it  has  been  assumed  that  the  cross  section  of  the 
cylinders  electrically  small  with  A*0a  <<C  1,  the  scattered  field  will  be  approxi¬ 
mately  rotationally  symmetrical.  The  average  magnetic  field  and  the  radial 
electric  field  very  close  to  the  cylinder  are  well  approximated  by  (9.53).  Hence, 


£</>  (r,z) 

EM 


Mo  Iz(z)  _  Mo  Uhjjz) 
2tt  2t  r 

q(z)  ^  jUht'jz) 

27reor  27T6qc or 


(9.85) 

(9.86) 


fThe  corresponding  results  (table  10.1  and  fig.  10.1  in  chap.  IV)  in  King,  “Theory  of 
Linear  Antennas’ 1  were  determined  from  second-order  values  of  Zo  and  first-order  values 
of  u( 0)  in  (9.80)  —  the  best  data  then  available.  The  new  results  in  Table  9.2  have  been 
recomputed  by  Harrison  and  Aronson  at  the  Sandia  Corporation  by  using  second-order 
values  for  both  Z0  and  u(0).  While  the  general  behavior  as  a  function  of  koh  is  the  same, 
the  directivity  of  fat  antennas  now  turns  out  to  be  less  instead  of  greater  than  that  of  thin 
antennas. 
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where  u(z)  is  in  (9.73c)  and  u'{z)  in  (9,756).  The  z  component  of  the  total  elec¬ 
tric  field  satisfies  Maxwell’s  equations  and  may  he  obtained  in  the  same  manner 
as  in  (9.54a)  to  (9.556).  The  result  in  zero  order  is 


Ez(r,z)]  o  = 


2U% 

Q 


ydD  COS  k0h  —  j^duiiH  COS  %koZ  —  cos  lAkJi)]  In  -  (9.87) 


a 


where  Q  =  ^dD[^dUR  cos  k0h  —  ^(fe)]  +  j^dui^DQt)  (9.88) 


The  several  'F  functions  are  the  same  as  in  (9.36a-c)  and  (9.39a-c).  Since  the 
formula  (9.546)  for  Ez(r,z)  near  an  antenna  actually  involves  the  very  small 
difference  between  two  fairly  large  quantities,  both  dq(z)/dz  and  I(z)  must  be 
known  accurately.  For  this  purpose  an  improved  value  of  Ez(rfz)  may  be  ob¬ 
tained  from  a  first-order  current  in  the  manner  described  in  conjunction  with 
the  transmitting  antenna.  The  first-order  current  is 


where 


J,i  - 


fo  Q  L  ^dUR 


*dD 


U*(z)]i  =  2[Iz(z)]o  -  Li(z) 


f  ^ 

I  (cos  k0z'  —  cos  k0h)KdR(z,z')  dz' 


(9.89a) 


j  ~  f  h  (cos  y2kaz'  -  cos  y2k0h)Kd(z,z')  dz' 

*dD  J-h 


(9.896) 


and  the  corresponding  first-order  expression  for  Ez(r,z)  is 


Ez(r,z)]  i  =  2[Ez(r,z)]0  —  Ecl(r,z) 


where 

t?  __  —2Uiko ,  r 

Ecl  —  — - In  — 

Q  a 


(9.90a) 


^F dD 
'frdUR 


Re  [Li(z,h)  sin  k0h 


—  Ea(z,h)  —  Ea(h,h)]  cos  k0h  —  Ca(h,h)]  —  j 


•  'F dui 


dD 


y^Li(zyh)  sin  %kQh 


—  [Ea(z,h)  —  Ea(h,h) ]  cos  kQh  +  %da(h,z)  —  3a(h,h) 

The  several  functions  in  (9.90)  are  defined  in  Sec.  9.5. 

It  is  convenient  to  set 

Ez(r,z) 


•  (9.906) 


El 


C  (z)  In  -  cos  \p 
a 


where  C(z)  is  2/Q  times  the  brace  in  (9.906).  The  magnitude  of  the  coefficient 
C(z)  is  shown  graphically  for  both  zero-order  and  first-order  in  Fig.  9.10  for  a 
parasitic  antenna  with  koh  =  tt/2  and  k^a  =  0.044  lying  in  the  plane  of  the 
incident  plane  wave  front.  Corresponding  results  for  kQh  =  w  are  given  in  Fig. 
9.11.  It  is  seen  that  very  close  to  the  antenna  the  axial  electric  field  is  greatest 
near  the  charged  ends. 

A  study  of  Figs.  9.10  and  9.11  shows  that,  when  k0h  =  r,  the  simple  zero- 
order  approximation  is  very  good  indeed  except  very  near  the  ends.  The  same 
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statement  cannot  be  made  for  k0h  =  w/2.  The  reason  for  the  difference  lies  in 
the  fact  that  the  zero-order  charge  distribution  has  a  maximum  at  the  ends  of 
the  antenna  when  koh  =  ir/2,  whereas  it  vanishes  there  when  k0h  =  ir.  The 


0  0.2  0.4  0.6  0.8  1.0  1.2  1.4  rr/2 


k^z 

Fig.  9.10  Normalized  electric  field  near  parasitic  antenna  for 
an  incident  plane  wave;  koh  =  tt/2. 

zero-order  approximation  of  q(z)  near  z  =  dzh  is  quite  poor,  and  this  is  more 
significant  in  its  effect  on  Ez  when  q(h )  is  large  than  when  it  is  very  small. 

9.10  The  Simultaneous  Integral  Equations  for  the  Parallel  Array 

The  horizontal  field  pattern  of  an  isolated  vertical  cylindrical  antenna  is  a 
circle.  In  order  to  achieve  directional  patterns  in  the  horizontal  plane,  two  or 
more  identical  antennas  may  be  arranged  in  a  parallel,  nonstaggered  array 
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such  as  the  curtain  and  the  circle  shown  in  Fig.  9.12.  In  order  to  determine  the 
electromagnetic  fields  maintained  by  an  array  of  N  parallel  elements,  the 
current  in  each  must  be  known.  Conventional  array  theory  assumes  that  the 
distributions  of  current  along  the  several  elements  are  the  same  in  both  ampli- 


k0z 


Fig.  9.11  Normalized  electric  field  near  parasitic  antenna  for  an 
incident  plane  wave;  koh  —  w. 


tude  and  phase.  The  usual  assumption  for  the  current  in  element  i  is  I%(z)  = 
kJi(z),  where  kt  is  a  complex  constant  and  the  current  in  the  reference  element 
1  is  Ii(z)  =  Im  sin  k0(h  —  |z|).  If  suitable  values  are  assigned  to  the  kly  a 
variety  of  theoretical  far-field  patterns  may  be  obtained.  Although  conven¬ 
tional  array  theory  is  simple  and  useful  in  certain  engineering  applications  that 
involve  very  narrow  band  operation  of  arrays  of  very  thin  half-wave  elements, 
it  does  not,  in  fact,  provide  a  solution  of  the  general  electromagnetic  problem  of 
coupled  antennas  and  arrays  in  which  the  distributions  of  current  as  well  as  the 
values  at  the  driving  points  are  significantly  affected  by  coupling  and  in  which 
the  sinusoidal  approximation  is  not  adequate. 

The  currents  in  the  several  elements  of  an  array  of  parallel  elements  are 
governed  by  a  set  of  simultaneous  integral  equations.  These  are  individually 
like  (9.20)  for  the  isolated  antenna  except  that  the  left  side,  which  is  propor¬ 
tional  to  the  vector  potential  difference  Az(z)  —  Az(h)  on  the  surface  r  —  a  of 
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the  antenna,  must  now  include  contributions  from  currents  in  all  of  the  coupled 
elements  and  the  function  Uk  on  the  right,  which  is  proportional  to  Az(h),  must 
contain  similar  contributions.  Let  it  be  assumed  for  simplicity  that  all  an- 


To  P 


X 


ib) 

Fig.  9.12  (a)  Broadside  array,  N  —  7;  ( b )  circular 

array,  N  =  8. 


tennas  are  perfectly  conducting,  parallel,  nonstaggered,  and  physically  identi¬ 
cal  (half-length  A,  radius  a) ;  also  let  the  medium  in  which  they  are  immersed  be 

air.  It  follows  that  k  =  kc  =  k0,  so  that  the  integral  equation  for  the  kth 
element  is 


/. 


N 


'  E  h(z\)Kd(zk,z't)  dz'i  =  r^4- 

h  i  —  1  SO  COS  ^0 


Yfo  +  UkF 0zJ  k 


where  MQz/c  =  sin  kQ(h 


and 


Zk\),  F0zk  =  cos  koZk  —  cos  kQh 

g  MRki  g  jk^Rkih 


1,2 

(9.91) 


Kd{zk,z[)  =  K{zk,z\)  -  K (hk,z'i)  = 


U*  =  Z  Uu  =^f°r  £  I  t(z't)K(hk,z[)  dz^ 

1=  1  j:7T  J  -  h  1 


(9.92a) 


Rki  Rkih 

Rk,  =  V( Zk  —  z')2  +  bu 2  Rka  =  ^(hk  —  z'i)-  +  bkl2  bkk  =  a  (9.926) 


(9.92c) 
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Note  that  bkl  is  the  distance  between  the  center  of  antenna  k  and  a  point  on  the 
surface  of  antenna  i  at  z  =  0.  The  notation  bkk  =  a  is  used,  where  a  is  the 
radius  of  antenna  k.  Rki  is  the  distance  from  the  element  of  current  Izl(zr)  dz'  at 
zf  on  the  axis  of  antenna  i  to  the  element  dz  on  the  surface  of  antenna  k.  It  is 
assumed  that  bk%2  a2,  k  ^  i. 


9.11  The  Circular  Array  —  Phase-sequence  Currents 

The  solution  of  the  N  simultaneous  integral  equations  (9.91)  can  be  carried 
out  readily  when  the  N  elements  are  symmetrically  arranged  around  a  circle  so 
that  geometrically  there  is  no  difference  between  their  relative  locations. 
Electrical  differences  resulting  from  unequal  driving  voltages  may  be  treated 
by  expressing  each  of  the  A7  currents  Igl(z ), . .  . ,  Izn(z)  as  the  sum  of  N  phase- 
sequence  currents  Iz{0\  . . . ,  /*{Ar)  excited  by  A7  phase-sequence  voltages  at  the 
driving  points.  A  phase-sequence  voltage  has  the  same  amplitude  for  each 
element,  but  its  phase  increases  progressively  by  a  constant  angle  from  element 
to  element  around  the  array.  It  follows  that  in  each  phase  sequence  the  cur¬ 
rents  in  the  A7  elements  all  have  identical  distributions  and  equal  amplitudes 
but  are  shifted  progressively  in  phase  by  a  constant  angle  from  element 
to  element.  There  are  N  possible  combinations  with  phase  increments 
dm  =  2 wm/N,  where  m  =  0,  1,  2, . . . ,  N  —  1.  The  AT  driving  voltages  for 
phase  sequence  m  are 

yXm)  _  yip(i-l)m  v  _  ej2TlN  (993) 


The  reference  antenna  is  arbitrary  and  has  been  selected  to  be  number  1.  Since 
in  any  one  phase  sequence  all  elements  are  geometrically  and  electrically 
equivalent,  the  integral  equation  for  the  current  in  the  mth  phase  sequence 
among  the  A7  values  m  =  0,  1,  2,  . . . ,  AMs  simply 


I™(z't)Kd^{z,z[)  dz: ;  =  ^  +  U^F*) 


(9.94) 


N 


where 


Kd^(z,z[)  =  K^{z,z'x)  -  K^(h,z[)  =  Z  v^Ktiz^) 

t=  1 


t/<")  = 


_ 


0 


7 r 


Iz(m)  (z'i)Kim)  dzl 


(9.95a) 


(9.955) 


The  currents  on  the  A7  elements  when  driven  in  the  mth  phase  sequence  by  the 
voltages  (9.93)  are  given  by  =  Izim)(z)p(i~l)my  i  =  1,  2, . . . ,  N,  where 

is  the  solution  of  (9.94).  When  m  is  assigned  the  N  values,  m  =  0, 
1, . .  . ,  N  —  1,  the  N  phase-sequence  currents,  Iz{0)(z)y .  .  . ,  IziN)(z),  are  deter¬ 
mined.  Evidently,  the  introduction  of  the  method  of  symmetrical  components 
has  reduced  the  solution  of  A7  simultaneous  integral  equations  with  the  A7  ele¬ 
ments  driven  by  the  arbitrary  voltages  Vh  . .  . ,  VN  to  A7  independent  integral 
equations  with  the  N  elements  driven  by  the  phase-sequence  voltages  F(m) 
given  by  (9.93). 


CYLINDRICAL  ANTENNAS  AND  ARRAYS 


385 


The  integral  equation  (9.94)  is  formally  the  same  as  (9.20)  with  D  =  0. 
However,  the  kernel  now  consists  of  a  sum  of  terms  of  the  form  (Rkcle~ikfiRki  — 
Rkih~le~3k‘R *•'»)  instead  of  the  single  term  with  i  =  k  and  bkk  =  a.  This  term 
will,  of  course,  behave  just  as  before.  It  may  be  expected  that  if  one  or  more  of 
the  N  coupled  antennas  are  extremely  close  to  antenna  k  so  that  for  each  of 
them  btk  <  1,  they  will  behave  similarly.  It  is  convenient  to  express  separately 

the  part  of  the  kernel  that  involves  these  very  close  elements  numbered 
k  —  n  <  i  <  k  +  n.  Thus,  let 


£-J-  71 

Kdm(zhz'i)  =  y  pd-khn 


'  1 
cos  k0Rkl  cos  k0Rkih 


k~n 


R 


ki 


R 


kih 


(9.96a) 


The  remaining,  more  distant,  elements  for  which  bki  >  1  involve  the  kernel 


Kd&(*k,Zi) 


k)m 


( CQS  fco Rh  _  cos  k0Rkih 

\  Rfci  R  kih 


(9.966) 


Note  that  _  KdR™(zk,z\)  =  +  K™2{zk,z[)  is  the  real  part  of 

(9.95a).  A  little  thought  reveals  that  the  vector  potential  difference  due  to  the 
current  in  any  more  distant  element  i  for  which  bki  >  1  is  distributed  along 
antenna  k  in  a  manner  that  is  relatively  insensitive  to  the  axial  distribution  of 
current  I that  maintains  it.  Indeed,  direct  calculation  in  typical  special 
cases  shows  the  following  to  be  good  approximations: 

/_  *  /*(m)  (zi)RdB &*,*!)  dz\  =  Fo,k  (9.97a) 

f  h  /2(m)  (z'i)Kdi(m)  (zk,z'i)  dz'i  =  Ha„k  (9.97 b) 

where  AVm)  (zk)z^  is  the  imaginary  part  of  (9.95a)  and  F0zk  =  cos  kozk  —  cos  k0h, 
Hozk  =  cos  Y^k^Zk  —  cos  y2koh. 

With  this  information  regarding  the  behavior  of  the  kernels  and  integrals, 
the  procedure  in  Sec.  9.3  may  be  generalized.  Clearly,  the  principal  part  of  the 
Tnth  phase-sequence  current  in  antenna  k  has  the  form  given  in  (9.25)  and 
(9.26)  for  the  isolated  antenna,  viz., 


Iz(m)(*k)  =  Ivim)(z)  +  Iu{m\z)  +  Jd<">(z)  (9.98) 

where  Ivim)(z)  =  Iv(m)M0z,  Iu(m)(z)  =  Iu(m)F0z  -  Iv(m)Tu^FQz,  ID™(z)  = 
lD(m)H0z —  I vim) T p(m) H oz  with  Tu(m)  =  I u(m) / 1 v(m) ,  TD(m)  =  ID(m)/Ivim).  If 
this  current  is  substituted  in  (9.91a),  the  integral  on  the  left  may  be  treated  as 
a  sum  of  integrals  in  the  following  manner: 

l_h  I v{m) (z'ijK^ZbJ,)  dz\  =  fKWfe)$£  =  IvM*dRiM0z  (9.99a) 
where  all  the  elements  in  the  range  k  —  n  <  i  <  k  +  n  are  so  close  to  antenna 
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k  that  for  them  bn  <  1.  (Frequently  n  —  0,  and  i  =  k  is  the  only  element  that 
satisfies  this  condition.)  The  remaining  integrals  are  conveniently  chosen  to  be 


J  hh  dz'i  =  =  Iy^^lFo,  (9.996) 

J  ^  Iuim)(z'i)KdR{m)(,Zk,z'i)  dz'i  =  =  I vim)Tu{-m)<kdURF<sz  (9.99c) 

/_*  lD(m)(Z()KdM(zk,Zi)  dz\  =  lDM(zk)VdDM  =  IvMTD^*dDMH o,  (9.99d) 


f_h  I r(m) (z[)Kdilm) (zk,z'i)  dz'i  = 


,  .  ID(m)(zk)'S'di(m) 


j_h  Ivlm)(zdKdi™(zk,zd  dz'i  = 


Tc(m) 

,  .  Id  « (**)*$/ 7Vm)  . 


=  Iv^di^H  o. 


7Vm) 


=  I  v(m)  T 


Explicit  formulas  for  the 't  functions  are: 


(9.99/) 


—  esc  A'o(6  2ji/!)  J  ^  AI oZ'KdRi(z m ,z i)  dzi 

(9.100a) 

=  (1  -  cos  hh)-1  F0z.K%l(0,z’i)  dz'i 

(9.1006) 

^dUR  =  (1  cos  k()h)  1 J  h  F0z.KdR^(O,Zi)  dzt 

(9.100c) 

W0  =  (1  -  cos  y2hh)-'  J_hh  Hoz'Kd(m)(0,z'i)  dz'i 

(9.100(f) 

=  (1  -  cos  y2hh)-1  f_hh  Moz'Kdi(m)(0,z'i)  dz'i 

(9.100e) 

ydm  =  (1  -  cos  yhh'y1  f_[  F^Kd^Hyz'i)  dz'i 

(9.100/) 

Note  that  if  AT  =  1,  these  formulas  reduce  directly  to  (9.39 a-e)  with 
>  ^dR  and  =  0,  since  K(d”£2(zk,Zi)  vanishes.  With  (9.98)  the  func¬ 

tion  U(m)  as  defined  in  (9.956)  may  be  expressed  as  follows: 

U (m) 

=  0  [/F<’n)^r<”>(6)  +  /Lr(’")'I'C7<m,(/i)  +  /n(”!>^,n(m)(6) 

47T 

(9.101) 

where 

*7(m,(/i)  =  F  M0z-K(m}(h,z'i)  dz'i 

(9.102a) 

<Sfuim)(h)  =  Foz<K(m)(h,z'i)  dz'i 

(9.1026) 

*DM(h)  =  /_*  HOZ’K(m)  (h,z’i)  dz'i 

(9.102c) 

where 

K^{h,z'i)  =  Z  v{^k)mK(h,z'%)  =  I  ?)<«>” 

t  =  i  t=i  jw** 

with  Rah  = 

V(6  —  2i)2  +  by. 
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If  (9.99a-/)  and  (9.102a-c)  are  substituted  in  the  integral  equation  (9.94) 
and  the  coefficients  of  the  three  functions  of  2  are  separately  equated  to  zero, 
the  following  values  are  obtained  for  Tv (m),  and  TD,ml: 


j2irV^ 

cos  k0h 


(9.103a) 


Tu(m)  =  (Qw)-1|l'jSw[V,(/i)  -  ^dRi  cos k0h]  -  j<SrdI™<lrD™(h))  (9.1036) 

cos  k0h] 

-  ^A^v^Kh)  -  cos  k0h] }  (9.103c) 

Q(m)  =  _^fl(m)[^(m)(A)  _  ^R(.m)  C0S  k0h\  +  (9.103d) 


Comparison  of  (9.1036)  to  (9.103d)  with  (9.456)  to  (9.45c)  shows  that  the 

values  for  N  coupled  antennas  reduce  identically  to  the  earlier  values  for  the 
single  antenna  when  N  -  1  and  =  0. 

\\  ith  all  coefficients  evaluated,  the  explicit  form  for  the  leading  terms  for  the 

current  in  the  element  fc  of  a  circular  array  driven  in  the  with  phase  sequence  as 
obtained  from  (9.98)  is 

j2wVim) 

7*  0)  =  cog  k(>h  [sin  k0(h  -  |*|)  +  Tu(m) (cos  koz  -  cos  k0h) 

+  TV"*  (cos  %koZ  —  cos  lAUh)]  (9.104) 


The  currents  in  the  other  N  —  1  elements  are  given  by  I  Z^m\zl)  = 
Izim)  (z)p(i~k)m,  where  p  =  e32rlN.  Note  that  they  differ  only  by  a  constant  phase 
factor.  Higher-order  terms  may  be  obtained  by  iteration,  but  for  most  pur¬ 
poses  (9.104)  is  adequate.  The  mth  phase-sequence  admittance  is 


(9.105) 


9.12  Arbitrarily  Driven  Circular  Array 

The  N  phase-sequence  currents  given  by  (9.104)  with  m  =  0,  1,  2,  , 

N  A  1,  may  be  combined  to  give  the  currents  in  N  arbitrarily  driven  elements 
by  means  of  the  following  set  of  formulas,  where  p  —  ej2viN .  The  N  individual 
driving  voltages  1  t  and  currents  I2i(z)  in  an  arbitrarily  driven  circular  array 
are  related  to  the  phase-sequence  voltages  F(m)  and  currents  Iz^m)(z)  of  the 

same  circular  array  successively  driven  in  the  N  phase  sequences  by  the 
relations 

n-i 

Vi  =  Z  p<«-»*F<<*>  Izi{z)  =  J2  p(i-k)mIzim)(z)  (9.106) 

w~  0  m=0 

which  are  referred  to  antenna  k.  The  inverse  relations  are 

N  N 

V{m)  =  A'-‘Z  p-^Vt  IAm) (z)  =  N -1  X  (9.107) 

t=l  1 
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For  any  given  set  of  driving  voltages  Vi,  it  is  possible  to  determine  the  neces¬ 
sary  phase-sequence  voltages  V(m)  by  solving  the  set  of  equations  in  (9.106). 
For  each  of  the  V(m)  the  distribution  of  current  lz{m){z)  is  obtained  from  (9.104). 
With  all  of  the  currents  Iz(m)(z),  m  =  0,  1,  2, . . . ,  N  —  1,  known,  the  individual 
currents  IZi(z),  i  =  1,  2, .  . . ,  AT,  may  be  obtained  directly  from  (9.106)  in 
the  form 

A'-l 

hi(z)  =  Z  p^-^V^Y^iz)  (9.108) 

m—  0 

where  Y™(z)  =  IzM(z)VM  and  =  F(w)( 0)  =  /,<W>(0)/V<m)  is  the  mth 
phase-sequence  admittance. 

The  circuit  properties  of  an  array  are  conveniently  expressed  in  terrps  of 
self-  and  mutual  admittances.  This  is  readily  accomplished  by  the  elimination 
of  F(m)  from  (9.108)  by  means  of  (9.107).  The  result  is  a  set  of  N  algebraic 
equations 

IJz)  =  y  VjYnQi)  i  =  1,  2, . . . ,  N  (9.109a) 

3—  1 

N~  1 

where  F*;- (z )  =  N"1  Z  (9.1096) 

771=  0 

In  particular,  the  driving-point  currents  satisfy  the  equations 

/*«))  =  Z  FjFij  i  =  1,  2, . . . ,  N  (9.110) 

j=i 

where  Y a  =  Fti(0),  Yu  is  the  self-admittance  of  antenna  i  and  the  Fy,-,  j  ^  i, 
are  the  mutual  admittances  of  antenna  i  in  the  given  circular  array.  Note  that 
in  general  Ft*y  =  Yri.  It  is  important  to  recognize  that  Yu  and  Y in  a  given 
N- -element  array  are  not  the  same  as  Yu  and  Y  i3  when  any  or  all  of  the  N  ele¬ 
ments  except  i  and  j  are  removed.  The  N  equations  (9.110)  may  be  solved  for 
the  N  voltages  in  the  form 

Vi  =  £  hmzn  (9.iii) 

y  =  i 

where  the  Z,-y  are  the  self-(j  =  i)  and  mutual  (j  ^  i)  impedances. 

Exercise  9.6  Obtain  formulas  for  the  Z,-y  in  terms  of  the  F,-y. 

It  follows  from  (9.106)  with  (9.104)  that  the  approximate  current  in  element 
i  is  given  by 

j2w 

IZi(z )  —  — rr  &  sin  h(h  —  \z\)  +  gt(cos  kQz  —  cos  k0h) 

f o  cos  kji 

+  hi( cos  Y^z  —  cos  Ykoh)]  (9.112) 
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where 

Ar  —  1 

s<  =  E  p( 

m  =  0 

Y(m) 

t— l)m 

(9.113a) 

Ar  —  1 

9i  =  E  P( 

m=  0 

^dli  l 

(9.1136) 

A -1 

fh  =  E  P( 

m=  0 

i  ,)J»W'7W 

*dRl 

(9.113c) 

If  the  N  driving  voltages  Vh  .  .  . ,  Vn  are  specified,  the  voltages  F(m)  may  be 
obtained  from  (9.107)  with  k  =  1  and  used  in  (9.113a-c).  On  the  other  hand, 
if  the  N  driving-point  currents  I  z i(0),  .  .  . ,  I zN{ 0)  are  specified,  the  associated 
A  phase-sequence  currents  /z(0)(0),  . .  . ,  Iz(N~l)(0)  may  be  obtained  from 
(9.107).  Since  the  phase-sequence  admittances  Y(m)  are  known,  the  voltages 
F(m)  =  7z(m)(0)/F(m)  are  available  for  use  in  (9.113a-c). 

The  radiation  field  of  an  array  of  N  parallel  elements  with  their  centers  at 
2  =  0  uniformly  spaced  around  a  circle  of  radius  p  is  given  by 

E,(RM)  =  sin  0  E  eAS>  I  *  I*(z')e>k»' 008  B  dz'  (9.114) 


where  Iz%(z)  is  the  current  in  antenna  i  and  Ri  =  R0  —  Si  with  Si  =  p  sin  $ 
cos  (<f>  —  fa)  and  =  2w (i  —  1  )/N,  The  notation  is  illustrated  in  Fig.  9.12. 
With  (9.112)  substituted  in  (9.114),  it  follows  that 

—  q  jk§R§ 


Ee{Rfi,<t>) 


Ro  cos  k0hi 


N  N 

Fm(d,k0h)  E  +  Gm(6,k0h)  E  9^s' 

t  =  1  l—l 

N 

+  Dm(d,k0h)  E  hie**a< 

i=  1 


(9.115) 


where  s{,  g„  and  h,  are  in  (9.113a-c)  and  where  Fm(d,k0h),  Gm(6,kah),  and 
Dm(6,koh)  are  defined  in  (9.64a-c).  When  k0h  is  near  tt/2,  a  more  convenient 
formula  in  terms  of  the  function  77m(0,fco6)  defined  in  (9.656)  and  Gm(0,/co6)  and 
Dm(6,k0h)  is  readily  derived. 

Computations  for  currents,  admittances,  and  field  patterns  of  circular  arrays 
have  not  been  made  from  (9.112)  and  (9.115).  However,  a  somewhat  simpler 
and  slightly  less  accurate  formulation  has  been  studied  in  detail.  This  is 
based  on  the  fact  that  the  distributions  F0z  =  cos  k0z  —  cos  kQh  and  H0z  = 
cos  %koZ  —  cos  l^koh  are  not  very  different  when  kQh  <  i r  except  near  the  ends 
of  the  antenna,  where  the  amplitude  is  relatively  small.  It  follows  that  the  sub¬ 
stitution  of  F 02  for  i70z  should  make  no  great  difference  in  the  admittance  and 
far  field  (this  is  not  true  of  the  near  field).  If  this  substitution  is  made,  the 
phase  sequence  currents  are 


I^(z)  = 


j2 


to&dRi  cos  kQh 


where,  since  now 


r(m)  =  Tu(m)  +  td™ 


sin  k0(h  —  \z\)  +  T(m)(cos  kQz  —  cos  k0h)]  (9.116a) 

^du,  'F dQi )  —>  "F u(h ) 

__  ^fv(h)  —  (^dR2  +  j^di)  cos  koh 


"F u(h )  —  'kdv  cos  kQh 


(9.1166) 
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Fig.  9.13  Self-  and  mutual  admittances  of  two-element  array;  d  is  the  distance 
between  elements. 


If  this  current  is  used  to  obtain  field  patterns,  the  expression  (9.115)  is  obtained 
but  with  the  last  term  [with  Dm(0,kji )  as  coefficient]  absent  and  T(m)  as  given 
in  (9.1165)  substituted  for  7Vm>  in  (9.1135). 

In  order  to  show  the  accuracy  of  the  two-term  theory  in  the  complete 
analysis  of  arrays,  values  of  self-  and  mutual  conductances  for  a  two-element 
and  a  five-element  circular  array  are  shown  in  Figs.  9.13  and  9.14  specifically 
for  full-wave  elements  —  which  cannot  be  handled  at  all  by  conventional  array 
theory.  Zero-order  values  of  G  and  B  are  shown  together  with  measured 
values15  except  that  Bn  is  corrected  by  adding  a  lumped  susceptance  of  0.72 
mmhos  to  correct  for  the  error  in  I(z)  very  near  and  at  2  =  0,  which  results 
from  the  inadequacy  of  trigonometric  functions  to  account  for  the  rapid  change 
in  the  current  near  the  driving  point.  The  agreement  is  seen  to  be  very  good 


Mtlilmhos 
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Fig.  9  .14  Self-  and  mutual  admittances  of  five-element  circular  array;  d  is  the  distance 
between  adjacent  elements. 


throughout.  The  same  can  be  said  of  the  field  patterns  shown  in  Fig.  9.15  for 
which  one  element  is  driven,  the  others  parasitic.  Similar  agreement  has  been 
obtained  for  antennas  in  the  range  kQh  <  57r/4. 
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<t> ,  deg 


Fig.  9.15  Horizontal  field  pattern  of  parasitic  arrays  of  N  elements  in  a  circle;  d  is 
the  distance  between  adjacent  elements. 

It  may  be  concluded  that  circular  arrays  may  be  treated  with  quantitative 
accuracy  in  determining  currents,  admittances,  and  far  fields  if  use  is  made  of 
the  simple  two-term  formula  for  the  current  in  each  element  supplemented 
with  a  small  lumped  susceptance  in  parallel  with  the  antenna  to  correct  for  the 
inability  of  trigonometric  functions  to  represent  the  current  very  near  to  and 
at  the  driving  point  accurately.  Actually,  this  correction  is  needed  only  when 

koh  >  7r/2. 

9.13  The  Curtain  Array 

When  the  N  geometrically  identical  elements  of  a  parallel  array  are  located 
with  their  centers  equally  spaced  along  a  straight  line  instead  of  around  a  circle, 
the  N  simultaneous  integral  equations  (9.91)  for  the  N  currents  cannot  be 
solved  by  replacing  them  with  N  independent  integral  equations.  Since  the 
relative  positions  of  the  elements  are  all  different  in  pairs,  there  is  no  physical 
equivalence  between  them  no  matter  how  they  are  driven.  However,  since  the 
distributions  of  current  on  all  the  elements  of  a  circular  array  of  any  size  can  be 
well  approximated  by  the  three-term  expression  (9.112),  it  is  logical  to  assume 
that  the  same  distribution  with  suitably  defined  coefficients  must  be  a  good 
approximation  for  the  elements  of  a  curtain  array.  Specifically,  let  the  current 
on  element  i  be  approximated  by 

Izi(z)  =  Iviiz)  +  Ia(z)  +  IDi(z)  =  jAiMoz  +  C\F02  +  DtHo,  (9.117) 
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where,  as  before,  M qz  =  sin  k0(h  —  |^|),  F0z  —  cos  koz  —  cos  kQh}  and  Hqz  = 
cos  Y^k^z  —  cos  l/2 hh.  If  this  current  is  substituted  in  the  sum  of  integrals  on 
the  left  in  (9.91)  and  in  the  expression  (9.92c)  for  Uk  and  if  the  same  properties 
are  assumed  to  apply  to  the  kernel  as  are  introduced  in  (9.96a-/)  for  the  circular 
array,  a  set  of  ^  functions  may  be  defined  for  each  element  just  as  is  done  in 
(9.100a-/)  and  (9.102a-c)  for  all  elements  in  a  phase  sequence.  With  them  the 
integral  equations  (9.91)  reduce  to  the  following  set  of  N  simultaneous  alge¬ 
braic  equations  for  the  coefficients  of  the  zero-order  currents: 

(9.118) 


(9.119) 

(9.120a) 

(9.1206) 

(9.120c) 


A  kM  oz  +  CkF0z  +  DJIoz  = 

where  k  =  0,  1,  2, . . .  ,  N  and 

N 


/4tt 


fo  cos 


^  (34V kM oz  +  U icFqz) 


Uk  —  23  [Ivi^Vkxih)  +  Iui^Ukiih)  +  I Di$ Dki{h)] 


k+m 

Ak  =  23  Ivi&dRki 

i—k—m 


c. 


k  —  m  N  \  N 

+  z  Ivi&dRki  +  23  lui^dURki 

k+m / 


t  =  0 


N 


F>k  —  23  (jlvi^diki  +  jlui^duiki  +  Im^dDki) 

i~  0 


In  (9.120a)  m  is  a  number  such  that  all  elements  in  the  range  k  —  m  <  i  < 
k  +  m  are  sufficiently  close  to  element  k  that  bki  <  1.  The  several  'k  functions 
in  (9.119)-(9.120c)  are  defined  as  follows: 


^dRki  = 

CSC  k0(h  —  zM  1)  f  MoZ'KdRki(zM,z'i)  dz'i 

(9.121a) 

^ dURki  = 

f  h 

(1  —  cos  kQh)~l  I  h  F oz> K iRH(z M, Z i)  dz'i 

(9.1216) 

'k dDki  = 

f  h 

(1  —  cos  y2koh)-1  I  h  Hoz’KikiizjZi)  dz'i 

(9.121c) 

^ dlki  = 

(1  —  cos  y2kQh)-1  j  ^  Hoz'Kdki(0,z'i)  dz'i 

(9.121c*) 

'Z'dUIkz  = 

(1  —  cos  ykohy1  J  ^  Foz'Kdi(0,z'i)  dz'i 

(9.121c) 

'k vkiQi )  = 

J_h  M0z'Kki(h,z')  dz'i 

(9.121/) 

^UkiQl)  = 

J  h  F0z’Kki(h,z')  dz'i 

(9.1210) 

*Dki(h)  = 

j_  h  H0z>Kkt(h,z' )  dz'i 

(9.1216) 
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The  subscript  d  denotes  a  difference  kernel;  R  and  /  denote  real  and  imaginary 
parts  of  the  kernel;  and  k  and  i  are  indices.  The  kernels  are 

0  J&O  R/ci  p  jkoRhki 

Kdki(z,z  )  =  Kkt(z,z')  —  Kki{h,z')  =  —5 - 5 -  (9.122a) 

tiki  tChki 

Kdki(z,z'i)  =  KdRki(z,z't)  +  jKdni(z,z[) 

cos  kf,Rki  cos  k0R,tkt  .( sin  k0Rkt  sin  k0Rhkl\ 

=  — 5 - p - J[ — 5 - 5 -  )  (9.1226) 

tiki  tl hki  \  tiki  tlhki  / 

where  Rki  =  [(z  —  z')2  +  bki2]n  Rhki  =  [(6  —  z')2  +  bk,2]H  (9.122c) 


A  solution  of  the  set  of  simultaneous  equations  (9.118)  with  k  =  0,  1, . . . ,  N, 
may  be  obtained  if  the  coefficients  of  each  of  the  three  distribution  functions  is 
separately  equated  to  zero.  This  yields  three  sets  of  N  simultaneous  equations. 
In  order  to  simplify  the  problem  let  it  be  assumed  that  all  antennas  are  suffi¬ 
ciently  far  from  their  next  adjacent  neighbors  that  bn  >  1  for  all  k  ^  i.  In 
this  case 


dRki  =  & dRkk  =  ^ dR 


It  follows  that 


Air  - 


J2tt  V  k 


fo  cos  koh 


k  fo  cos  k0h 


(9.123) 

(9.124) 


With  (9.119)  to  (9.120c)  and  m  =  0,  it  follows  that 


Ivk  — 


J2  ttF, 


N 


f  cos  A*0A 


fc  =  1,2,.. 


Z 

i=  1 


/ri[TvA:i(/l)  —  ^dflfci(l  —  &ki)  COS  /CqA]  +  Iui[^Uki(h) 


.,N  (9.125) 

—  VdRhi  COS  /CqA] 


^dDki  cos  *oA] 


2Z  0^ Vt&dlki  +  jlu&dUIki  +  I Di^dDki)  =  0 

t=  1 


(9.126) 

(9.127) 


The  two  sets  of  N  equations  (9.126)  and  (9.127)  must  be  solved  for  the  N 
quantities  Iui,  i  =  1, . . . ,  N,  and  the  N  quantities  I m,  i  =  1, . . . ,  N,  in  terms 
of  the  N  quantities  Ivk,k  =  1, . . . ,  AT.  If  the  N  driving  voltages  F*  are  given, 
all  of  the  amplitudes  Ivk,  Iuk ,  and  /d*  are  then  determined  and  with  them  the 
currents  in  the  AT  coupled  antennas. 

Since  the  solution  of  (9.126)  and  (9.127)  is  somewhat  involved,  a  simplifying 
approximation  is  desirable.  It  has  already  been  pointed  out  that  for  antennas 
with  half  lengths  h  in  the  range,  h  <  3tt/2,  the  difference  between  the  distribu¬ 
tions  of  current  F0z  =  cos  kQz  —  cos  k0h  and  H0z  =  cos  %koz  —  cos  } 4kji  is  not 
so  great  that  the  field  at  some  distance  from  each  antenna  is  greatly  altered. 
(This  is  not  true  of  the  field  very  near  each  antenna.)  Since  it  has  been  assumed 
that  the  nearest  distance  between  any  pair  of  elements  satisfies  the  inequality 
kobik  >  1  for  all  i  and  k  with  i  j*  k,  the  substitution  of  F0z  for  H0z  should  be  an 
acceptable  approximation.  Note  that  the  current  at  the  driving  points  and, 
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hence,  the  driving-point  admittance  is  not  affected  significantly,  since  the  total 

current  at  2  =  0  is  maintained  substantially  the  same  with  either  choice  of 
distribution. 

If  H0l  ->  FQz,  it  follows  that  ydDki  — »  <tduk„  V Dki(h )  -^VvkiQi),  and  IVi  + 
Id,  — » Iui.  With  these  substitutions  in  (9.126)  and  (9.127),  the  latter  may  be 

multiplied  by  cos  koh  and  subtracted  from  (9.126)  to  give  the  following  single 
set  of  equations: 

N 

^2  I vi\'kvk,(h)  —  —  Ski)  +  j'&diki]  cos  kuh  | 

=  Z  Iuil&dUki  cos  k0h  —  ^Uki(h)]  (9.128) 
This  is  now  conveniently  put  in  matrix  form  with 


$vki  =  VvkiQi)  —  [S^dRjfci(l  —  hi)  +  j'&diki]  cos  koh  (9.129a) 

$uki  =  ^duki  cos  kji  —  s&uki(h)  (9.1296) 

It  follows  that 

<E>c7*Ic7  =  (9.130) 

where  It/  and  lv  are  column  matrices  and  <I>t/  and  $>v  square  N  X  N  matrices  of 
the  form 


'Im' 

km 

®uu 

&U12 

*  *  *  $U1N 

• 

/ 

>  4>u  = 

(9.131) 

• 

* 

JuN, 

^UNl 

&UN2 

$UNN~ 

The  solution  of  (9.130)  may  be  carried  out  for  two  important  physical  situa¬ 
tions:  (1)  the  N  voltages  Vk  are  specified  and  the  N  currents  Izk(z)  are  to  be 
determined,  and  (2)  the  N  driving-point  currents  Izk{ 0)  are  specified  and  the  N 
voltages  W  are  to  be  determined.  In  both  cases  the  ratio  Izk( 0)/F*  =  Yk  yields 
the  driving-point  admittance. 


1.  Driving  voltages  specified.  If  the  N  voltages  Vk  are  given,  the  N  ampli¬ 
tudes  Ivk  are  known  from  (9.125),  lVk  =  j2wVk/^dR  cos  k0h.  The  amplitudes 
Iu  are  then  obtained  from  (9.130)  in  the  form 


It/  —  <I>t7 


j2  7T 

cos  hh 


It  follows  that  the  complete  solutions  are  given  by 


(9.132) 


Uz) 


IvM  0z  +  I  uF  0  z 
j2tt 


COS  koh 


V  sin  k0(h  —  z  )  +  <I>t/  V(cos  Icqz  —  cos  koh)] 


(9.133) 
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2.  Driving-point  currents  specified.  If  each  of  the  complex  currents 
Izi( 0)  =  l'zi(0)  +  0)  is  specified  in 


IZi(Q)  —  j(Ivi)  sin  k0h  +  (Ium  jluii)(  1  ~  cos  kji)  (9.134) 


where  TV*  =  Vi/$S?dR  cos  koh,  it  follows  that 


Iuri  = 

Iun  = 


nm 


1  —  cos  koh 


/^•(O)  “  Ivi  sin  koh 


1  —  cos  koh 


(9.135a) 

(9.1356) 


Hence,  with  /"( 0)  and  /'t-(0)  given,  the  quantities  Ium  and  Iun  can  be  deter¬ 
mined  directly,  so  that  the  Im  are  known.  Thus 


It  follows  that 


1 


1^(0) 

-  cos  koh 


Im  = 


Izi( 0) 


I zi( 0)  —  I vi  sin  k0h 
1  —  cos  koh 

sin  kQh 


1  —  cos  koh 


lui  +  I 


Vi 


1  —  cos  koh 


_  fj  ,  T  smkoh 

—  I  lu  -T  If  ^ - j—r 

\  1  —  cos  /coa 


lu+lv~ 


sin  A 


(9.136a) 

(9.1366) 


(9.137) 


The  premultiplication  of  (9.137)  on  both  sides  by  <t>u  and  the  use  of  (9.130) 
with  the  distributive  law  leads  to 


or 


I v  —  I  -T 


u 


sin  koh 


V  - 


1  —  cos  koh 
jU^dR  cos  koh 


1,(0) 


1  —  cos  kQh 


27r(l  —  cos  kQh) 


H" 


sin  kQh 


1  —  cos  koh 


u • 


1,(0) 


(9.138a) 

(9.1386) 


The  N  values  of  V%  that  are  required  to  maintain  the  N  specified  currents  Izi( 0) 
may  be  determined  from  this  equation  and  used  to  obtain  the  associated  ampli¬ 
tudes  Ivi-  With  Izi( 0)  given  and  Iv%  known,  (9.136a)  may  be  used  to  find 
lui  =  Ium  +  jluiu  The  substitution  of  these  values  in  Izi(z)  =  IviM0z  +  Iu%Foz 
expresses  the  current  in  each  element  in  terms  of  the  N  driving  voltages  Ft. 
The  ratio  Izi(0)/Vi  =  Yi  is  the  driving-point  admittance  of  element  i. 

The  distribution  of  current  on  a  four-element  end-fire  array  in  which  the 
identical  elements  are  spaced  one-quarter  wavelength  apart  (6t,t+1  =  \0/4)  and 
are  a  full  wavelength  long  (2 h  =  X0)  is  shown  in  Fig.  9.16  for  two  cases.  In  the 
upper  row  the  driving-point  currents  are  required  to  have  equal  amplitudes 
and  to  be  shifted  progressively  in  phase  by  one-quarter  period.  The  currents 
higher  up  on  the  elements  are  seen  to  differ  greatly,  with  much  more  current  in 
element  No.  1  than  in  No.  4.  In  the  lower  row  the  driving  voltages  are  equal  in 
magnitude  and  shifted  progressively  by  one-quarter  period  in  phase.  Although 
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Driving  -point  currents  specified  ;  /^4(0)  =//?3(0)  =  ~lz2 


IT 

IT 

3 

3 

kQz 

o 

N 

2 

T" 

V3 

\  \ 
\ 

\ 


III 

\  H 


-2 


^3 

l/, 


-2 

ma  /volt 


Driving  voltages  specified;  VA  -  iV2  =  -V>  =  ~/i 


mo  /  volt 

Fig.  9.16  Normalized  currents  in  four-element  end-fire  array;  0  =  10,  kji  =  tt,  &06  =  tt/2. 

the  distributions  on  the  elements  differ,  the  total  currents  are  quite  comparable. 
The  associated  driving-point  admittances  Y0j  —  G0l  +  iBo,  in  millimhos  are: 


MiUimhos 


Currents  specified.  .  0.824  +  j0.797  0.433  +  jl.611  0.216  +  /1.921  0.049  +  j'2.363 
Voltages  specified. . .  1.209  +  j0.459  0.884  -f  jl.234  0.848  +  jl.710  0.681  +  j2.339 


The  power  supplied  to  each  of  the  elements  is  Pt  =  ]/Zi(0)|2P0l  =  [Fi|2G0i. 
Referred  to  element  No.  4  the  relative  powers  are: 


Pi 

P2 

P 3 

p< 

Currents  specified .  . 

71.4 

17.7 

10.1 

1 

Voltages  specified. . . 

1.76 

1.29 

1.24 

1 
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These  results  are  consistent  with  the  relative  amplitudes  of  the  currents  on  the 
four  elements.  When  driving-point  currents  are  kept  equal  in  magnitude,  an¬ 
tenna  1  carries  much  more  current  than  the  others  and,  therefore,  radiates 
much  more  power.  When  the  voltages  are  equal  in  magnitude,  the  amplitudes 
of  the  currents  along  the  antennas  (but  not  at  the  driving  points)  are  quite 
comparable,  so  that  they  contribute  fairly  equally  to  the  radiated  power. 

The  driving-point  impedances  of  typical  broadside  and  end-fire  arrays  are 
shown  in  Fig.  9.17  for  several  values  of  N  for  half-wave  elements  and  in  Fig. 
9.18  for  full-wave  elements. 

The  far  fields  of  curtain  arrays  may  be  determined  from  a  formula  similar  to 
(9.115)  with  &  =  0  and  p  suitably  defined.  The  horizontal  field  patterns  of  the 


Element  number 

Fig.  9.18  Impedance  of  Ar-e  lenient  curtain  arrays;  full-wave 
elements;  7(0)  specified. 
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1.  Ideal  pattern,  normalized  at  4> max  =  0° 

2.  Actual  theoretical  pattern,  normalized  at  ^max  =  40o 

3.  Actual  theoretical  pattern,  normalized  for 
equal  power  with  1 

Fig.  9.19  Radiation  pattern  of  four-element  end- fire 
array;  driving-point  currents  specified  so  that  h  — 
jh  =  ~h  —  —jlit  k0b  —  tt/2,  koh  —  tt}  il  —  2  In  2 h/a 
=  10. 


180  120  60  0 


Angle  4> ,  deg 

Fig.  9.20  Horizontal  field  patterns  for  four- 
element  end-fire  array;  driving  voltage  specified 
so  that  F4  =iF3  -  -F2  -  -jV  1;  k0b  =  tt/2, 
&qA  =  7r,  O  =  2  In  2h/a  —  10. 
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four-element  end-fire  array  of  full-wave  elements  is  shown  in  Fig.  9.19  when 
the  currents  are  specified  and  in  Fig.  9.20  when  the  voltages  are  specified.  Note 


N  =  15 


kQh 


Ideal  pattern 

Actual  pattern,  base 
currents  specified 

Actual  pattern,  base 
voltages  specified 


3jt 

4 


:7j 


Fig.  9.21  Fields  of  lo-element  broadside  array 
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how  much  more  closely  the  latter  agrees  with  the  conventional  pattern  which 
assumes  sinusoidally  distributed  currents  with  no  phase  shift  along  the  ele¬ 
ment.  The  reason  for  this  is  that,  when  the  voltages  are  specified  in  a  full-wave 
array,  this  is  equivalent  to  specifying  the  amplitudes  and  phases  of  the  large 
sinusoidal  component  of  the  current  which  contributes  a  major  part  to  the 
electromagnetic  field.  Typical  field  patterns  for  longer  broadside  arrays  are 
shown  in  Fig.  9.21  and  for  end-fire  arrays  in  Fig.  9.22. 


9.14  Parasitic  Arrays 

In  the  discussion  in  the  preceding  section  reference  is  made  specifically  to 
curtain  arrays  in  which  all  of  the  elements  are  driven.  The  theory  is,  however, 
also  applicable  to  an  important  class  of  directional  arrays  in  which  only  one 
element  is  active  and  all  others  are  parasitic.  A  simple  array  of  this  type  is 
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shown  in  Fig.  9.23.  It  involves  only  the  driving  voltage  F0i  with  Voi  =  0; 

i  =  2, . . . ,  N.  This  implies  that  the  distributions  of  current  in  the  three-term 
form  become 

jAi  sin  kQ(h  —  \z\)  +  B^cos  k0z  —  cos  k0h) 

+  Discos  - - cos  — ^  (9.139a) 

Bi( cos  koz  —  cos  koh) 

+  Discos  y  ~~  cos  i  =  2,  3, . . . ,  N  (9.1396) 


1  2  .  N  -  2  N-  1  N 

Fig.  9.23  Array  of  N  identical  equally  spaced  antennas 
of  which  only  No.  1  is  driven. 


since  Ai  is  proportional  to  Voi.  The  simpler  two-term  form,  which  is  a  very 
satisfactory  approximation  for  most  driven  curtain  arrays,  is  obtained  from 
(9.139  a,b)  with  Z)»  =  0,  i  =  1,  2, . . . ,  N.  Note,  however,  that,  when  Di  =  0,  the 
currents  in  all  of  the  parasitic  elements  are  represented  by  the  simple  term 
B%{ cos  k0z  —  cos  k0 h),  where  the  complex  coefficient  B{  is,  in  general,  different 
for  the  several  elements.  This  approximation  by  a  single  term  is  more  than  a 
restriction  on  the  distribution  of  the  amplitude  of  the  current  along  each 
parasitic  element,  since  it  actually  eliminates  the  possibility  of  taking  account 
of  possible  changes  in  phase.  Specifically,  it  implies  that  the  phase  of  the 
current  in  each  parasitic  antennaTs  the  same  at  all  points  along  its  length  as  at 
its  center.  It  is  to  be  anticipated  that  such  an  assumption  is  likely  to  be  satis¬ 
factory  only  for  elements  that  are  not  much  longer  than  a  half  wavelength. 
Since  the  most  useful  types  of  parasitic  arrays  make  use  of  elements  that  satisfy 
this  requirement,  the  simple  representation  obtained  from  (9. 139a, b)  with 

Di  =  Di  =  0  should  be  adequate  except  possibly  for  very  long  end-fire  arrays 
in  which  cumulative  effects  can  occur. 

A  detailed  study  of  a  20-element  array  like  that  shown  in  Fig.  9.23  was  made 
by  Mailloux.16  He  used  the  two-term  theory  with  distributions  of  current 
given  by  (9. 139a, b)  with  Di  =  I)l  =  0.  Measurements  were  made  with  mono- 
poles  erected  over  a  large  aluminum  ground  plane.  Graphs  of  the  theoretically 
determined  and  measured  distributions  of  current  on  the  driven  element  No.  1 


Li{z)  = 
Izi{z)  = 
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( ° )  ( b  ) 

Fig.  9.24  Current  distributions  in  array  of  one  driven  and  19  parasitic  elements  with 
a/Xo  =  0.00635,  b/\ 0  =  0.2,  h/\ 0  =  0.16,  0.18,  and  0.20.  (a)  Components  of  current  in 
driven  element  No.  l:I2i(z)  =  I"x{z)  -f  jl'zl(z),  where  /'i(z)  is  in  phase  with  F0i ;  (b)  normal¬ 
ized  currents  in  a  typical  parasitic  element.  ( From  Mailloux .16) 


in  the  form  IzX(z)  =  l'z[(z)  +  jl'zl(z)  are  shown  in  Fig.  9.24a.  The  normalized 
current  along  a  typical  parasitic  element  is  shown  in  Fig.  9.246.  Three  lengths, 
h/h  =  0-16,  0.18,  and  0.20,  were  investigated  by  Mailloux.  The  amplitudes 
and  phases  of  all  of  the  20  currents  at  z  =  0,  that  is,  7„-(0)  with  i  =  1,2,...,  20, 
are  represented  in  Fig.  9.25.  Note  that  in  this  figure  the  continuous  curves  are 
meaningless  except  at  the  discrete  points  corresponding  to  a  dipole  number. 
The  measured  points  are  shown;  the  corresponding  theoretical  points  used  to 
construct  the  curves  have  been  omitted.  The  driving-point  admittances  of 
element  No.  1  are  shown  in  Fig.  9.26,  the  horizontal  field  patterns  in  Fig.  9.27. 
The  agreement  between  theory  and  measurement  is  seen  to  be  very  good 
throughout.  Note  that  measurements  for  monopoles  of  axial  length 
h  =  0.200X0  are  compared  with  theoretical  results  for  h  =  0.204X0.  The 
difference,  0.004X0,  is  less  than  the  radius  a  =  0.00635X0  of  the  antenna.  How¬ 
ever,  as  resonance  is  approached,  the  currents  in  the  parasitic  elements  become 
increasingly  sensitive  to  the  precise  length  of  the  elements.  The  agreement 
between  theory  and  measurements  is  considerably  improved  if  a  small  end 
correction  in  the  form  of  an  extra  length  O.OO4X0  is  introduced.  Actually,  the 
quasi-one-dimensional  theory  may  be  expected  to  be  in  error  by  lengths  cor¬ 
responding  to  a  fraction  of  the  radius,  since  no  account  is  taken  of  the  nature  of 
the  ends  at  z  —  ±6.  Note  in  particular  from  Fig.  9.27  that  the  complete 
minor-lobe  structure  is  correctly  given  by  the  approximate  theory. 

The  operation  of  the  array  with  19  parasitic  directors  may  be  inferred  from 
Fig.  9.25.  When  h/\0  is  sufficiently  small,  for  example,  6/X0  =  0.16  or  0.18,  the 
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Dipole  number 

Fig.  9.25  Amplitudes  and  relative  phases  of  currents  Izi (0)  in  the  20  elements;  a/\0  = 
0.00635,  6/Xo  —  0.2.  (From  Mailloux ,16)  (The  continuous  curves  are  meaningful  only  at 
discrete  points  corresponding  to  the  elements.) 


amplitudes  of  the  currents  in  the  directors  are  quite  constant  and  the  phase 
change  from  element  to  element  is  proportional  to  the  distance.  The  resulting 
field  pattern  is  strongly  end-fire  with  very  small  minor  lobes.  When  hj X0  is  in¬ 
creased  to  0.2,  the  amplitudes  of  the  currents  increase  greatly,  but  they  are  no 
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0.8 

0.4 
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Fig.  9.26  Admittance  F0i  =  |F0i|  e]6v  of  driven 
element  in  20-element  array;  a/X0  =  0.00635, 
6/X0  =  0.2.  (From  Mailloux. n) 
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longer  constant  from  element  to  element.  As  a  consequence,  significant  minor 
lobes  begin  to  appear.  The  array  is  still  strongly  end-fire.  However,  with  a 
further  increase  in  h/\0)  the  resonant  value,  where  the  director  action  of  the 
parasitic  elements  stops  and  reflector  action  begins,  is  soon  reached. 


Fig.  9.27  Horizontal  field  patterns  of  20-element  array.  ( From  Maillcmx.1*) 


The  familiar  Yagi  antenna  resembles  the  array  shown  in  Fig.  9.23.  It 
usually  consists  of  a  single  driven  element  (No.  2)  with  h/\0  =  0.25,  a  reflect¬ 
ing  element  (No.  1)  with  h/\ 0  =  0.25,  and  N  —  2  directors  with  h/\  <  0.2.  A 
complete  study  of  such  an  array  has  been  made  by  Morris17’18  by  using  currents 
of  the  form  Iz\(z)  =  jAi  sin  kQ(h  —  \z\)  +  J3i(cos  k0z  —  cos  kji)  for  the  driven 
element  and  /21  =  J9;(cos  koz  —  cos  k0h)  +  D{{ cos  l^koz  —  cos  J ^k0h)  for  the 
parasitic  elements.  Computer  programs  to  determine  optimum  values  of  the 
forward  gain  and  the  front-to-back  ratio  have  been  developed;  they  provide  the 
complete  distributions  of  current  in  all  elements,  the  impedance  and  ad¬ 
mittance  of  the  driven  element,  and  the  field  pattern  of  the  array.  Morris’ 
work  leads  to  the  conclusion  that  one  important  mode  with  near  optimum 
forward  gain  is  the  one  studied  by  Mailloux  in  which  the  amplitudes  and 
phases  of  the  currents  in  the  parasitic  directors  all  have  equal  amplitudes  and  a 
constant  phase  angle  along  the  antenna.  However,  there  are  other  modes  with 
quite  different  currents  that  have  comparable  field  patterns. 


9.15  More  General  Curtain  Arrays 

The  analytical  formulation  of  the  theory  of  arrays  as  developed  in  this 
chapter  has  been  concerned  with  circular  and  curtain  arrangements  of  parallel, 
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nonstaggered  elements  that  have  the  same  or  nearly  the  same  lengths.  A  care¬ 
ful  theoretical  and  experimental  study  by  Cheong19’20  has  shown  that,  when 
elements  that  differ  greatly  in  length  are  coupled,  the  currents  can  still  be 
represented  adequately  by  the  three-term  form  (9.139a)  provided  kQh  <  07r/4. 
This  verification  justified  the  application  of  the  theory  to  the  log-periodic 
dipole  array  which  was  originally  treated  by  Carrel21  by  using  the  emf  method 
and  an  assumed  sinusoidally  distributed  current  in  all  elements.  The  log- 
periodic  antenna  consists  of  a  curtain  of  dipoles  which  have  a  constant  h/a 
ratio  and  increase  in  length  and  spacing  from  the  driven  end  of  the  two-wire 
line  to  the  loaded  end  as  shown  in  Fig.  9.28.  The  conductors  of  the  line  are 


Fig.  9.28  Log-periodic  dipole  array. 


crossed  between  each  adjacent  pair  of  elements  in  order  to  achieve  a  180°  phase 
shift  that  is  independent  of  frequency.  The  variable  parameters  are 
0  =  2  In  (2 hi/di)y  r  =  hi/hi+h  a  =  ZT ,  and  N ,  where  hi  and  a*  are 

respectively  the  half  length  and  radius  of  element  i,  bi>i+ 1  is  the  distance  be¬ 
tween  elements  i  and  i  +  1,  ZT  is  the  impedance  terminating  the  line,  and  N  is 
the  total  number  of  elements.  Cheong  has  analyzed  completely  a  log-periodic 
array  with  the  following  parameters  independent  of  i:  0  =  11.4,  r  =  0.93, 
a  —  0.7,  ZT  =  Rc,  and  N  =  12  using  the  three-term  representation  of  current 
(9.139a)  for  all  elements.  The  numerical  solution  includes  the  distribution  of 
current  along  and  the  driving-point  admittance  of  each  element,  the  power  in 
each  element  and  in  the  termination,  the  admittance  of  the  array  across  its 
terminals  at  element  No.  1,  and  the  field  pattern. 

Important  properties  of  the  array  may  be  understood  from  Fig.  9.29,  where 
the  admittances  of  the  12  elements  are  shown  in  the  complex  plane  when  a 
frequency  for  which  element  No.  7  is  nearly  resonant  is  used.  The  inner  circle 
connects  the  admittances  when  the  elements  are  all  isolated,  the  outer  curve 
connects  the  admittances  of  the  same  elements  when  they  are  active  in  the 
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Fig.  9.29  Theoretical  admittances  of  elements  in  log-periodic 
array  when  individually  isolated  and  when  in  array  with  r  =  0.93, 
o'  =  0.7,  ft  —  11.8,  ZT  —  ZCy  N  —  12,  frequency /7. 

array.  It  is  seen  that,  for  a  few  elements  on  each  side  of  the  one  near  resonance, 
the  admittances  of  the  elements  when  isolated  differ  greatly  from  those  when 
the  elements  are  part  of  the  array,  but  that,  beyond  these  few,  the  admittances 
cluster  or  spiral  closely  around  the  circle  for  the  isolated  elements.  Since  the 
impedance  of  an  element  in  an  array  can  be  the  same  as  the  impedance  of  the 
same  element  when  isolated  only  if  the  element  carries  an  insignificant  current 
so  that  it  contributes  negligibly  to  the  far  field,  it  must  be  concluded  that  only 
a  relatively  small  group  of  elements  near  resonance  is  active  in  the  array.  This 
group  includes  three  subgroups:  (1)  The  element  nearest  resonance  and  the 
next  two  shorter  elements.  It  is  to  these  that  most  of  the  power  is  supplied 
from  the  line.  (2)  The  element  longer  than  the  resonant  one.  This  receives 
some  power  from  the  line  but  carries  a  large  induced  inductive  current  that 
makes  this  element  act  primarily  like  a  parasitic  reflector.  (3)  The  three 
shorter  elements  beyond  subgroup  1.  These  are  also  supplied  with  very  little 
power  from  the  line ;  indeed  two  of  them  have  negative  conductances  and  feed 
power  back  into  the  line.  These  elements  have  relatively  large  induced  capaci¬ 
tive  currents  that  make  them  behave  like  parasitic  directors.  The  reflecting  and 
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directing  elements  are  very  significant  much  as  in  a  parasitic  array  in  providing 
a  typical  end-fire  beam  with  only  small  side  lobes. 

When  the  frequency  is  changed,  the  admittances  and  their  connecting  curves 
in  Fig.  9.29  rotate  to  bring  a  longer  or  shorter  element  near  resonance.  This 
means  that  the  cluster  or  spiral  of  points  near  one  end  of  the  admittance  curve 
of  the  array  unwinds  and  that  at  the  other  winds  up.  So  long  as  neither  end 
unwinds  so  far  that  it  is  removed  from  the  vicinity  of  the  admittance  circle  of 
the  isolated  elements,  the  array  is  essentially  frequency  independent  in  both 
its  admittance  properties  and  its  field  pattern.  Over  this  frequency- 
independent  range  virtually  all  of  the  power  is  radiated  and  only  a  small 
portion  is  dissipated  in  the  terminating  impedance  ZT. 

When  the  frequency  is  changed  sufficiently  that  one  end  of  the  admittance 
curve  of  the  array  in  Fig.  9.28  becomes  widely  separated  from  the  admittance 
circle  of  the  isolated  elements,  the  frequency-independent  behavior  ceases:  the 
driving-point  admittance  changes,  a  large  fraction  of  the  power  is  dissipated 
in  the  termination,  and  the  minor  lobes  in  the  field  pattern  become  large.  A 
more  detailed  description  of  the  operating  characteristics  of  the  log-periodic 
array  is  in  the  literature.19'21 

9.16  Arrays  with  Collinear  and  Staggered  Elements 

When  the  restriction  that  all  elements  in  an  array  be  nonstaggered  is  re¬ 
moved,  a  much  more  complicated  situation  arises,  since  the  currents  and 
associated  vector  potentials  can  no  longer  be  assumed  to  have  even  symmetry 
with  respect  to  their  respective  centers.  Even  when  all  elements  in  a  planar  or 
three-dimensional  array  are  individually  center  driven,  their  relative  positions 
are  such  that  induced  currents  cannot  be  the  same  in  the  halves  of  many  of  the 
elements.  That  is,  the  condition  /,*(— )  —  IZi{zi)  is  not  satisfied  with  respect 
to  the  axial  coordinate  Zi  which  has  its  origin  at  the  center  of  element  i.  It  has 
been  shown22  23  that  the  current  in  each  arbitrarily  located  element  can  be 
separated  into  a  part  that  is  even  and  satisfies  the  condition  Izi(—Zi)  =  Izi(zi ) 
and  a  part  that  is  odd  and  satisfies  the  condition  /2;(  — z*)  =  —I2i(z,).  The 
total  current  is  the  sum  of  the  odd  and  the  even  parts. 

As  might  be  expected,  the  previously  used  three-term  representation 
(9.139a)  is  a  good  approximation  of  the  even  part  of  the  current  in  a  typical, 
arbitrarily  located  element  i.  By  an  analyses  similar  to  that  carried  out  earlier 
in  the  chapter  for  even  currents,  it  has  been  shown22  that  the  odd  part  is  well 
represented  by  the  sum  of  two  terms.  Thus,  the  total  current  is  represented  by 
the  following  five  terms,  of  which  the  first  three  are  the  same  as  those  previous¬ 
ly  used  for  even  currents: 

hi{Zi)  —  Ai  sin  kQ(h  —  ] 2*1)  +  Bi( cos  koZi  —  cos  k0h) 

+  Dt^cos  —  cos  +  Qi^sin  kQzz  —  sin  koh'j 

+  ^(sin  ^  |  sin  ^-)  (9. 140) 
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The  use  of  this  expression  in  the  simultaneous  integral  equations  for  the 
currents  in  the  N  elements  of  an  arbitrary  array  permits  the  reduction  of  these 
equations  to  algebraic  form  and  the  evaluation  of  the  5 N  coefficients  Ai} 

Qi,  and  R{  by  high-speed  computer.  The  resulting  distributions  of  current, 
driving  point  admittances,  and  field  patterns  may  also  be  read  out. 

In  this  manner  detailed  studies  have  been  made23  of  the  two-element  array  of 
collinear  and  staggered  elements  and  of  planar  arrays  and  three-dimensional 
arrays  for  half-  and  full-wave  dipoles  with  (either  driving-point  currents  or 
driving-point  voltages  assigned.  In  each  case  the  distributions  of  current  and 
admittances  of  all  elements  were  computed  together  with  the  field  patterns. 
Of  particular  interest  is  the  fact  that  the  distributions  of  current  even  along 
half-wave  elements  differ  greatly  from  the  conventionally  assumed  cosinusoid. 

9.17  Dipole  Coupled  to  an  Open-wire  Line 

In  most  arrays  the  individual  elements  are  either  directly  connected  to  a 
transmission  line  or  are  parasitic  with  currents  induced  by  coupling  to  the 
other  elements.  A  novel  array  originally  suggested  by  Sletten24  and  analyzed 
by  Chen  and  King25  consists  of  dipoles  that  are  coupled  to  an  open- wire  line  in 
the  simple  manner  indicated  in  Fig.  9.30.  Each  antenna  is  in  a  plane  parallel  to 


X 


~\d 


Fig.  9.30  Dipole  coupled  to  two- wire  line. 

and  at  a  distance  b  from  the  plane  of  the  two-wire  line,  the  conductors  of  which 
are  separated  by  the  distance  2d.  The  coupled  dipoles  are  located  at  half-wave 
intervals  along  the  transmission  line,  as  shown  in  Fig.  9.31,  with  centers  at 
voltage  maxima  in  the  standing-wave  pattern.  Owing  to  the  loading  of  the  line 
by  the  dipoles,  the  standing- wave  ratio  can  be  quite  low  with  a  predominantly 
traveling-wave  distribution. 
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[o )  {6)  ( c) 


Fig.  9.31  Arrays  of  dipoles  coupled  to  two- wire  line,  (a)  Broadside 
and  end- fire  array;  ( b )  broadside  array;  (c)  end-fire  array. 

When  the  axis  of  the  typical  dipole  in  Fig.  9.30  is  parallel  to  the  conductor  of 
the  line  so  that  6  =  0,  no  currents  are  induced  in  the  antenna,  since  it  is  in  the 
neutral  plane  of  the  transmission  line.  However,  when  the  antenna  is  rotated 
from  that  neutral  plane  through  an  angle  0 ,  currents  are  excited  in  the  antenna 
by  the  charges  and  currents  in  the  line.  The  magnitude  and  distribution  of  the 
induced  current  vary  with  the  angle  of  rotation  0  of  the  antenna  from  the 
neutral  position,  the  length  2h  of  the  antenna,  the  distance  b  between  the 
planes  containing  the  antenna  and  the  line,  and  the  spacing  2d  of  the  trans¬ 
mission  line. 

A  first  step  in  the  study  of  arrays  of  the  type  shown  in  Fig.  9.31  is  to  deter¬ 
mine  the  circuit  and  field  properties  of  a  radiating  system  that  consists  of  a 
single  dipole  when  coupled  to  a  two-wire  line  in  the  manner  shown  in  Fig.  9.30. 
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In  general,  the  complex  amplitude  of  the  charge  per  unit  length  along  the  line 
(which  is  assumed  to  be  lossless)  is 


q(z)  =  ql  cos  koz  +  jq2  sin  koz  (9.141) 

where  qx  and  q2  are  amplitude  coefficients.  The  voltage  distribution  corre¬ 
sponding  to  (9.141)  is  V(z)  =  q(z)/c,  where  c  is  the  capacitance  per  unit 

length.  The  associated  current,  as  obtained  from  (9.141)  with  the  equation  of 
continuity,  is  I 

Hz)  =  —  jv0qi  sin  koz  +  v0q2  cos  k0z  (9.142 a) 


where  v0  is  the  velocity  of  light.  These  charges  and  currents  maintain  a  trans¬ 
verse  electric  field  in  the  plane  perpendicular  to  the  axis  of  the  line.  It  can  be 
calculated  from  E  =  —  V4>  —  ju> A,  where  the  scalar  and  vector  potentials  are26 


Az{z)  = 

4>(z)  = 


L(z)V 


0 


2tt 

q(z) 


In 


(x  +  d)2  +  y 2 


In 


,(x  —  d)2  +  y2 
(x  +  d)2  +  y2' 


2ire0  L(.r  —  d)2  +  y2  _ 


(9.1426) 
(9. 142c) 


The  component  of  the  field  in  the  direction  s  along  the  axis  of  the  antenna  has 
a  symmetrical  (even)  and  an  antisymmetrical  (odd)  part  with  respect  to  the 
center  ( s  =  0)  of  the  dipole.  These  may  be  shown  to  be 

E‘(s)  =  — — 1  D(fi,s)  cos  (A'0s  cos  6)  sin  8  (9.143a) 


where 


Et°(s) 


D(8,s)  sin  (k0s  cos  6)  sin  8 

TTtO 


_ 62  +  d2  —  s2  sin2  8 _ 

[(s  sin  8  +  d)2  +  62][(s  sin  8  —  d)2  +  62 


(9.1436) 

(9.144) 


in  which  s  is  the  distance  from  the  center  of  the  dipole  to  the  point  along  its  axis 
at  which  the  electric  field  Et(s )  is  evaluated.  The  symmetrical  part  of  the  elec¬ 
tric  field  maintained  along  the  dipole  by  the  currents  and  charges  in  the  trans¬ 
mission  line  generates  a  symmetrical  current  f,'(s)  =  (s)  +  Is(—s)]  in  the 

antenna.  Similarly,  the  antisymmetrical  part  of  the  field  generates  an  anti¬ 
symmetrical  current  I,a(s)  =  y2[Is{s)  -  /.,(-s)].  The  total  current  in  the 
antenna  is  /,(s)  =  Iss(s)  +  La(s). 


Exercise  9.7  Derive  (9. 143a, 6)  from  (9. 142a, 6).  Plot  the  electric  field  in  the  trans- 
verse  plane  of  a  two-wire  line. 


If  the  antenna  is  assumed  to  be  perfectly  conducting,  the  differential  equa¬ 
tions  for  the  symmetrical  and  antisymmetrical  part  of  the  vector  potential  on 
the  surface  of  the  antenna  are 

(£2  +  =  -j  kA  Et'  (s)  (9.145a) 

(ds2  ko^A^is)  =  —j  Eta(s)  (9.1456) 
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These  have  the  solutions 

A,’(s)  = 

• 

J  [C„  cos  k0s  @a(s)] 

^0 

(9.146a) 

A/(s)  = 

• 

J  [Ca  sin  k0s  ©a(s)] 

*>0 

(9.1466) 

where  0a($)  and  ©a(s)  are  the  particular  integrals 

e.(«)  =  -j 

f  Ets(w)  sin  k0(s  —  w)  dw 

(9.147a) 

©«(s)  =  -j 

(  Eta(w)  sin  kQ(s  —  w)  dw 

(9.1476) 

and  Cs  and  Ca  are  constants  to  be  determined  from  the  conditions 
Is*(zkh)  =  Isa(zk.h)  =  0.  The  component  of  the  vector  potential  along  the 
surface  of  the  dipole  is  given  by  (9.3)  with  2  replaced  by  $.  If  its  even  and  odd 
parts  in  s  are  used  in  (9. 146a, 6),  the  following  integral  equations  are  obtained 
for  the  symmetrical  and  antisymmetrical  parts  of  the  current: 

f  Ias(sf)K(s,sf)  dsf  =  -  [Cs  cos  kQs  +  ©*(s)]  (9.148a) 

J  -h  flQ 

f  I8a(sf)K(s,s')  ds'  =  [Ca  sin  kos  +  ©<*($)]  (9.1486) 

J  -h  riQ 

p—jkoR  _ _ 

where  K(s,s')  =  R  =  V(s  -  s')2  +  a2  (9.149) 

K 


Satisfactory  zero-order  approximations  of  the  even  and  odd  currents  in 
antennas  that  satisfy  the  requirement  fioh  <  57r/4  are 


W)|0 

//(s')  lo 


— 


(cos  fcos'  —  cos  koh ) 


(9.150a) 

(9.1506) 


If  these  are  substituted  in  (9. 148a, 6)  with  s  =  h,  the  following  expressions  are 
obtained  for  Cs  and  Ca- 


i  TS0S(6) _ 

[4',  +  Ja(6,6)]  cos  kji  —  0,(6, 6) 


(9.151a) 


_  _ j(qQq(6) _ 

a  [4^  +  8 a(h,h)]  sin  koh  —  $>a{h,h) 


(9.1516) 


Cgihfi)  —  cos  kph  Ea(h,0) 
1  —  cos  kji 


(9.152a) 


Sa(6,0)  —  sin  k0h  &a(h,0) 
sin  (koh/2)  —  l/i  sin  kah 


(9.1526) 


where 
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and  0s(/i)  and  @„(h)  are  obtained  from  (9. 147a, b)  with  s  =  h.  The  following 
integrals  occur: 

Ca(h,s)  =  f  cos  k0s'  K(s,s')  ds '  (9.153) 

Ea(h,s)  =  (  *  K(s,s')  ds'  (9.154) 

J  —  h  / 

Sa(h,s)  —  [  h  sin  fcos'  K(s,s’)  ds’  (9.155) 

8 a(h,s)  =  ~  K(s,s')  ds1  (9.156) 


The  total  zero-order  current  is  now  given  by 


cos  k0h)  + 


(9.157) 


where  all  quantities  are  expressed  in  terms  of  the  charge  distribution  (9.141)  on 
the  transmission  line. 


It  is  to  be  noted  that  a  more  accurate  analysis  of  the  dipole  can  be  carried 
out  if  the  full  two-term  representation  of  both  the  even  and  odd  parts  of  the 
current  is  used,  that  is,  if  the  term  cos  (k0s/ 2)  -  eos(k0h/2)  is  added  to  (9.150a) 
and  sin  (k0s/2)  —  (s/h)  sin  (koh/2)  to  (9.1505),  each  with  an  arbitrary  complex 
coefficient.  Separate  4'  functions  are  then  defined  with  the  real  and  imaginary 
part  of  the  kernel  in  the  manner  carried  out  earlier  in  this  chapter.  Actually, 


since  the  dipole  is  parasitic  with  no 


discontinuity  at  its  center  and  since  it  is 


useful  primarily  when  kQh  is  near  tt/2,  the  simpler  forms  (9. 150a, b)  are  ade¬ 


quate.  Indeed,  for  elements  of  this  length  or  shorter  the  odd  part  of  the  cur¬ 


rent,  although  in  general  not  zero,  is  sufficiently  small  to  be  negligible  for  most 


engineering  purposes. 

The  approximate  current  in  the  coupled  dipole  as  given  by  (9.157)  involves 
the  two  coefficients  qi  and  q2  in  the  charge  distribution  (9.141)  which  is  as¬ 
sumed  to  exist  along  the  line.  The  ratio  F(O)/F(X0/4)  =  g(O)/5(X0/4)  =  ql/q2 
is  the  voltage  standing-wave  ratio  on  the  line;  it  varies  with  the  nature  of  the 
load.  When  q2  —  qh  a  pure  traveling  wave  exists  and  the  line  is  perfectly 
matched;  when  q2  =  0,  a  pure  standing  wave  with  voltage  and  charge  maxima 
at  z  =  0  obtains  and  the  line  is  unloaded.  The  degree  in  which  a  coupled 
dipole  antenna  loads  the  line  depends  on  its  length,  the  distance  5,  the  angle  0, 
and  the  line  spacing  2 d.  Since  the  current  in  the  dipole  also  depends  on  these 
quantities,  it  is  clear  that  the  ratio  of  the  coefficients  qi/q2  and  the  current  ls(s) 
are,  in  general,  interrelated  in  a  complicated  manner.  However,  since  the  co¬ 
efficient  qi  occurs  only  in  the  symmetrical  and  the  coefficient  q2  only  in  the 
antisymmetrical  parts  of  Et(s)  and  Is(s),  it  follows  that,  whenever  the  anti- 
symmetrical  part  is  negligible,  q2  may  be  treated  as  if  zero.  The  symmetrical 
part  of  the  current  is  excited  entirely  by  the  part  of  the  distribution  of  charge, 
viz.,  qi  cos  koz,  that  is  characteristic  of  an  ideal  standing  wave.  The  following 
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quantitative  investigation  applies  to  a  dipole  antenna  with  kji  in  a  relatively 
small  range  near  tt/2  in  which  the  antisymmetrical  current  can  be  neglected. 

Measurements  by  Chen  and  King25  of  the  distribution  of  current  along  a 
dipole  of  length  X0/4  =  10  cm  when  located  at  a  distance  b  =  3  cm  above  a 
two-wire  line  with  spacing  2d  =  2.2  cm  at  the  angles  6  =  23?6,  53?1,  and  90° 
indicate  that  its  cosinusoidal  approximation  is  satisfactory.  The  relative  am¬ 
plitudes  of  the  current  at  s  =  0  as  a  function  of  the  angle  of  rotation  Q  are 
shown  in  Fig.  9.32  for  three  values  of  b.  Agreement  between  the  zero-order 


Fig.  9.32  Relative  currents  at  s  =  0  in  dipole  as  function  of  angle  of  rotation; 
Xo  =  40  cm,  h  —  10  cm,  2d  —  2.2  cm.  (The  scales  for  the  three  values  of  b  are  not 
comparable.  See  Fig.  9,33  for  current  vs.  distance  b.)  {From  Chen  and  King.25) 


theory  and  measured  values  is  sufficiently  good  to  make  a  higher-order  theory 
unnecessary.  It  is  seen  that,  as  the  antenna  is  coupled  more  closely  to  the  line, 
the  angle  6  of  maximum  response  becomes  more  critical  and  moves  toward 
smaller  values.  Since  the  curves  for  the  three  different  values  of  b  have  been 
drawn  with  different  scale  factors,  they  cannot  be  used  to  compare  the  relative 
magnitudes  of  Is(s)  as  a  function  of  b.  Such  a  comparison  is  in  Fig.  9.33  for  five 
values  of  6.  As  is  to  be  expectecf,  the  induced  current  increases  with  decreasing 
b  for  all  angles  6 .  The  increase  is  more  rapid  when  6  is  below  about  45°. 
Measured  and  theoretical  values  agree  quite  well  except  with  very  close 
coupling  and  relatively  small  angles  6 .  Since  no  account  is  taken  in  the  zero- 
order  theory  of  the  effects  of  close  coupling,  this  disagreement  is  not  surprising. 

It  is  evident  from  Fig.  9.34  that  the  maximum  induced  current  in  its  coupled 
dipole  does  not  occur  when  h/\Q  =  0.25  but  more  nearly  when  h/\Q  =  0.23. 
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0  2  4  6 


Distance  b  between  antenna  and  line,  cm 

Fig.  9.33  Current  at  center  of  dipole  as  a  function  of  its  distance 
from  the  transmission  line;  X0  =  40  cm,  h  =  10  cm,  2d  —  2.2  cm. 
{From  Chen  and  King.2b ) 


Measurements  and  theory  agree  that  this  length,  the  resonant  length  for  the 
particular  ratio  of  a/X0,  does  not  depend  on  the  value  of  6 . 

When  a  dipole  antenna  is  coupled  to  a  two-wire  line,  as  in  Fig.  9.32,  with  its 
center  opposite  a  voltage  maximum,  the  antenna  constitutes  a  shunt 


1.2 


0.2 


u  i - i - i - i _ i _ i _ :  : _ L..  !  i 

0.20  0.22  0.24  0.26  0.28  0.30 

h/\Q 

Fig.  9.34  Relative  current  at  s  =  0  in  dipole  as  function  of  the 
half  length  h  of  the  dipole;  X0  =  40  cm,  b  =  3  cm,  2d  =  2.2  cm. 
{From  Chen  and  King.2b) 
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admittance  across  the  line  at  the  voltage  maximum.  For  a  lossless  line,  the 
power  in  that  equivalent  admittance  is  P  =  Re  (VI*/ 2)  =  \V\2  G/ 2,  where  V 
is  the  voltage  across  the  equivalent  admittance  Y  =  G  +  jB.  Note  that 
v  =  qi/c  =  (gi/7reo)  In  (2d, /a/),  where  ax  is  the  radius  of  the  line  wire.  This 
power  must  equal  the  power  radiated  by  the  lossless  antenna,  P  =  |Is(O)|2i?0, 
where  Ro  is  the  input  resistance  of  the  antenna.  When  these  two  expressions 
for  the  power  are  equated  and  use  is  made  of  (9.157)  with  s  =  0,  the  equivalent 
conductance  of  the  dipole  as  a  load  across  the  line  is 


with 

and 


Kir 

fo  In  (2d/ai) 


4(1  —  cos  kQh)®s(h) 

[4q  +  Ea(h,h)]  cos  kQh  —  Ca(h,h) 


&s(h)  =  d  sin  d  /  D(6,w)  cos  (k0w  cos  6)  sin  k0(h  —  w)  dw 


(9.158) 

(9.159) 

(9.160) 


The  field  pattern  of  the  single  coupled  dipole  has  the  well-known  form  for  a 
half-wave  dipole  with  a  cosinusoidally  distributed  current. 


9.18  Arrays  of  Dipoles  Coupled  to  an  Open-wire  Line 

The  fundamental  unit  of  the  arrays  shown  in  Fig.  9.31  is  a  pair  of  tilted 
dipoles  as  shown  in  Fig.  9.35.  Let  it  be  assumed  that  k0h  =  ir/2  and  that  the 
current  is  well  approximated  by 


where 


[/S(s)]0  =  J0  cos  hs 


roL0(Xo/4,X0/4) 


©s(X0/4) 


(9.161a) 

(9.1616) 


Fig.  9.35  Coordinate  system  for  determination  of  radiation 
pattern. 
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with  ©s(X0/4)  given  by  (9.147a)  with  $  =  h  =  X0 / 4'.  The  dipoles  lie  in  the  plane 
<f>  =  0  at  a  tilt  angle  6a  measured  from  the  z  axis.  It  is  then  readily  verified  that 
the  radiation  field  in  the  E  plane  (<j>  =  0,  t  plane)  is  given  by 


where 

Fs(e,6a) 


cos  [(*•/ 2)  cos  (i 9  -  go)]  .(W2)  cos9 


(9.162o) 


sin  ( 6  +  ea) 


+ 


COS  [  ( 7T /2)  cos  (d  +  go) 
sin  (6  +  Oa) 


ey<T/2)  eoad  (9.162 6) 


This  has  four  major  lobes:  two  along  the  lines  d  =  0 ,tt  (broadside  effect)  and 
two  along  the  lines  <j>  =  0,7r  (end-fire  effect).  Evidently  this  type  of  antenna 
functions  as  a  combined  broadside  and  end-fire  array.  The  ratio  of  the  maxi¬ 
mum  broadside  to  maximum  end-fire  field  is 


F ,(90°, 0a)  _  ,  „  Jcos  [(ir/2)  sin  9a ] 

Fs(0°,ea)  Icos  [(*•/ 2)  cos  Ba] : 


(9.163) 


When  the  tilt  angle  6a  is  small,  this  ratio  is  large  and  the  two-element  array  is 
primarily  a  broadside  array;  when  the  tilt  angle  6a  is  large  (near  ir/2),  the  ratio 
is  small  and  the  end-fire  property  is  dominant.  When  da  =  45°,  the  end-fire 
and  broadside  lobes  in  the  field  pattern  are  equal  in  amplitude. 

The  field  in  the  H  plane  (6  —  90°  plane)  is 


where 


EeT{4>fia)  = 

G{(t>fia )  = 


juh  e~*»R 


X 


R 


G(4>,6a) 


cos  [(tt/2)  sin  da  cos  <j> 
1  —  sin2  da  cos2  <f> 


(9.164a) 

(9.1646) 


When  the  tilt  angle  8a  is  small,  G(<j>,da)  is  nearly  independent  of  <j> .  Hence,  in 
practical  application  for  which  6a  is  nearly  20°,  the  pattern  in  the  H  plane  is 
nearly  omnidirectional. 

A  number  of  different  arrays  can  be  constructed  of  suitable  combinations  of 
the  two-element  array  shown  in  Fig.  9.35.  Three  are  shown  in  Fig.  9.31.  An 
array  with  both  broadside  and  end-fire  characteristics  is  shown  in  Fig.  9.31a. 
Its  radiation  pattern  in  the  E  plane  is 


F(6fia) 


Fs(e,ea) 


sin  [(Nir/2)  cos  0] 
sin  (tt  cos  6) 


(9.165) 


The  array  in  Fig.  9.316  has  broadside  properties.  The  far-field  pattern  is 
given  by 


FiOfia)  —  fz(@)da)  i 


sin  [(AV/2)  cos  d] 
sin  [(tt/2)  cos  d  ]  j 


+  2 fx{d,da)  sin  cos  d 


sin  [(Nir/2)  {}/%  cos  ^)] 
cos  (tt  cos  d) 


(9.166) 
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where 


mea)  = 


cos  [(tt/2)  cos  6. 
1  -  “ 


cos  6 


fM) 


|  cos  [(x/2)  sm  6 a  sin  6 


j  i/a  u  \ 

- ^ .  9 .. —  cos  da  sin  6 

cos2  8a  cos2  0 


(9.167  a) 
(9.1676) 


Finally,  the  simple  transverse  arrangement  shown  in  Fig.  9.33c  is  an  end-fire 
array  with  the  pattern 


F(e,ea)  = 


-  \ 
cos  [(tt/2)  cos  6]  { 

sin  [(Ar7r/2)(1  —  cos  5)] 

sin  8  1 

/ 

cos  [(tt/2)  cos  6} 

(9.168) 


Other  possible  arrangements  are  described  in  the  literature.25 


PROBLEMS 

9.1  Determine  the  impedance  per  unit  length  of  solid  and  tubular  copper  and  brass 
cylinders  of  different  radii  at  broadcast  and  microwave  frequencies.  Repeat  for  di¬ 
electric  tubes  coated  with  layers  of  silver  or  carbon  as  thin  as  10~4  to  10“7  m. 

9.2  Verify  that  (9.16)  is  a  solution  of  (9.15). 

9.3  Begin  with  (9.56)  and  carry  out  the  steps  in  the  evaluation  of  (9.59a-c). 

9.4  Compare  the  vertical  field  patterns  for  E$r  when  the  three- term  form  (9.63)  is  used 
with  the  corresponding  pattern  for  the  sinusoidally  distributed  currents  when  kji  =  tt/2 
and  kcfi  =  ir  (refer  to  Sec.  9.7). 

9.5  Carry  out  the  derivation  of  Eq.  (9.68)  beginning  with  the  boundary  condition 
Ez  =  0  at  r  =  a. 

9.6  Carry  out  the  steps  leading  to  (9. 70a, 6)  beginning  with  (9.69)  and  its  analog  for 
—6  <  z  <  0. 

9.7  Derive  (9.90a, 6). 

9.8  Obtain  explicit  formulas  for  the  currents  and  the  driving-point  admittance  of  a 
four-element  circular  array  when  driven  by  four  different  voltages.  (Refer  to  Sec.  9.12.) 

9.9  Derive  the  integral  formula  for  Ee(R,6,<t>)  for  the  far  field  of  a  curtain  array. 
(Refer  to  end  of  Sec.  9.13.) 
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THEORY  OF  THE  LONG  DIPOLE  ANTENNA 

Chin-Lin  Chen  and  Tai  Tsun  Wu 


10.1  Introduction! 

T 

In  order  for  a  dipole  antenna  to  radiate,  power  must  be  supplied  through  a 
transmission  line,  which  is  usually  a  two-wire  line  or  a  coaxial  line.  It  should 
be  emphasized  that  the  transmission  line  and  the  antenna  are  inseparable  parts 
of  the  same  problem.  For  instance,  to  measure  the  input  admittance  of  the 
antenna,  the  standing-wave  ratio  and  the  position  of  the  current  or  voltage 
minimum  on  the  transmission  line  are  determined.  Therefore,  what  we  actu¬ 
ally  measure  is  the  admittance  of  the  antenna  as  it  appears  to  the  transmission 
line,  or  the  apparent  input  admittance.1  This  problem,  as  it  stands,  is  ex¬ 
tremely  difficult  to  analyze  theoretically.  Therefore,  we  consider  an  idealized 
model  of  a  dipole  antenna  driven  by  a  5-function  generator.  This  idealized 
problem  has  been  studied  in  detail  in  Chap.  8.  However,  we  have  shown  in 
Sec.  8.4  that  the  input  susceptance  so  obtained  is  infinite.  This  suggests  that 
this  idealized  problem  is  oversimplified.  In  order  to  have  a  better  understand¬ 
ing,  we  shall  consider  in  this  chapter  first  the  case  of  an  infinite  antenna  driven 
by  a  coaxial  line,  as  shown  in  Fig.  10.1.  In  this  case,  we  find2  that  if  kb  <<C  1,  it  is 
possible  to  express  the  apparent  input  admittance  approximately  as  the  sum  of 
two  parts:  one  part  is  a  function  of  ka  only,  while  the  other  part,  divided  by  ka , 
depends  on  a  and  b,  but  not  k.  It  is  perhaps  natural  to  interpret  the  first  part 
as  the  intrinsic  admittance  of  the  antenna,  since  it  does  not  depend  on  the 
geometry  of  the  coaxial  transmission  line.  Similarly,  the  second  part,  being  a 
property  of  the  coaxial  line,  may  be  interpreted  as  a  capacitive  end  correction. 
However,  it  should  be  noted  that  this  separation  is  not  unique  and  is  possible 
only  for  thin  antennas  driven  by  a  thin  coaxial  line.  As  discussed  in  Sec.  10.2, 
in  order  to  apply  this  splitting  of  the  apparent  input  admittance  to  a  finite 
antenna,  it  is  necessary  to  have  a  theory  of  the  long  dipole  antenna. 

In  some  applications  the  transient  operation  of  a  dipole  antenna  is  of  interest. 
Since  a  dipole  antenna  is  a  linear  system,  its  transient  responses  may  be  ob¬ 
tained  by  the  superposition  of  the  response^  to  the  individual  frequency  com¬ 
ponents  of  the  Fourier  representation  of  the  applied  signal.3  This  is  not  only 
possible  in  principle  but  also  practical,  since  high-speed  computers  are  avail¬ 
able.  It  has  been  shown4  that  the  initial  transient  response  of  a  dipole  antenna 

fin  this  chapter  we  use  the  same  notation  as  in  Chap.  8,  i.e.,  the  subscript  on  k  is  dropped 
and  e~io>t  is  used  in  place  of  eiwt. 
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is  closely  related  to  the  properties  of  the  antenna  at  high  frequencies.  For  this 
purpose,  a  solution  of  the  long  dipole  antenna  is  again  necessary. 

As  discussed  in  Sec.  10.3,  this  problem  of  a  long  dipole  antenna  is  con¬ 
veniently  analyzed  by  the  Wiener-Hopf  technique.  In  Sec.  10.4,  we  describe 


To  oscillator 


Fig.  10.1  A  dipole  antenna  driven  from  a 
coaxial  line. 

in  some  detail  how  the  Wiener-Hopf  technique  can  be  applied  to  this  problem. 
The  details  of  the  calculation  are  presented  in  Secs.  10.5  and  10.6,  and  in  Sec. 
10.7  we  collect  all  the  results  on  the  input  admittances,  the  current  and  charge 
distributions,  the  field  patterns,  etc.,  and  discuss  their  range  of  validity.  It  is 
hoped  that  those  who  are  not  interested  in  the  mathematical  details  can  omit 
Secs.  10.5  and  10.6  and  can  still  follow  the  rest  of  the  chapter  without  diffi¬ 
culty.  The  development  and  discussion  in  this  chapter  follow  rather  closely 
those  of  Refs.  2,  5,  and  6,  and  the  notation  and  conventions  adopted  here  are 
those  introduced  in  Chapter  8. 

10.2  The  Infinitely  Long  Dipole  Antenna  Driven  from  a  Coaxial  Line 

In  this  section  we  shall  study  the  problem  of  an  infinite  dipole  antenna 
driven  from  a  coaxial  line,  as  depicted  in  Fig.  10.1.  By  solving  this  canonical 
problem,  we  shall  provide  the  basis  for  separating  the  antenna  from  the  an¬ 
tenna-transmission  line  system  and  thereby  interpret  the  experimental  data. 
We  shall  also  compare  the  solution  obtained  in  this  section  with  the  solutions 
given  in  Chap.  8,  i.e.,  an  infinite  dipole  antenna  driven  by  a  6-function  gener¬ 
ator.  Through  these  comparisons,  we  wish  to  find  out  what  necessary  steps 
and  corrections  should  be  taken  to  overcome  the  shortcomings  of  the  idealized 
6-function  generators  and  provide  guidance  for  further  approximation.  In 
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short,  we  hope  to  furnish  the  links  between  the  theoretical  results  and  the  ex¬ 
perimental  data  and  between  the  problem  of  an  antenna  driven  by  a  coaxial 
line  and  that  of  one  driven  by  a  5-function  generator. 

a.  Green’s  Functions 

Let  [r,<j>,z)  be  the  cylindrical  coordinate  system.  The  system  under  investi¬ 
gation  is  evidently  independent  of  <j>,  and  it  is  therefore  suppressed.  Let 
9 o(r,rf;z,z';k)  be  the  Green’s  function  for  the  region  above  the  ground  plane. 
It  is  defined  by  the  partial  differential  equation 

(£r2  +  P^~p2  +  £n  +  fc2)go( r,r';z,z')k) 

—  —  6 (>  —  rf)b(z  —  zf)  r /  >  a  0  <  z,z'  <  <»  (10.1) 

the  radiation  condition  at  infinity,  and  the  boundary  conditions 

fp  [r'SoCr/jv'jfc)]  =  0  at  rf  =  a  (10.2) 

^  [So(r,r';z,z';fc)]  =  0  at  z'  =  0  (10.3) 

Because  of  (10.3),  go  can  be  written  as 

S  o(r/?,z';k)  =  G0(r/;z,z';/c)  +  G0(r,r';z,— z';A;)  (10.4) 

where  G0  is  given  by  the  same  partial  differential  equation  (10.1),  the  radiation 
condition  and  the  boundary  condition  (10.2),  with  the  domain  of  validity  ex¬ 
tended  to  (—  co?co)  for  z  and  z'.  Let  Q0  be  the  Fourier  transform  of  G0  de¬ 
fined  by 

G0(r,r';z,f;/c)  =  /  G0(r,r' ;z,z'  ;fc)e^'  dzf  (10.5) 

J  —OO 

Then  the  standard  methods  can  be  used  to  solve  for  <?0; 

G0(r,r';zf,k)  =  ^  [tfo(1)(£aVi(£r<)  -  J^a)H^^r<)]e^  (10.6) 

where  r>  and  r<  are  respectively  the  larger  and  the  smaller  of  r  and  r',  and 

*  =  (fc2  -  r2)^  (io.7) 

is  defined  by  £  =  k  for  f  =  0  and  by  thq/branch  cut  shown  in  Fig.  10.2. 

In  the  coaxial  region,  the  Green’s  function  gc(r,r';z,z';A;)  is  defined  by  the 
partial  differential  equation 

(J/2  +  p  J/  -  pi  +  jpi  +  fc2)  <3c(r,r' -,z,z' ;k) 

=  —  ^  5(r  —  r')5(z  —  z')  a  <  r,rf  <  b  —  oo  <  Zyzf  <  0  (10.8) 
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the  radiation  condition  for  z*  —  >  —  ,  and  the  boundary  conditions 


^7  [r'Qdr/ ;z,z'  ;k)}  =  0 


at  r'  =  a  and  rf 


dz 


7  So  (ry;z,z';k) 


at  z'  —  0 


(10.9) 

(10.10) 


For  the  same  reason  and  in  a  similar  fashion  Gc(r,r'  ;z,z'  ;k)  and  its  Fourier 
transform  Gc  are  introduced. 


g  e(r,r';z,z';k)  =  Gc(r,r'  ;z,z'  ;k)  +  Gc{r,r'  ;z,—z'  ;fc) 


(10.11) 


Gc(r,r';z,z';k) 


It 


HamGb)J  i(£r>) 


^o(|6)ffi(1)(^>)][Fo(»(|a)J1(?r<)  - 


J o(&) H 0W (&)  -  Jo(^)//0(1,(?a) 


Jo(^)//1<»ttr<)]e^ 

(10.12) 


We  note  that  Gc  has  no  branch  cut;  its  only  singularities  are  poles.  For 
kh  «  1,  all  these  poles  are  complex  except  two  located  at  f  =  ±fc.  These  two 
real  poles  correspond  to  the  TEM  mode  in  the  coaxial  line.  Thus  as  z'  — »  —  °° , 
with  z  fixed,  the  only  dominant  term  is  due  to  the  residue  at  f  =  k, 


Gc(r,r';z,z';k )  ~ 


gik(z-z') 


2k  In  ( b/a ) 


Thus,  as  z'  — >  —  oo  y 


9 c(r,r’;z,z’;k)  =  , ,  \  ,<  e 


~~ikzf 


Furthermore,  as  z  — »  —  <» 


k  In  (b/a)  rr' 


(10.13) 


Gc(r,r';z,0-,k) 


• ikz 


2k  In  (b/a)  rrf 


(10.14) 


b .  Formulation  of  the  Problem 


Let  the  incident  current  on  the  inner  conductor  of  the  coaxial  line  be 


Iinc(z)  =  eikz 


(10.15) 


Because  of  the  rotational  symmetry,  Er(r,z),  Ez(rfz)>  and  H^{ryz)  are  the  only 
nonvanishing  components  of  the  electromagnetic  field  excited  by  (10.15).  The 
components  of  the  electric  field  can  be  expressed  in  terms  of  H^r^z) 


Er(r,z) 


E,(r,z) 


1  dHj/jjZ) 

ioie  o  dz 


J_  1  d_ 

icoe o  r  dr 


[rH$(r,z)] 


(10.16) 


(10.17) 


and  H^ir.z)  satisfies  the  wave  equation 


a*  1  d_  _  1_  Ef 

dr2  r  dr  r2  dz2 


+  fc2Wr,z) 


(10.18) 
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subject  to  the  radiation  condition  and  the  proper  boundary  conditions.  We 
wish  to  find  an  integral  expression  for  H^r^z)  for  z  <  0,  a  <  r  <  b.  For  this 

purpose  Green’s  theorem  can  be  employed: 

* 

j  lQc(r,r';z,z';k)V'*Ht(r’,z')  -  //*(r'/)V'2gc(r/;z,z';fc)]  d  V 

=  /  n'-[gc(r/;z,z';fc)V'//^,(r',z')  -  //*(r',z')V'gc(r,r'  ;z,z'  ;/c)]  <i,S"  (10.19) 

where  the  integrals  are  over  the  coaxial  region.  It  follows  from  (10.8)  and 
(10.18)  that  the  volume  integral  yields  27rLG(r,2),  From  (10.9)  and  the  bound¬ 
ary  conditions  Ez(a,zf)  =  Ez(b,zf)  =  0,  it  can  be  demonstrated  that  there  is  no 
contribution  from  the  surface  integral  over  the  cylindrical  surface  r'  —  a  and 
r'  =  b.  The  surface  integral  over  the  surface  z'  —  0,  a  <  r'  <  b  can  be  simpli¬ 
fied  by  (10.10).  The  surface  integral  over  the  surface  a  <  r'  <  b,  z'  —  <x> 
can  be  carried  out  explicitly  by  noting  (10.13)  and  (10.15)  and  the  radiation 
condition.  Thus  we  have,  in  terms  of  Er(r, 0)  and  (?c,  for  2  <  0,  a  <  r  <  b 

TT  ,  N  cos  kz  .  i2k  fbsy,  ,  7  \  /  t  1  / 

H<t>(ryz)  = - 1-  —  /  Gc(r,r  ;z}0;k)Er(rffi)  dr'  (10.20) 

ITT  S  0  J  a 

Similarly,  for  z  >  0,  r  >  a, 

jOb  r  b 

=  —  —  /  Go(r,r';z,0;k)Er(r',0)  dr'  (10.21) 

SO  J  a 

The  continuity  of  H+(r,z)  for  z  =  0,  a  <  r  <  b  gives  the  desired  integral 
equation  for  Er(r,z) 

J*  Er(r',0)[Go(r,r' ;0,0 ;k)  +  Gc(r/;0,0;fc)]r'  dr’  =  (10.22) 

c.  Approximation  for  Small  kb 
When  \£b\  <<C  1,  Qc  is  approximated  by 

G.*<r/r,m  -  -br’Cd./a)  (la23) 

Let  Gci0)(r,r';z,z';k)  be  the  inverse  Fourier  transform  of  <5c(0)(r,r';2,f  ;fc).  Then 

e.<»( r/?,o«  =  ~bM  FF  (10-24) 

Clearly,  for  kb  <$C  1,  Gc(0)(r,r' ;z}0;k)  is  a  good  approximation  for  Gc(r,r' ;z,0;k) 
except  when  \z\  is  small.  When  2  =  0,  the  difference  is  given  by 

Dc(r,r')k)  =  Gc(r,r’$,0;k)  -  <?c«»(r/;0,0;fc)  =  £ /“ 

|,WA(£r<)//0«(£a)  -  Hl<'>(trJJo(taWi(er>)JIom(&)  -  //i(1>.(^>)J0(^)] 

l  2  • 

* 

+  it'  In  (6/a)  ?  ‘  ^  (10-25) 
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Under  the  assumption  of  a  thin  coaxial  line,  kb  <5C  1,  the  right-hand  side  of 
(10.26)  can  be  approximated  by  its  static  value  at  k  =  0, 

Dc(r,r';k )  ~  Dc(r,r'; 0) 

=  1  n[/iG-r<)ifoG-a)  +  K^IoitaW^Kom  +  K&r>)hQ;b)l 

wJ  0  1  TJth‘\Kn(ta\  -  Utn^KJth)  7 


^  o  l  70(f6)K0(fa)  -  /„(ra)XoO-6) 

« 

1  1 
rr'  In  (6/a)  f2J 

which  is  obviously  frequency  independent.  Then, 

Gc(r/;0,0;/c)  =  ^  ]n  ,  +  A(r,r';0) 

In  a  similar  fashion,  for  |£r>|  «  1,  G0  can  be  approximated  by 


^  (10.26) 


(10.27) 


G0(r/;z,t;k )  = 


i2  1 


xrr'^fl  +  (*2/i)[7  +  ln  ({a/2) 


(10.28) 


where  7  is  Euler’s  constant.  Analogous  to  (10.26)  and  (10.27)  we  have,  for 
kr>  <5C  1, 

D0(r,r';k)  ~  D0(r,r'; 0) 

1  f  J  Al(r^>)  rTJ.  /w  \  7-  /, —  \  I  7-  /u\  77.  /I —  Ml  1  1  J*. 


-f 


0  ®  ^(fa)/x(^<)  +  /o(ra)Al(rr<)]  +  # 

(10.29) 


and 


Go(r/;0,0;k) 


D0(r,r';0)  +  ^  ^  f2{1  +  (i2/x)^  +  in  (£a/2)]  |  (10,30) 


rfr 


The  contour  C0  is  shown  in  Fig.  10.2. 


Fig.  10.2  The  f  plane  and  the 
contour  Co  (Im  k  =  0). 
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If  (10.27)  and  (10.30)  are  substituted  into  (10.22)  and 

D(r,r';  0)  =  D0(r,r';  0)  +  Dc(r,r':  0) 


+ 


f 


ft 


2k  In  (b/a)  x2  J  c„  f  {1  +  (i2/w)[y  +  In  (fa/2)]} 


then  (10.22)  becomes 


[b  r'D(r/;0)Er(r',0)  dr'  =  - 

J  a  T 


it 0_ 

2  irk 


-  r  f*  Er(f, 0)  dr'l 


Let  f(r)  be  the  solution  of  the  integral  equation 


f  r'f(r')D(r/) 0)  dr’ 

J  a 


1 

r 


and  define 


«  =  a  fa  fir) 


dr 
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(10.31) 

(10.32) 

(10.33) 

(10.34) 

(10.35) 


f(r)  is  a  rather  complicated  function  of  r/a  and  r/b.  However,  we  wish  to  ex¬ 
tract  as  much  information  as  possible,  short  of  actually  solving  the  integral 
equation.  We  note  that  D(ryr';0)  is  real,  and  hence /(r)  and  a  are  also  real. 
Furthermore,  a  is  independent  of  the  wavelength.  It  can  also  be  shown  that  a 
is  a  function  of  b/a  only. 

A  comparison  of  (10.33)  with  (10.34)  leads  to  the  desired  result: 


where 


Erir,  0)  =  Xf(r) 

=  Hi  1 

*  2irk  1  +  raja 


(10.36) 

(10.37) 


Application  to  the  Thin  Dipole  Antenna  Driven  by  a  Thin  Coaxial  Line 


These  results  can  now  be  applied  to  the  case  kb  <<C  1.  As  z  — >  —  °°  it  follows 
from  (10.14)  and  (10.21)  and  H^r^z)  can  be  put  into  a  more  descriptive  form 
as  follows: 


1 


27rr 


e 


ikz 


+  e 


ikz 


1  -  fjirm  L‘  E’W  *' I 


(10.38) 


The  reflection  coefficient  is  thus 


2tt  r 6 

fo  In  (b/a)  J  a 


Er(r', 0)  dr' 


(10.39) 


By  transmission  line  theory7  the  apparent  input  admittance  Ya  is  related  to 
the  reflection  coefficient  by 


/ 


Y  =  F 


i  +  r 
l  -  r 


(10.40) 


where  the  qharacteristic  admittance  of  the  coaxial  line  is 


2tt 

fo  In  (b/a) 


(10.41) 
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The  substitution  of  (10.39)  and  (10.41)  into  (10.40)  gives  the  apparent  input 
admittance  of  the  infinite  dipole  antenna  as  seen  from  a  coaxial  line, 


y  = 

1  a  co 


7 r 


+ 


fo  In  (b/a)  f  Er(r',0)  dr' 

J  a 


In  terms  of  r  and  a,  we  have 


Y 


2tt 


.  4tt 


—  I 


fo  In  (b/a)  fo 


kr  T 


ka 


a 


Or,  more  explicitly, 


Y 


Qco 


2  Y 

"  x  oo 


where 


r-=“/ 


.  ika  1 
fo  « 


TT^oJ  Co  £2{1  +  (z2/tt)[y  +  In  (£a/2)]J 


(10.42) 


(10.43) 


(10.44) 


(10.45) 


In  calculating  the  integral  (10.32),  we  have  ignored  the  poles  at 
f  =  d-(k2  +  4:e~2ya~2)l/‘2 .  However,  these  poles  are  of  no  consequence  for  our 
purpose,  and  they  can  be  properly  taken  care  of  through  more  elaborate 
manipulation.2 

The  current  along  the  antenna  is  given  by 

I  (z)  =  2tt  aH^idyZ) 


For  kz  not  too  small,  G0(0)  can  be  used  to  approximate  G0.  Then  I(z)  can  be 
written  as 


4:k  xa  r  _ e^z  dX _ 

a  J  co  J2{1  +  (i2/ 7r) [y  +  In  (|a/ 2)]} 


(10.46) 


Equation  (10.21)  can  be  used  to  compute  the  radiation  field.  For  this  purpose 
the  asymptotic  expression  of  G0(r,rf  ;z,0;k)  is  needed,  and  it  can  be  obtained  by 
the  usual  saddle-point  technique.  The  final  result  is,  in  terms  of  the  spherical 
coordinate  system  (I?,0,<£), 


i2k  xa  1  ^  gikR 

7rf0  cl  sin  0  1+  (i2/ic)[y  +  In  (ka  sin  0/2)]  R 


(10.47) 


e.  Discussion  of  Results 

This  completes  our  investigation  of  the  canonical  problem.  We  have  shown 
in  (10.44)  that,  when  kb  «  1,  the  apparent  input  admittance  Yaob}  as  seen  from 
the  coaxial  line,  can  be  split  into  two  parts.  The  first  and  dominant  part  2  Ym 
depends  on  ka  only  and  hence  may  be  considered  to  be  an  intrinsic  part  of  the 
antenna.  The  other  part  —i{Yka/$$a)  is  called  the  capacitive  end  correction. 
Note  that  this  splitting  is  arbitrary  up  to  a  constant  in  the  capacitance.  ' 
Physically,  this  lumped  capacitance  is  due  to  the  geometrical  discontinuity  at 
z  ~  0  and  is  a  local  effect.  Thus  this  same  lumped  capacitance  is  present  not 
only  in  the  case  of  the  infinite  antenna  but  also  for  finite  antennas,  provided 
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that  the  length  is  not  too  short.  More  precisely,  consider  a  linear  antenna  of 
length  h  driven  from  a  coaxial  line.  If  h  »  b,  and  kb  «  1,  then  the  apparent 
input  admittance  Ya  can  be  approximately  expressed  as  follows: 


(10.48) 


Here  again  2 Y  can  be  considered  to  be  the  intrinsic  admittance  of  the  antenna, 
while  —i(4ka/£oa)  is  the  capacitive  end  correction.  The  important  point  is 
that  Y  depends  only  on  ka  and  kh  but  not  kb. 

Many  theories,  such  as  the  King-Middle  ton  procedure,1  yield  a  finite  in¬ 
trinsic  admittance  for  dipole  antennas.  Because  of  the  ambiguity  in  the 
splitting  of  the  apparent  input  admittance,  the  results  of  these  theories  cannot 
be  used  in  conjunction  with  (10.48)  to  get  Ya .  In  other  words,  the  value  of  the 
capacitive  end  correction  depends  on  the  theory.  In  order  to  use  (10.48) 
Y  must  satisfy 

lim  Y  =  Ym  (10.49) 


This  condition  removes  the  ambiguity  in  the  splitting  of  Ya.  Note  that  for 
theories  valid  only  for  relatively  short  dipole  antennas  it  is  not  meaningful  to 
ask  whether  (10.49)  is  satisfied  or  not. 

Since  it  is  much  easier  to  solve  the  problem  of  a  dipole  antenna  driven  by  a 
5-function  generator  than  that  of  one  driven  by  a  coaxial  line,  only  the  5-func¬ 
tion  generator  will  be  used  in  the  following  sections.  It  is  therefore  essential  to 
establish  the  connection  between  these  two  problems.  For  this  purpose,  we 
note  that  the  current  distribution  along  and  the  radiation  field  of  an  infinite 
dipole  antenna  driven  by  a  5-function  generator  are  given  by 


In  particular, 


Uz)  = 


2kV  r 


e 


—i£z 


7rfo  J  Co  £2Jo(£a)l?G(1)(£a) 


ik 


V 


ikR 


7rf0  sin  8  H 0(1)  (ka  sm  8)  R 


/JO)  =  2^  f  1  , 

V  rtoJcoeJo(fr)Hoa)(l;a)af 


(10.50) 

(10.51) 

(10.52) 


In  order  to  compare  (10.50)  and  (10.51)  with  (10.46)  and  (10.47)  we  have  to 
define  an  equivalent  driving  voltage.  A  natural  choice  of  such  a  driving  voltage 

is,  from  (10.35)  and  (10.36), 

/ 

/  V'  =  [ b  Er(r, 0)  dr  =  ^  (10.53) 

J  a  (l 


The  right-hand  sides  of  (10.50)  and  (10.51)  are  approximately  equal  to  those  of 
(10.46)  and  (10.47)  if  V'  is  identified  as  V /2.  Physically  this  is  because  (10.46) 
and  (10.47)  are  the  current  and  radiation  field  of  an  infinite  dipole  antenna 
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driven  at  its  base  against  a  ground  plane,  by  an  equivalent  voltage  source  V\ 
while  (10.50)  and  (10.51)  are  for  the  antenna  driven  at  its  center.  This  is  also 
the  reason  for  introducing  the  factor  2  in  (10.44). 

We  also  observe  that  if  the  leading  terms  of  the  power  series  expansion  of  the 
Bessel  functions  are  used,  then  the  right-hand  side  of  (10.52)  becomes  formally 
identical  with  that  of  (10.46)  even  though  Im(0)/V  is  infinite  and  is  finite. 
Therefore,  in  order  to  use  (10.48)  for  finite  dipole  antennas  we  must  use  only 
the  leading  terms  for  the  Bessel  functions  that  appear  in  the  Fourier  transform 
of  the  kernel.  This  replacement  of  the  Bessel  functions  by  their  leading  terms 
is  not  for  convenience,  but  is  mandatory.  One  may  ask  whether  there  is  a  way 
of  including  the  higher-order  terms  in  the  series  expression  of  the  Bessel  func¬ 
tions  in  the  interest  of  obtaining  better  accuracy.  The  answer  is  that,  if  this 
better  accuracy  is  desired,  it  is  not  possible  to  split  the  apparent  input  ad¬ 
mittance  additively  into  an  intrinsic  part  and  an  end  correction.  That  is,  it 
would  then  be  necessary  to  consider  the  coupled  system  of  the  dipole  antenna 
together  with  the  driving  coaxial  line.  These  remarks  apply  to  both  the  infinite 
antenna  with  kb  <<C  1  and  the  finite  antenna  with  h^>>b  and  kb  <3C  1.  [The 
consideration  can  be  generalized  to  the  case  hy>b  —  a  and  k(b  —  a)  <3C  1,  but 
we  shall  not  discuss  this  point  any  further.] 

In  the  following  sections,  where  we  investigate  the  problem  of  the  long,  thin, 
dipole  antenna  driven  by  a  5-function  generator,  we  prescribe  that  all  Bessel 
functions  in  the  Fourier  transform  of  the  kernel  are  replaced  by  their  leading 
terms  in  their  series  expansions  and  that  the  extraneous  poles  caused  by  this 
replacement  are  ignored.  The  resulting  input  admittance  is  identified  with  the 
intrinsic  admittance  Y.  It  is  then  found  that  (10.49)  is  indeed  satisfied. 


10.3  Discussion  of  the  Existing  Solutions  for  Short  Dipole  Antennas 

The  integral  equation  for  the  current  distribution  along  a  thin,  finite,  cir¬ 
cular,  tubular  antenna  is 


/: 


h  iV 

g(z')X(z  —  z!)  dzf  =  7^-  (sin  k\z\  +  6  cos  kz) 


2f 


z\  <h  (10.54) 


0 


where  Q  is  to  be  determined  by  the  boundary  condition 


£f(rt  K)  —  0 


(10.55) 


This  integral  equation  has  previously  been  introduced  in  Sec.  8.5,  except  that  a 
factor  of  2f0 /iV  has  been  absorbed  in  (3  for  convenience.  The  following  as¬ 
sumptions  have  been  made  in  its  derivation: 


1.  The  antenna  is  perfectly  conducting. 

2.  The  antenna  is  very  thin,  ka  <<C  1,  so  that  the  complication  discussed  in 
Secs.  8.8  and  8.9  has  negligible  effect  on  the  final  solution. 
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3.  The  voltage  source  used  as  the  excitation  is  angularly  independent,  or  more 
explicitly, 

Ez(a,<t>,z)  =  -Vd(z)  (10.56) 

These  assumptions  are  made  throughout  this  chapter.  However,  we  shall 
comment  on  the  first  assumption  at  the  end  of  this  chapter. 

There  exist  principally  five  different  approaches  to  the  problem  so  imposed. 
They  are  the  variational  method,  Fourier  series  expansions,  numerical  tech¬ 
nique,  iterative  method,  and  the  Wiener-Hopf  technique.  The  last  procedure 
is  adapted  specifically  for  the  long  dipole  antenna,  while  the  first  four  proce¬ 
dures  are  valid  only  for  relatively  short  antennas.  We  shall  comment  on  these 
four  methods  briefly. 

The  variational  technique8,9  is  a  very  powerful  tool  for  estimating  the  input 
admittance  or  impedance  of  the  antenna  if  we  know  roughly  what  the  current 
distribution  is.  For  the  case  of  a  thin  dipole  antenna  with  h  <  X,  it  does  give 
results  comparable  with  the  King-Middle  ton  solution,  f  If  we  were  able  to  find 
such  a  reasonable  guess  of  the  first  approximation  for  longer  antennas,  the 
variational  method  would  certainly  be  applicable.  The  trouble  is  that  it  is 
difficult  to  make  such  an  intelligent  guess.  Besides,  it  really  does  not  solve  the 
antenna  problem,  and  even  if  the  impedance  computation  yields  a  good  result, 
very  little  could  be  said  about  the  current  distribution  itself.  A  variational 
expression  in  terms  of  the  electric  field  has  been  investigated  by  Hurd.10 

The  usefulness  and  accuracy  of  the  Fourier  series  method11'13  have  been 
greatly  improved  since  the  introduction  of  digital  computers.  The  success  of 
Duncan  and  Hinchey13  must  not  be  attributed  to  the  Fourier  series;  rather,  it 
is  due  to  the  inclusion  of  King’s  quasi-zero-order  solution14  in  addition  to  the 
Fourier  series  expansion.  Since  the  quasi-zero-order  solution  itself  is  already 
rather  accurate,  it  is  not  surprising  that  they  are  able  to  obtain  a  good  result 
for  antennas  with  h  <  X.  But  the  quasi-zero-order  solution  is  not  applicable 
for  antennas  with  h  >  X,  and  there  is  also  the  question  of  how  to  subtract  out 
the  logarithmic  singularity  or  the  knife-edge  capacitance  from  the  solution.  Al¬ 
though  these  obstacles  are  not  insurmountable,15,16  the  rate  of  convergence  and 
the  accuracy  of  the  solution  deteriorate  as  the  antenna  becomes  longer.  Fur¬ 
thermore,  the  Fourier  series  method  and  the  numerical  techniques17,18  have  one 
disadvantage  in  common.  That  is,  very  little  can  be  said  about  the  problem 
until  the  numerical  computation  has  been  carried  out  specifically  for  those 
parameters  of  interest. 

Among  the  methods  used  to  solve  the  antenna  problem,  the  iterative  pro¬ 
cedure  stands  out  as  the  most  useful  one.  Our  present-day  knowledge  of  the 
linear  antenna  is  primarily  due  to  the  successful  application  of  the  iterative 
procedure,  or  more  specifically,  the  King-Middleton  procedure.1  However,  it 
fails  to  yield  accurate  results  for  the  case  h  >  X.  Since  the  iterative  procedure 
itself  can  hardly  be  questioned,  an  explanation  of  the  discrepancy  in  the  itera¬ 
tive  solution  may  be  sought  in  the  adequacy  of  the  initial  approximation.  One 

tSee  Sec.  2.9. 
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of  the  major  steps  of  the  King- Middleton  procedure  is  the  introduction  of  the 
iterative  parameter  'F  Physically  'k  is  the  ratio  of  the  vector  potential  to  the 

A 

current  at  the  same  point.  In  order  to  get  the  zero-order  solution  for  the  cur¬ 
rent,  it  is  assumed  that  real  or  complex,  is  sensibly  constant  over  the  whole 
antenna.  This  assumption  is  reasonable  except  on  two  occasions,  i.e.,  (1)  if  th£ 
antenna  is  too  long,  say  h  >  X,  or  (2)  near  the  end  points  of  the  antenna, 
z  »  db h,  even  if  the  antenna  is  short.  Since  the  current  vanishes  at  the  ends 
z  =  dzh,  while  the  vector  potential  remains  finite  there,  it  should  be  obvious 
that  4'  would  vary  rapidly  there.  Unfortunately,  the  value  of  the  constant  C  is 
determined  at  z  —  rb h,  precisely  where  the  approximation  is  poor. 

To  see  why  T  fails  to  remain  constant  for  the  case  when  h  >  X,  we  shall  give 
a  rough  estimate  of  the  vector  potential  at  0  <  z  <  h.  For  this  purpose,  the 
kernel  K(z}a)  instead  of  3£(z)  may  be  used  conveniently.19 


Az(a,z) 


ei 

V(z  —  z')2  +  a2 


(10.57) 


As  a  rough  approximation  we  could  use  IoCtklzl  as  the  current  distribution 
function.  Then  the  integral  can  be  split  into  two  parts 
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(10.58) 


where  d  is  some  constant  satisfying  the  relation  a  <£d  << C  X.  The  first  term  is 
the  vector  potential  contributed  by  the  current  at  a  neighboring  point 
(z  —  d,  z  +  d),  and  the  second  term  is  the  contribution  from  the  current  at  the 
other  portion  of  the  antenna.  For  thin  antennas,  the  first  term  is  the  dominant 
part,  since  a  «  X  under  usual  circumstances.  This  is  the  reason  why  'k  is 
reasonably  constant  for  h  <  X.  However,  for  longer  antennas  h,  and  hence  z, 
could  be  much  larger  than  a  wavelength;  the  importance  of  the  second  term 
can  no  longer  be  ignored. 

To  overcome  these  two  obstacles  just  mentioned,  we  shall  employ  the 
Wiener-Hopf  technique.20,21 


10.4  Plan  for  the  Wiener-Hopf  Approach 

The  content  of  the  integral  equation  (10.54)  and  its  boundary  condition 
(10.55)  may  be  qualitatively  described  by  saying  that  the  current  on  the  an¬ 
tenna  is  determined  by  the  following  conditions  (Fig.  10.3a): 


1.  The  vector  potential  is  as  prescribed  on  the  antenna,  |^|  <  h. 

2.  The  current  vanishes  outside  the  antenna,  z  >  h  and  z  <  —h. 


The  constant  C  has  a  direct  bearing  on  the  input  admittance  of  the  antenna, 


THEORY  OF  THE  LONG  DIPOLE  ANTENNA 


433 


and,  roughly  speaking,  large  values  of  C  indicate  resonance  while  small  values 
indicate  antiresonance.  Therefore,  the  determination  of  6  is  a  crucial  step  in 
finding  the  solution.  Since  the  constant  6  is  determined  by  the  condition  that 


A  z  —  unknown 


Z  =  h 


z  =  o 


z  =  o 

Z- -h 


A  z  —  known 


< 

j  Az  —  unknown 


A  z  -  unknown 


Az  =0 


t 


.  i_ 

«»VIS 


z=o 


A  z~  known 


[o)  [b]  [c] 

Fig.  10.3  Antenna  models,  5-function  generator  located  at  2  =  0. 
(a)  Idealized  model;  (6)  model  of  semi-infinite  antenna  for  the 
determination  of  C ;  (c)  simplified  model. 


the  current  vanish  at  the  ends  of  the  antenna,  it  is  necessary  to  express  the 
current  at  z  =  dzh  in  terms  of  <3.  For  thin  antennas,  the  kernel  of  the  integral 
equation  is  relatively  large  for  small  k\z  —  z'\  and  relatively  small  and  oscilla¬ 
tory  for  large  k\z  —  zr |.  Accordingly,  the  vector  potential  is  comparatively 
small  for  \z\  >  h.  For  long  or  moderately  long  antennas,  the  value  of  the  cur¬ 
rent  at  2  —  —h  is  not  sensitive  to  the  condition  at  z  >  h.  Consequently,  the 
current  at  z  =  —h  may  be  found  approximately  by  assuming  instead  the 
following  conditions: 


1'.  The  vector  potential  is  as  prescribed  on  the  antenna,  —h  <  z  <h,  and 
vanishes  for  z  >  h. 

2'.  The  current  vanishes  for  z  <  —h. 


Then  the  antenna  may  be  approximated  by  a  semi-infinite  one  which  extends 
from  z  =  —h  to  +  °°  and  is  driven  by  a  vector  potential  distribution  given  by 
condition  1'.  This  semi-infinite  antenna  (Fig.  10.36)  is  described  by  an  integral 
equation  of  the  Wiener-Hopf  type: 

J  h  $(zf)X(z  —  zf)  dzf  =  $(z)  z  >  —h  (10.59) 


where 


0 


—  h  <  z  <  h 
z>  h 


(10.60) 
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As  the  solution  of  (10.59),  g(z)  is  in  general  unbounded  near  2  =  —h.  If, 
however,  $(2)  satisfies  a  certain  integral  condition,  &(z)  becomes  bounded  near 
z  —  —h  and,  furthermore,  lim  g(z)  =  0.  The  Wiener-Hopf  technique  is 

z — >  —  h  + 

here  employed  to  find  such  an  integral  condition.  The  result  is  given  in  (10.91)< 

This  condition  (10.91)  for  the  vanishing  of  the  current  at  the  end  of  the 
semi-infinite  antenna  is  exact.  However,  this  rather  complicated  condition 
can  be  greatly  simplified  if  the  antenna  is  thin,  that  is,  ka  «  1,  and  if  the  char¬ 
acteristic  distance  for  the  variation  of  $(z)  is  much  larger  than  a.  Under  these 
circumstances  the  Fourier  transform  of  the  kernel  X  (z)  may  be  replaced  by  its 
small-argument  approximation  as  indicated  in  Sec.  10.2.  When  this  is  done, 
the  constant  (3  can  be  determined  explicitly. 

Once  C  is  known,  some  of  the  properties  of  the  antenna,  such  as  the  input 
admittance,  the  current  and  the  charge  distribution  along  the  major  portion  of 
the  antenna,  and  the  radiation  pattern,  may  be  found  by  assuming  the  some¬ 
what  less  accurate  but  considerably  simpler  conditions  that 

1".  The  vector  potential  is  as  prescribed,  with  <3  already  determined  on  the 
antenna,  —  h<z<h,  and  vanishes  for  both  z  >  h  and  z  <  —h. 

2".  There  is  no  condition  on  the  current. 

This  simplified  model  (Fig.  10.3c)  may  be  solved  by  the  Fourier  transform 
method.  However,  as  is  well-known,  the  solution  of  the  Wiener-Hopf  equa¬ 
tions  and  the  result  of  the  Fourier  transform  method  are  in  general  extremely 
complicated,  being  contour  integrals  with  complicated  integrands.  Since  a 
direct  evaluation  of  these  integrals  seems  extremely  difficult,  it  is  a  necessary 
task  to  obtain  simpler  approximations  to  these  rather  involved  expressions. 
For  this  purpose,  the  smallness  of  the  radius  of  the  antenna  is  used  repeatedly. 
Although  the  procedure  is  very  complicated  and  detailed,  the  final  result  is 
simple  and  quite  accurate  for  long  antennas.  These  results  are  summarized  in 
Sec.  10.7,  and  the  mathematical  derivations  are  presented  in  Secs.  10.5 
and  10.6. 


10.5  Integral  Condition 

One  of  the  major  steps  in  Wiener-Hopf  procedure  is  to  write  a  function  as 
the  sum  or  product  of  two  functions,  one  being  analytic  in  the  upper  half  plane 
and  the  other  in  the  lower  half  plane.  For  any  function  /  of  f  analytic  in  a 
strip,  say  |Im  f  |  <  6,  define 


/+«■) 

_  1  r  ar—itl2  /(f') 

2t It  J -oo-Ve/2  f '  -  f  S 

(10.61) 

and 

/-(D 
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where  the  Cauchy  principal  values  are  taken  at  infinity.  If  these  integrals  are 
absolutely  convergent,  then  /_(f)  is  analytic  for  Im  f  <  e/2  and  /+(£)  is 
analytic  for  Im  f  >  —e/2.  Furthermore,  in  the  strip  |Im  f|  <  e/2, 

/(f)  =  /+(f)  +/-(f)  (10.63) 

The  corresponding  formulas  for  multiplicative  splitting  can  be  found  by 
noting 

In /(f)  =  [ln/(f)]+  +  [In  /(f)]-  (10.64) 

We  shall  not  discuss  any  of  the  mathematical  problems  connected  with  the 
Wiener-Hopf  procedure.  For  this,  the  reader  is  referred  to  Klein.21  Rather,  we 
shall  use  the  heuristic  device  of  considering  the  medium  to  be  slightly  lossy,  i.e., 


Im  k  =  €  >  0 

Eventually  e  is  allowed  to  approach  zero. 

The  integral  equation  for  the  semi-infinite  antenna  is  given  by  (10.59)  and 
(10.60).  After  a  translation  of  coordinate  systems,  Z\  =  z  +  A,  z[  =  z'  +  A, 
and  with  the  following  definitions: 


6{z)  =  g(zx  —  A)  ss  I(zi) 
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sin  k\zi  —  h |  +  e  cos  k(zi  —  h)]H(2h  —  zx)  Zi>  0 

zi  <  0 


(10.66) 


where  H(x)  is  the  Heaviside  function 


then,  for  zx  >  0, 
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(10.68) 
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o  I(z[)X.(zi  -  z[)  dz[  =  F(z{)  +  G(zi) 


(10.69) 
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The  relevant  Fourier  transforms  are  defined  by 


ff(f)  = 

1  X{zi)e'^'dzi  =  l^Jo(Za)H0w(&) 
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(10.70) 
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Fig,  10.4  The  f-plane  branch  cut 
with  Im  k  —  €  >  0. 


where  £  =  A^k2  —  f2.  For  the  sake  of  definiteness  we  take  f  =  k  when  f  =  0 
and  draw  the  branch  cuts  in  the  first  and  the  third  quadrants  as  shown  in 
Fig.  10.4.  Clearly  5C(f)  is  analytic  in  the  strip  |Im  f  |  <  e,  and  as  |  — >  00  in 
that  strip 

m)  -  o on-1)  (io.74) 

From  our  previous  study  of  the  current  on  an  infinite  antenna19  we  learned 
that,  as  z\  — »  <*> , 

I(zi)e~ikZl  — >  0  (10.75) 

Thus  7+(f)  is  analytic  for  Im  f  >  —e/2.  Since  I(zi)—>0  as  zi— >0+,  it 
follows  from  (8.97)  that,  as  |f|  — »  oo  in  the  half  plane  Im  f  >  —e/2, 

/+(*■)  -  0(|f  I"1)  (10.76) 

The  Fourier  transforms  defined  in  (10,70)  to  (10.73)  have  a  common  strip  of 
analytieity,  which  includes  the  real  f  axis.  In  this  common  strip  we  have,  from 
(10.69) 


7+GW)  =  F+(f)  +  G.(f) 


(10.77) 
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Making  use  of  (10.61)  to  (10.64),  we  define 

JG±(f)  =  exp  [db  In  5C(r)]±  (10.78) 

Then,  in  the  strip  |Im  f  |  <  e/2,  we  have 

m}  =  (10.79) 

Since  3C(f)  is  an  even  function  of  f,  it  follows  from  (10.61)  and  (10.62)  that 

£-<-»  -  m  (10'80) 

Furthermore,  as  |f  |  — >  co , 

r+(f)  -  0(|f|-M)  (10.81) 

£-( f)  -  OflflW)  (10.82) 

From  (10.77)  and  (10.79)  it  follows  that 

/+(f)r+(f)  =  £_(r)F+(r)  +  r_(r  )e_(r) 


One  further  additive  splitting  leads  to 

j+(f)r+(f)  -  [r_(f)F+(f)]+  =  [i_(f)F+(r)]_  +  r_(r)C_( r)  do.83) 

The  right-hand  side  of  this  equation  is  analytic  in  the  lower  half  plane, 
whereas  the  left-hand  side  is  analytic  in  the  upper  half  plane,  and  they  are 
equal  in  the  common  strip.  Thus,  (10.83)  defines  an  entire  function,  which 
must  be  zero  because  of  the  behavior  at  infinity.  Therefore, 

i+(r)i+(r)  =  [L_(f)F+(f)]+  (io.84) 

It  then  follows  from  (10.76)  and  (10.81)  that,  as  |f  |  — >  oo? 

[F+(r)L_(r)]+  =  o(|rl_1)  do.85) 


This  is  the  required  condition  on  F{z\ ). 

In  order  to  simplify  this  integral  condition,  we  observe  that  5c(f)  is  analytic 
in  the  cut  plane  and  both  L+(f)  and  L_(f)  are  analytic  in  the  entire  plane  ex¬ 
cept,  respectively,  the  left  and  the  right  branch  cuts  of  3C(f),  as  shown  in  Fig. 
10.4.  Since  the  leading  term  of  F+(f)  as  |f  |  — >  co  is  causing  difficulty,  it  is 
taken  out,  and  we  define 

—  *v>(r)  =  F+{ f)  +  ./-T/  (10.86) 

Therefore 


[F+(r)r_(f)]+  = 


[F+°(r)r_(r)]+  + 
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Clearly,  the  last  term  is  identically  zero,  since  l/(f  —  k)  and  L_(f)  are  both 
analytic  functions  in  the  lower  half  plane.  Thus 


[F+(f)£_(f)]+ 


1  /■  co  ie/2  F+0(f,)L_(f') 
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(10.88). 


A  comparison  of  (10.88)  with  (10.85)  shows  that 


Or,  more  simply, 
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,./2  F+°(nL_(i;>)  d?  =  0 

-oo  —l*/l 

/CO 

F +*(£)£-( f)  df  =  o 

—GO 
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(10.90) 


where  the  integration  is  along  the  real  axis.  Let  e  — »  0+,  then  (10.90)  becomes 

fCt  P+°(f)L-(f)  df  =  0  (10.91) 

where  the  contour  of  integration  CQ  is  shown  in  Fig.  10.2. 


10.6  Finite  Dipole  Antennas 


a.  Approximation  for  Thin  Dipole  Antennas 

The  approximate  condition  (10.91)  for  the  vanishing  of  the  current  at  the 
end  of  the  long  dipole  antenna  can  be  simplified  if  the  antenna  is  thin.  As  dis¬ 
cussed  near  the  end  of  Sec.  10.2,  for  ka  <<C  1,  the  Bessel  and  Hankel  functions  in 
3C(f)  can  be  approximated  by  the  leading  terms  of  their  series  expansions: 


-  H 

2a "In  eS) 

(10.92) 

where 

12 1  — 

'  Ho  +  *2 

(10.93) 

and 

12q  — 

,  2 

'“fa-7 

(10.94) 

In  (10.94)  y  is  Euler’s  constant,  numerically  about  0.5772.  We  shall  use  the 
approximation  (10.92)  but  ignore  the  real  zeros  at  f  =  ±(A:2  +  4 £-**ar2)*. 

[See  the  discussion  after  (10.45).]  Then,  and  only  then,  is  it  possible  to  define 
the  functions  M  (zx)  and  L_  (zx)  by 

_  1  r  °° 

M(£)  =  M (zi)e*f21  dz\  (10.95) 


and  L_(C)  =  /  L_  (21)eifz*  dzi 

J  — OD 


(10.96) 


Note  that  the  exact  V(f)  and  L_(f),  without  (10.92),  are  not  the  Fourier  trans¬ 
forms  of  integrable  functions. 
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We  wish  to  emphasize  that  the  approximation  (10.92)  is  not  only  mathe¬ 
matically  necessary  but  also  physically  desirable.  If  (10.92)  is  used,  a  finite 
input  admittance  can  be  obtained.  And  if  we  let  h  — »  <» ,  as  shown  in  Sec.  10.8, 
the  final  result  so  obtained  is  exactly  the  intrinsic  admittance  of  an  infinite 
antenna  driven  from  a  coaxial  line,  as  discussed  in  Sec.  10.2.  Thus  it  is  this 
approximation  for  thin  antennas  which  yields  a  plausible  answer  to  the  ques¬ 
tion  “How  do  we  obtain  the  intrinsic  admittance  of  a  finite  dipole  antenna 
driven  by  a  coaxial  line  without  really  considering  the  coaxial  line?”  Further¬ 
more,  for  large  zh  M(zi)  behaves  like  eikzi/kzi( In  kzi )2.  This  rapid  decrease  of 
M  (z\)  implies  that  the  behavior  of  A  z  is  relatively  unimportant  in  the  present 
calculation.  The  choice  of  the  semi-infinite  antenna  model  is  therefore 
justified. 


b.  The  Determination  of  <3 


We  are  now  in  a  position  to  determine  the  constant  <3  approximately.  From 
(10.72)  and  (10.86)  we  note 


F 


+ 


•»)  -  /; 


F(zO  -  F( 0+)e-**]e**  dz 


or 


F°(zi) 


F(zi)  -  F( 0+)eifc* 

0 


zi  >  0 
zi  <  0 


(10.97) 


Making  use  of  (10.66)  we  have  the  explicit  expression  for  zx  >  0: 

iV  iV 

F°(zi)  =  —  sin  kh[ cos  kz\  H(h  —  zf)  —  eikzi ] - —  cos  kh[ sin  kziHQi 

So  So 

iV 

—  —  (sin  kh  —  <3  cos  kh)  [cos  kziH(2h  —  zf)  —  e  ****] 

*fo 

iV 

+  —  (cos  kh  -\-  (3  sin  M)[sin  kzi  H(2h  —  zi)] 


-  Zl) 


(10.98) 


The  terms  of  (10.98)  are  so  arranged  that,  as  |f  |  — >  °°  ?  the  Fourier  transforms 
of  each  term  in  brackets  decay  faster  than  l/|f|.  Thus  each  bracket  can  be 
treated  separately  when  (10.98)  is  substituted  into  (10.61).  Define 


&(X)  -  /Ci  I.  <f )  it  /  * 

t,(x)  -  /  r_(»  dS  l~ 


e'fa  sin  kzi  H(X  —  Zi)  (hi 


e«*>  [cos  kzi  II {X  -  Zl)  -  efc>]  dZi 


(10.99) 

(10.100) 


When  (10.97)  and  (10.98)  are  substituted  into  (10.61),  the  result  is,  using 
(10.99)  and  (10.100), 

sm  kh  I\(h)  —  cos  kh  Si(h)  +  )^(cos  kh  +  6  sin  kh)Si(2h) 

—  3^(sin  kh  —  Q  cos  kh)Ti(2h)  =  0 

sin  kh  [27\(/i)  -  7\(2/i)]  -  cos  kh  [2 Si(h)  -  Si(2fc)]  ,  . 

sin  kh  Si(2h)  +  cos  kh  I\(2h)  U  j 


or  e 
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It  remains  to  evaluate  the  functions  defined  in  (10.99)  and  (10.100).  How¬ 
ever,  we  know  very  little  about  L„(f)  except  its  integral  form.  Since,  we  are 
mainly  interested  in  the  case  of  long  dipole  antennas,  where  kh  >  w,  we  shall 
evaluate  these  integrals  for  large  X  approximately.  In  (10.99)  and  (10.100)  the 
contour  C0  can  be  deformed  so  that  it  is  wrapped  around  the  right  branch  cut. 
The  deformation  of  contour  is  possible  because  ZL(f)  is  analytic  over  the  entire 
complex  f  plane  except  the  right  branch  cut;  there  is  no  contribution  from  the 
large  arc,  since  as  |f  |  —>  <»  ,  the  zx  integral  of  (10.99)  and  (10.100)  decays  faster 
than  l/|f|.  The  advantage  of  the  particular  arrangement  of  the  terms  made 
in  (10.98)  should  now  be  appreciated.  For  large  kX  the  contributions  to  these 
two  integrals,  insofar  as  the  f  integral  is  concerned,  come  mainly  from  the 
region  |f  —  k\X  «  1.  We  shall  therefore  approximate  L_(f)  around  the 
branch  point  f  =  k.  On  the  other  hand,  from  (10.79),  L_(f)  is  exactly  the 
same  as  M (f)L+(f),  where  L+(f)  is  analytic  in  the  vicinity  of  f  =  k.  Thus,  in 
(10.99)  and  (10.100)  £_(f)  can  be  replaced  by  L+(k)M({).  Therefore,  ap¬ 
proximately, 

Si(X)  =  L+(k)S(X)  (10.102) 

Tx(X)  =  L+(k)T(X)  (10.103) 

where  S(X)  =  f  If(f)  df  /  e**1  sin  kzx  H(X  -  zx)  dzx  (10.104) 

J  Cq  **  0 

T(X)  =  f  M(f)  dt  l  e*f“[cos  kzxH(X  -  2,)  -  e^}  dzx  (10.105) 

J  ^0  J  0 

Since  the  expression  of  M  (f)  is  known,  the  advantage  of  (10.104)  and  (10.105) 
over  (10.99)  and  (10.100)  is  obvious.  If  the  approximations  (10.102)  and 
(10.103)  are  used  in  (10.101),  the  factor  L+(k)  cancels  out  and  we  have  an 
explicit  expression  for  C: 

__  _sin  kh  [2 T(h)  -  T(2h)}  -  cos  kh  [2 S(h)  -  S(2h)] 

sin  kh  S(2h)  +  cos  kh  T(2h)  fiu.iuoj 

The  derivation  of  the  functions  S(X)  and  T(X)  is  postponed  until  Sec.  10.6c. 


c.  The  Current  and  Charge  Distribution  and  the  Input  Admittance 


Once  the  constant  6  is  obtained,  we  can  use  the  approximate  condition  1"  to 
find  the  current  distribution  along  the  antenna.  The  integral  equation  with 
this  prescription  is 


/co 

a(z')3Z(z  -  z')  dz'  =  ff(z)[# (2  +  h)  -  H(z  -  h)] 


<  OD 


(10.107) 


In  contrast  with  (10.71)  the  Fourier  transforms  are  defined  as  follows: 


4(f)  =  f  ^(z)e^z  dz 

J  —co 

5(f)  =  J_h  3(z)eitz  dz 


(10.108) 


and 


(10.109) 
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From  (10.107)  to  (10.109),  (10.66),  (10.92),  and  (10.95)  it  follows  that 

4(f)  =  M(f)f(f)  (10.110) 

or  3(z)  =  4  f  V(f)ff(f)e->df  (10.111) 

For  convenience  define  U(X),  analogous  to  (10.104)  and  (10.105),  as  follows: 

U(X)  =  f  M  (f )  </f  [  cos  kzei{‘dz  (10.112) 

J  Co  J  -X 

In  terms  of  S(X)  and  U(X),  (10.111)  becomes  (10.132).  The  input  admittance 
is  given  by  $  (0) / V  or  (10.134).  If  the  equation  of  continuity  of  charge  is  used 
in  conjunction  with  (10.111),  the  charge  distribution  is  then  given  by 

q(z)  =  ~2 ~JCo  f^(f)j(f)e_if2  df  (10.113) 

Again  this  equation  can  be  expressed  in  terms  S(X),  U(X),  and  M  (X)  as  given 
in  (10.133). 


d.  Radiation  Field 

Let  a  spherical  coordinate  system  (Rfi,<j>)  be  set  up  such  that  the  ends  of  the 
antenna  are  located  around  (h,0,<f>)  and  (h,i r,$).  All  the  field  quantities  are 
independent  of  <£  because  of  the  rotational  symmetry.  Thus  in  the  far  field,22 
that  is,  kR  — >  CO  j 

E$(Rfi)  =  ica  sin  8  Az(r,z)  (10.114) 


The  2  component  of  the  vector  potential  at  (r,z)  is  given  by 


ik  V(«“*2,)2+»‘2-H»2— ^ 2ra  cos  Bf 

S 

V(s  —  z')2  +  r2  +  a2  —  2ra  cos  8'  ^ 

When  the  terms  proportional  to  ( ka )2  are  neglected,  and  for  large  kR  —  kyjr2  +  r2, 
this  simplifies  to 

tin  pibR 

Az(r,z)  =  - - 5-  ${k  cos  8)  (10.115) 

47r  tC 

Define  the  field  pattern  by 


E(d)  =  -  lim  Re-ikR  Ee(R,8)  (10.116) 

R—>  CO 

E(6)  =  -i°Psm6g(k  cos  6)  (10.117) 

47 r 


The  explicit  expression  for  the  field  pattern  is  obtained  by  substituting  (10. 1 10) 
into  (10.117),  and  is  given  in  (10.135). 
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6.  Derivation  of  S(X) 

This  subsection  is  devoted  to  the  detailed  derivation  of  S(X),  which,  as 
given  in  (10.104),  can  be  simplified  to  read 


sm  - 2'  L  [£ 


k)X  gt(f +k)X 


k 


+ 


2k 


dt 


t  +  *  r-  -  k2J  20,  -  In  [(k2  -  f2)//;2 


A  change  of  variable,  f  =  k  ( 1  +  2?]),  yields 

<S(Z)  =*  -2 if” 

./  0 


(10.118) 


X 


1 


1 


2(Oq  —  In  2)  —  In  17(1  +17)  2(12p  —  in  2)  +  i2ir  —  In  57(1  +  v)  J 


e%2kX{l+n)  ei2kXv 


I+17 


+ 


1 


V  *?(!  +  v)j 


drj  (10.119) 


Since  the  Cauchy  principal  values  are  taken  at  infinity,  we  introduce  an  ar 
bitrarily  large  number  = ,  then, 


/ 


T 


1 


1 


0  L.2(^o  ”  In  2)  —  In  77(1  +  17)  2 (ftp  —  In  2)  +  i2w  —  In  77(1  -f-  77) 


and 


x  (v  +  rh)  dv  ~  ln  (X  +  flT-  InY— "in  «  )  (10' 


120) 


/.'[ 


1 


1 


X 


2(O0  ln  2)  —  2  ln  (1  +77)  2(12q  —  ln  2)  +  i2rr  —  2  ln  (1  -j-  77) 

1  /  -  iri 


I+77 


dr)  —  ln  (  1  + 


—  In  2  —  ln 


)-ln(1  +  aAni)  (10121) 


On  the  other  hand,  approximately 


/; 


1 


1 


L2(Op  -  ln  2)  -  ln  t?(1  +  77)  2(fl0  -  ln  2)  -  2  ln  (1  +  77) 

ln  [(1  +  t?)/??]  1 


1 


I+77 


dr) 


0  [2(llo  —  In  2)  —  2  ln  (1  77) j2  1  -|-  77 

'  ln  [(1  +  dv  1 


dv 


1 


0  [2(n0  -  In  2)  -  2  ln  2]2  1  +  77 


6  [2(0o  -  2  ln  2)]2 


(10.122) 


Similarly, 


/;[ 


2(Hq  — 


ln  2)  +  2-7rt  —  ln  77(1  +  77) 

1 


2(O0  -  In  2)  +  2 iri  -  2  ln  (1+  77) 


]rr. 


dr) 


7 r 


1 


6  [2  (Op  -  2  ln  2)  +  f27r]2 


(10.123) 
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Letting 


co,  (10.119)  to  (10.123)  give 


2(£20  —  In  2)  —  In  97(1  +  77) 


2(S2q  —  In  2)  +  i2ir  —  In  (1  +  17)17 __  (1  +  77)77 


drj 


1  /«  ,  jrt  \  I  7T2  _ 1 _ 7 r2  _ 1 _ 

v  Oo  -  In  2/  ^  3  [2(flb  -  2  In  2 )]2  3  [2(flb  -  2  In  2)+  i2w}2 

(10.124) 

It  remains  to  study  the  other  two  terms  of  (10.118).  For  this  purpose,  it  is 
convenient  to  introduce  two  functions 


ft(X) 


.  IT 


2(O0  -  In  2)  +  In  (2 kX)  +  y  -  i  £ 


Q3(X)  —  2(12q  —  In  2)  In  (2 kX)  y  -f*  i 


.  37 r 


and  note  that 


-*(1)  7f  =  VO) 


(10.125) 


(10.126) 


(10.127) 


where,  in  terms  of  the  gamma  function  T(z), 

Hz)  =  ^lnr(z) 

In  terms  of  these  functions  we  have 


(10.128) 


0  [_2(U)  —  In  2)  —  In  77(1  +  17) 


2(^o  —  In  2)  -j-  i2x  —  In  77(1  — f~  77) 


]piZkXv 

6 - di 7 

V 


?[ 


'  In  r 


Q%(X)  —  (*y  *4"  In  77^  123(X) 

mu 


~  (7  +  In  1,')  ]  dV' 


ft(X)  -  (7  +  In  *') 


,n  p3(X)i  yr  1 _ 

Lfti(x)  J  ^  2  Lo22(z)  ih2(x) 


Also 


n 


2(120  —  In  2)  —  In  77(1  +  7?) 


ei2kX(l+r}) 


2(fi0  —  In  2)  +  i2ir  —  In  77(1  +  77)  J  1  +  77 


di? 


,i2  kX 


2 kX  LSk(X) 


1 

o3(X) 


(10.129) 


(10.130) 
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The  substitution  of  (10.124),  (10.128),  and  (10.129)  leads  to  the  final  explicit 
result  of  S(X)  as  given  in  (10.137).  T(X ),  U(X),  and  M(X)  are  derivable  in 
the  same  fashion. 


10.7  Summary  of  Results  and  Their  Restrictions 

In  Secs.  10.5  and  10.6,  formulas  have  been  obtained  to  describe  the  char¬ 
acteristics  of  a  center-driven  dipole  antenna.  These  equations  are  applicable 
for  antennas  which  are  thin  and  long.  This  is  because  the  conditions  1'  and  2' 
and  1"  and  2 "  are  valid  approximations  for  the  exact  conditions  1  and  2  only  if 
the  antenna  is  long.  The  antenna  has  to  be  thin,  because  of  the  approximation 
discussed  in  Secs.  10.2  and  10.6.  Numerical  computation  shows  that  the 
results  are  valid  for 

a  <  0.01X  and  h  >  ~  (10.131) 

The  results  are  summarized  as  follows: 
a .  Current  distribution: 


iV 


b. 


4(z)  =  [sin  kz  U(z)  —  2  cos  kz  S(z)  +  (cos  kz  +  e  sin  kz)S(h  +  z) 

+  (cos  kz  —  e  sin  kz)SQi  —  z)  —  ^(sin  kz  —  e  cos  kz)U(h  +  z) 

+  3^(sin  kz  +  C  cos  kz)U(h  —  z)]  (10.132) 

Charge  distribution: 


q(z)  = 


Ve 


o 


47T 


2tt 


(sin  kh  +  6  cos  kh)  [M  (h  +  z)  —  M  (h  —  z) 


+  3dKcos  kz  —  e  sin  kz)U(h  —  z)  —  3^(cos  kz  +  e  sin  kz)U (h  +  z) 
—  (sin  kz  +  e  cos  kz)S(h  —  z)  —  (sin  kz  —  e  cos  kz)S(h  +  z) 


+  2  sin  kz  S(z)  +  cos  kz  U(z ) 


c.  Input  admittance : 


(10.133) 


Y  = 


d.  Far-field  pattern: 


47rf 


o 


[25(A)  +  eU(h)] 


E(B)  = 


V  sin  6 


4  Oi  —  In  sin  6 


^  sin  [kh(  1  —  cos  6)]  ,  ^  sin  [kh(  1  +  cos  6) 

z  i  ~r  - 


1  —  cos  d 


1  +  cos  9 


1  —  cos  [M(l  —  cos  e/)]  1  —  cos  [kh(  1  +  cos  0)1 


1  —  cos  d 


1  +  cos  6 


where  the  constant  Q  is 


e 


sin  kh  [2 T(h)  -  T(2h)}  -  cos  kh  [2 S(h)  -  S(2h)] 

sin  kh  S(2h)  +  cos  kh  T(2h) 


(10.134) 


(10.135) 


(10.136) 
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All  these  equations  are  expressed  in  terms  of  four  functions  S(X),  T(X), 
U(X ),  and  M ( X ).  For  large  kX ,  these  functions  can  be  written  explicitly5 


1 


2t 


S(X) 


7T 

12 


+ 


In  1  + 


1 


7 n 


—  In  2 


i 


(Go  -  2  In  2 )2  (G0  -  2  In  2  +  tti)2 


+  In 


Mxy 

L^mj 


7 


/r~ 


~  1 

1  ~ 

m 

1  ri2kX 

“  1 

1  “ 

M&) 

mx)l 

2kX 

MX)  ~ 

g3(A)J 

W  =  -In  (  1  + 


7TZ 


—  In  2 


7' 

■  1 

1  " 

__  1  pi2kX 

'  1 

1  “ 

2 

imx) 

'  mx)l 

2  kX 

a.(X)J 

47T 


t/(A)  =  In 


MX) 
LgAX) 


+ 


r 


tr 


1 


1 


W(X)  a32(X) 

i 


+ 


i2fcX 


1 


1 


2  kX  IMX)  03(Z)J 


72 

M(X)  = 


ikX 


1 


A(X)  G3(X)J 


(10.137) 


7 r2 

1 

1 

—  In 

r&(xn 

12 

_(G0  -  2  In  2)2 

(G0  -  2  In  2  +  Trt )2_ 

—  Ill 

L  ^(A)  J 

(10.138) 


(10.139) 

(10.140) 


In  (10.137)  to  (10.140)  the  following  symbols  have  been  used: 


Go  +  * 


•7T 


Ga(Z)  =  2  (G0  -  In  2)  +  In  (2kX)  +  y  -  i| 

G3(X)  =  2 (G0  -  In  2)  +  In  (2fcX)  +  7  + 

7'  =  r"(l)  -  72  =  1-6449 


(10.141) 

(10.142) 

(10.143) 

(10.144) 

(10.145) 


Among  the  quantities  determined,  the  value  of  G  is  based  on  the  conditions 
1'  and  2'  and  is  therefore  the  most  accurate  one.  Equations  (10.132)  to 
(10.135)  are  calculated  from  the  conditions  1"  and  2",  which  are  less  accurate. 
Therefore,  (10.132)  and  (10.133)  are  the  accurate  descriptions  for  the  current 
and  charge  distributions  only  for  points  not  close  to  the  ends,  |z|  <  h  —  X/4. 
If  these  equations  are  used  in  conjunction  with  (10.137)  to  (10.140),  which  are 
valid  for  large  kX  only,  then  they  are  not  valid  for  0  <  |z|  <  X/4  either.  How- 
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ever,  Y,  and  therefore  0(0),  is  accurately  determined  by  (10.134)  with  (10.137) 
and  (10.139),  and  we  do  know  that  0(=fcA)  =  0,  the  current  distribution  in  the 
regions  close  to  the  driving  point  and  to  the  ends,  can  be  estimated. 

The  error  due  to  (1")  and  (2")  has  little  effect  on  the  far-held  pattern,  which 
is  insensitive  to  the  detailed  structure  of  the  current  distribution.  All  these 
results  are  valid  for  both  lossless  media  (Jc  real)  and  dissipative  media 
(k  complex). 

We  remark  that  the  meaning  of  the  held  pattern  is  somewhat  different  in  the 
lossless  and  the  dissipative  cases.  Let  /  be  a  held  quantity  and  (fi,0,<£)  be  a 
spherical  coordinate  system.  With  respect  to  this  particular  coordinate  sys¬ 
tem,  we  dehne  the  held  pattern  fi  for  /  by 

fi(d,(t>)  =  lim  f(R,6,<t>)Re~ikR  (10.146) 

R— *  00 

Suppose  we  displace  the  spherical  coordinate  system  by 

R  -  Ro  +  R'  (10.147) 

without  rotation.  This  gives  a  second  spherical  coordinate  system  {Rf }<j>) 
such  that,  if  R  is  large,  6  =  0f,  <j>  ~  <j>f.  With  respect  to  this  second  spherical 
coordinate  system,  we  can  dehne  a  second  held  pattern /{  for  the  same/: 

=  lim  fiR'tf^R'er**'  (10.148) 

R'->  00 


What  is  the  relation  between  fi  and  /(?  Let  ?  be  the  unit  vector  in  the  direction 
(0,<£),  then  it  follows  from  (10.146)  to  (10.148)  that 

fi(6,<t>)  =  exp  iki •  Rq  (10.149) 

In  particular,  if  the  medium  is  lossless,  i.e.,  if  k  is  real,  then, 

\fi(0,4>)\  =  l/i(*,*)|  (10.150) 

In  other  words,  in  the  lossless  case,  the  absolute  value  of  the  held  pattern  has  a 
meaning  independent  of  the  coordinate  system.  When  k  is  not  real,  it  follows 
from  (10.149)  that  (10.150)  is  false  in  general.  Thus  in  this  case  we  can  only 
dehne  the  held  pattern  with  respect  to  a  particular  coordinate  system.  In 
(10.135)  the  held  pattern  refers  to  the  particular  one  with  the  origin  of  the  co¬ 
ordinate  system  at  the  center  of  the  dipole  antenna. 

The  same  technique  can  be  used  to  investigate  the  properties  of  the  long, 
unloaded,  receiving  dipole  antenna.  In  particular,  the  back-scattering  cross 
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section  aB)  the  current  8s(z),  and  the  charge  distribution  qs(z),  with  broadside 
incident  waves  of  1  volt/m  at  the  axis  of  the  dipole,  are  given  as  follows: 


&B 


#s(z) 


i\  |4tt2 
4x2fol 


47T 

SlT2 


h  +  ~  sin  kh 
k 


i2w 


[M(h  +  z)  -f*  M(h  —  z) 


C 


Qs(z)  =  - 


€q\ 

Stt3 


H — 2*  ct)s  kz  [V  (h  z)  T*  £  (h  —  z)] 

+  Cs  sin  kz  [S(h  +  z)  —  S(h  —  z)] 

9  7T 

(1  +  Cs  cos  kh)  ~  [M(h  -  z)  -  M(h  +  z)] 

+  ^  cos  kz  [S(h  +  z)  —  S(h  —  z)} 


C 


+  ~  sin  kz  [U (h  —  z)  +  U(h  +  z)] 


where  Cs  is  given  by 


Cs  =  - 


V1{2  h)L.(-k) 
cos  kh  T(2h)  +  sin  kh  S(2h) 


The  function  Vi(X)  is  defined  by 


JT(X)  =  [  L_(f)  ^ I"  [H(X  -  z)  -  e-ik*]eik* 

J  to  ■'0 


dz 


and  for  large  kX,  Fj(X)L_(— k)  is  approximately 


(10.151) 


(10.152) 


(10.153) 


(10.154) 


(10.155) 


Vi(X)L_(-k)  «  ^  -  i2fM(X) 


(10.156) 


This  approximation  (10.156)  can  be  somewhat  improved  by  using  numerical 
integration.23 

It  should  be  remarked  that  the  two-wire  transmission  line  and  the  dielectric- 
coated  dipole  antenna  can  also  be  treated  in  the  same  fashion.  For  details  the 
reader  is  referred  to  the  original  work.5 


10.8  Discussion 

By  far  the  most  extensive  calculation  is  that  for  the  input  admittance  of  the 
dipole  antennas  in  lossless  or  dissipative  media.24  Some  results  are  shown  in 
Fig.  10.5.  In  order  to  ascertain  the  range  of  validity  of  the  present  theory,  we 
note  that  the  King-Middleton  solution  and  (10.134)  are  in  excellent  agreement 
in  the  range  of  w  <  kh  <  2w  and  a/\  <  0.01.  Since  this  theory  is  more  ac¬ 
curate  for  longer  antennas,  this  leads  to  (10.131). 
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The  numerical  computation  of  the  current  and  charge  distribution  based  on 

(10.132)  and  (10.133)  has  also  been  carried  out.  The  results  agree  well  with  the 
experimental  data.23’25  Two  typical  curves  are  shown  in  Fig.  10.6  and  Fig.  10.7. 


Fig.  10.5  Normalized  admittance  of  dipole  antennas  in  air  and  in  dissipative  media. 


It  is  interesting  to  note  that  both  the  maxima  and  minima  decrease  toward  the 
end  of  the  antenna,  except  the  last  few  maxima  and  minima. 

The  field  pattern,  as  given  by  (10.135),  differs  from  the  usual  zero-order  field 
pattern  only  in  the  appearance  of  the  factor  1/(QX  -  In  sin  6 )  when  6  is  chosen 
in  a  sufficiently  simple  way.  For  a  long  dipole,  this  factor  has  the  effect  of  re¬ 
ducing  the  end-firing  major  lobes.  It  is  also  interesting  to  note  the  double 
bumps  near  the  minima  as  shown  in  Fig.  10.8.  This  is  because  only  the  ab¬ 
solute  value  of  E  (6)  is  of  interest  and  the  interference  of  the  real  and  imaginary 
parts  is  most  apparent  there. 


sajadoioiuiw 
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Fig.  10.6  Theoretical  current  distribution  along  a  center-driven  antenna  ika  =  0.0531,  kh  =  33.5906). 


* 
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Fig.  10.7  Theoretical  charge  distribution  along  a  center-driven  antenna  ( ka  =  0.0531,  kh  =  33.5906). 
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The  back-scattering  cross  section  of  a  receiving  dipole  has  been  obtained  for 
a/X  =  0.0035  by  using  (10.151).  The  theoretical  results,'!'  together  with  the 
experimental  date  of  Sevick26  and  As  and  Schmitt,27  are  shown  in  Fig.  10.9. 
In  the  theoretical  computation,  numerical  technique  is  used  to  evaluate 


0.2  0.4  0.6  0,8  ].0  ].2  1.4  1.6 

6,  rad 


Fig.  10.8  Field  patterns  of  center-driven  dipoles  (a/X  =  0.008496,  kh  =  3tt;  and  a/X  = 
0.001191,  kh  =  17t r  and  17.5*). 

Fi(2 h)L-(—k),  instead  of  the  approximation  (10.156).  It  is  noted  that  when  the 
dipole  is  not  too  short,  the  theoretical  results  are  in  fair  agreement  with  the  ex¬ 
perimental  data.  When  there  is  strong  interference  between  the  resonant  and 
nonresonant  current,  as  described  by  Chu,f  some  discrepancy  occurs  both  be¬ 
tween  the  theoretical  results  and  the  experimental  data  and  between  the  two 
sets  of  experimental  data.  The  large  discrepancy  with  Sevick’s  data  for  rela- 

f Figure  7  of  Ref.  5  is  incorrect. 

‘  fb.  J-  Chu,  private  communication. 
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tively  large  values  of  kh  may  be  traced  to  an  inadequacy  in  his  experimental 
setup ;  namely,  the  transmitter  was  not  sufficiently  far  away  from  the  scatter¬ 
ing  dipole. 


Fig.  10.9  Back-scattering  cross  section. 


Figure  10.10  shows  the  theoretical  results  of  the  current  distribution  along  a 
long  receiving  dipole  antenna.  As  far  as  the  authors  are  aware,  there  are  no 
experimental  data  available  for  comparison. 

As  previously  mentioned,  one  of  the  principal  interests  in  the  present  theory 
is  its  application  to  the  transient  behavior  of  a  finite  dipole  antenna.  Knowing 
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the  input  admittance  and  the  far-held  pattern,  it  is  possible  to  calculate  the 
time  history  of  the  radiation  held  due  to  a  pulse  excitation  if  the  frequency 
spectrum  of  the  pulse  is  known.  Figure  10.11  shows  the  calculated  radiation 


Fig.  10.11  The  time  history  of  the  calculated  radiation  field  of 
a  dipole.  {From  Schmitt ,  Harrison,  and  Williams .29) 


field  along  the  ground  plane  due  to  a  particular  pulse  radiated  from  a  finite 
dipole  antenna.  The  corresponding  experimental  observations  are  shown  in 
Fig.  10.12.  For  a  detailed  analysis  and  discussion,  the  reader  is  referred  to 
Refs.  28  and  29. 

It  is  instructive  to  consider  the  limiting  case  of  h  — >  <» .  For  large  \kz\f  the 
leading  term  of  (10.132)  becomes, 


*(*) 


V 


2t 


ik\z 


fo  2(Qo  —  In  2)  -|-  In.  2 kz  7  4"  3tt/2) 


(10.157) 
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which  is  consistent  with  the  asymptotic  behavior  of  the  current  distribution 
along  an  infinitely  long  dipole  antenna.30  32 
Similarly,  as  h —*  <»,  (10.134)  becomes 

Y  =  1 1  ~  2  ln  2>  +  tan-  "  1 

to  l6[(Qb  -  2  In  2)2  +  ,r2]2  +  ian  0„  -  In  2  j 

_  _*_L  f,  ,  I  ,  [3(Qb  -  2  In  2)2  +  tt2]^  ] 

2fol  L  (Qb  ~  In  2)2J  -r  6(Qb  -  2  In  2)2[(Oo  -  2  In  2)2  +  ,r2]2| 

+  0[osWJ  (10-158) 

This  result  has  been  confirmed  experimentally  by  King  and  Schmitt4  in  their 
study  of  the  transient  response  of  the  dipole  antenna.  It  is  also  noted  that,  for 

ka  «  1,  the  leading  term  of  the  conductance  as  given  by  (10.158)  is  essentially 
the  same  as  that  derived  by  Papas.30 


Fig.  10.12  The  time  history  of  the  measured  radiation  field  erad(0  V/m  along  the  ground 
plane  (lower  traces)  for  the  excitation  ve(t)  shown  in  the  upper  traces  for  Zg(f)  —  Zg  =  .50 
ohms,  for  h/a  —  904,  for  (c/h)h  —  0.05,  and  for  h  —  0.85  m.  Timescale:  1.25  nsec/di  vision. 

(a)  (c/h)T  =  0.2;  (b)  (c/h)T  =  0.5;  (c)  (c/h)T  =  1.0;  (d)  (c/h)T  =  2.0.  (From  Schmitt, 
Harrison,  and  Williams.29) 
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In  this  chapter  we  have  presented  in  detail  a  theory  for  dipole  antennas 
which  are  electrically  thin,  long,  and  perfectly  conducting.  We  conclude  with  a 
discussion  of  an  academic  question  about  the  possible  upper  limits  on  the 
length  of  the  antenna.  We  see  from  (10.157)  that  the  current  on  an  exceedingly 
long,  perfectly  conducting  dipole  antenna  decays  slowly  as  1/ln  \kz\.  Thus,  if 
the  antenna  is  made  of  copper,  for  example,  the  total  ohmic  loss  on  such  a  long 
antenna  may  be  appreciable.  Indeed,  for  an  infinitely  long  dipole  antenna,  it 
has  been  found33  that  the  ohmic  loss  behaves  like  1/ln  (fo/I^D  for  small  internal 
impedance  z\  This  means  that,  for  a  given  small  z\  the  effect  of  the  ohmic  loss 
of  the  antenna  conductor  cannot  be  obtained  by  any  straightforward  perturba¬ 
tion  theory  when  the  antenna  is  sufficiently  long.  However,  since  the  con¬ 
ductivity  of  copper  is  quite  high,  this  difficulty  does  not  appear  except  for 
extremely  long  antennas.  The  technological  usefulness  of  such  a  thin  but  ex¬ 
tremely  long  dipole  antenna  seems  to  be  rather  remote.  Accordingly,  for  all 
practical  purposes,  we  have  now  a  quite  complete  and  accurate  description  of 
the  highly  conducting  thin  dipole  antenna.  However,  as  discussed  in  Chap.  8, 
the  investigation  of  electrically  thick  dipole  antennas  is  very  much  in  its 
infancy. 
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CHAPTER  11 


THE  LOOP  ANTENNA 
FOR  TRANSMISSION  AND  RECEPTION 

Ronold  W.  P.  King 


11.1  Description  and  Application  of  the  Loop 

The  loop  antenna  consists  of  one  or  more  turns  of  highly  conducting  wire 
around  a  frame  that  may  have  any  shape  but  is  usually  circular,  square,  or 
rectangular.  Although  useful  as  a  transmitting  antenna,  its  most  important 
application  is  for  reception.  In  particular,  when  the  loop  is  electrically  small, 
the  sharp  null  in  its  field  pattern  makes  it  a  valuable  tool  in  direction  finding. 
Another  very  important  application  of  the  small  loop  is  as  a  probe  for  measur¬ 
ing  magnetic  fields  and  distributions  of  current.  Both  when  used  in  direction 
finding  and  when  used  as  a  probe,  it  is  often  enclosed  in  a  slotted  metal  shield. 

In  this  chapter  the  general  problem  of  determining  the  current  distribution, 
the  admittance,  and  the  radiation  field  of  a  single- turn  circular  loop  is  con¬ 
sidered  in  detail  when  the  loop  is  driven  by  a  6-function  generator  and  is  im¬ 
mersed  in  an  arbitrary  homogeneous  and  isotropic  medium  characterized  by 
the  complex  permittivity  e  =  e  —  ja/oo  and  the  permeability  j u.  The  current  in 
a  loaded  receiving  loop  is  also  studied,  and  the  effective  length  of  the  loop  is 
determined.  The  electrically  small  transmitting  and  receiving  loops  are  then 
examined  in  detail.  The  shielded  loop  and  the  loop  as  a  probe  are  considered. 

From  the  analytical  point  of  view  the  loop  antenna  is  considerably  more 
complicated  than  the  linear  antenna.  On  the  other  hand,  owing  to  the  sym¬ 
metry  of  the  circular  loop,  an  expansion  of  the  current  in  an  even  Fourier  series 
is  useful  for  the  loop,  whereas  it  is  not  adequate  for  the  cylindrical  antenna. 

1 1.2  Integral  Equation  for  the  Circular  Transmitting  Loop  and  Its  Solution 

The  loop  to  be  analyzed  is  illustrated  in  Fig.  11.1.  It  consists  of  a  circular 
ring  of  perfectly  conducting  wire  with  a  6-function  generator  F0e6($)  at  <j>  —  0. 
The  radius  of  the  ring  is  6,  that  of  the  wire  a.  It  is  assumed  that  the  latter  is 
very  small  compared  with  both  the  radius  of  the  loop  and  the  wavelength  in 
the  medium,  so  that 

a2 « b2  \ka\  «  1  (11.1) 

The  complex  propagation  constant  of  the  medium  is  k  =  0  —  ja.  When  the 
medium  is  air,  a  =  0, 0  =  co^uo^o  =  27r/X0.  For  simplicity  the  analysis  will  be 
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carried  out  for  air.  The  subsequent  substitution  of  e  for  e0,  k  for  k0  is  sufficient 
to  generalize  the  results  to  an  imperfectly  conducting  medium. 

The  integral  equation  for  the  current  I(<t>)  can  be  derived  from  the  boundary 
condition  =  —V0e5(<t>)/b  on  the  surface  of  the  loop.  This  requires  that 
E<t>  =  0  except  at  <j>  =  0,  where  it  becomes  infinite  but  in  such  a  manner  that 

T  Eft  d<j>  =  —  Vae 


It  follows  from  the  defining  relation 
that  on  the  surface  of  the  loop 

Vqc8  (</>) 
b 

The  scalar  and  vector  potentials  at  the  element  ds  =  b  d<j>  are  given  by  the 
following  integrals: 

4>  =  4^  /-"  ~  4>')  d<i>'  (11.3a) 

At  =  n<t>r)  W(<t>  -  <t>')  cos  (<I>  -  4>')  d4>'  (11.36) 

where  the  kernel  is 

1  r  -k  p—jkobR 

Wi*  -4>')  =  ~  J_t  e-lf- #  (11.4a) 

with  R  =  yji  sin2  —  2  ^  ^  +  W  A  =  2a  sin  |  (11.46) 

The  total  current  and  charge  per  unit  length  are  7(0)  =  2tt aK  ${<!>)  and 
q{<t>)  —  27rar?(0),  where  K *(0)  and  i 7(0)  are  the  surface  densities  of  current  and 
charge. 


— ■  V<£  =  E  +  jcoA  for  the  scalar  potential 

7  H  +  *“*•  <11-2) 
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If  use  is  made  of  the  equation  of  continuity,  d I (</>)/ b  d<j>  +  =  0,  to 

eliminate  q($)  in  (11.3a),  the  expression  for  d$(<£)/d$  can  be  integrated  by 
parts  with  the  aid  of  the  condition  dW/d<j>  =  —dW/d<f>'.  If  this  is  used  in 
(11.2)  together  with  (11.36),  the  result  is  the  following  integral  equation  for  the 
current  in  the  loop: 

TVS (*)  =  g  y_'  Jf(*  -  *')/(*')  d<j>'  (11.5) 

where  the  new  kernel  is 

M (<t>  -  V)  =  W  cos  V  -  V)  +  ^  ^  TF(*  -  V)  (11.6) 
and  f0  =  o)fio/ko  =  ^goAo. 

A  solution  of  the  integral  equation  (11.5)  can  be  obtained  in  the  form  of  a 
series  expansion.  This  is  derived  by  expanding  both  the  kernel  W(<j>  —  <j>f)  and 
the  current  in  Fourier  series.  Thus,  let 

co 

W(t  -<*>')  =  Z  (11.7) 

— -  00 

00 

=  ne-w  (11.8) 

—  oo 

where  the  coefficients  Km  and  In  must  be  evaluated.  The  latter  are  given  by 

/»  =  ^/ '/(*>**' d*'  (11.9) 

The  former  are  easily  obtained  if  (11.7)  is  multiplied  on  both  sides  by  ejn4>  and 
integrated  with  respect  to  <j>  from  —  t  to  w.  Since  in  the  sum  over  m  only  the 
term  m  =  n  contributes  to  the  integral  (all  others  vanish),  the  result  is 

Kn  =  ^  W((j>  -  d<t>  =  K-n  (11.10) 

The  substitution  of  (11.7)  in  (11.6)  at  once  leads  to 

co 

M(4>  -<*>')  =  Z  ane (11.11) 

—  CO 

where  the  coefficients  are 

—  ~7j~  (Kn+i  +  Kn„ i)  —  —  Kn  —  a_„  (11.12) 

Exercise  11.1  Carry  out  the  steps  to  obtain  (11.12). 

The  substitution  of  (11.10)  in  (11.5)  leaves  the  integral  equation  in  the  form 

*  +  co 

TVS (*)  =  §  E  On  j’  W 


(11.13) 
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With  (11.9)  it  follows  directly  that  (11.13)  may  be  expressed  in  the  form 


V0ed((j>) 


ifo 

2 


co 

y  aJne~M 

—  CO 


(11.14) 


This  is  a  Fourier  series  with  the  coefficients  jfoanJn/2.  They  may  be  evaluated 
in  the  usual  manner,  but  the  properties  of  the  5  function  yield  a  very  simple 
result.  It  is 


2 


V0e8(<i>)ejn *  d<j> 


(11.15a) 


Hence, 


(11.155) 


so  that  the  desired  series  for  the  current  in  the  loop  as  defined  in  (11.8)  is 


The  associated  admittance  is 

r  =  ft  =  Sfe  + 2  £  r) 

y  o  i  o7r\ao  i  a„/ 


(11.16) 


(11.17) 


The  impedance  is  Z  =  l/Y. 


11.3  Evaluation  of  Coefficients 

The  coefficients  an  that  occur  in  (11.16)  and  (11.17)  must  be  determined 
from  (11.12),  which  depends  on  the  evaluation  of  (11.10).  With  (11.4a, 5)  this 
has  the  explicit  form: 

K-  =  47.  *  /_>" m  (1L18) 

where  6  =  <j>  —  <t>'y  R(6)  =  [4  sin2  (i 0/2 )  +  A2/52]^,  and  A  =  2a  sin  (^/2). 
The  evaluation  of  the  Kn  has  been  a  major  difficulty  in  the  solution  of  the 
problem  of  the  loop  antenna.  Both  in  the  early  work  of  Hallen1  and  a  more 
recent  investigation  by  Storer,2  singular  or  very  large  values  were  obtained 
when  the  index  n  came  close  to  a  certain  large  number  that  is  determined  by  5 
and  a.  Wu3  has  devised  a  procedure  that  avoids  this  difficulty  by  making  use 
of  approximations  that  are  valid  over  a  greater  range  of  the  parameters 
involved. 

The  first  steps  in  the  evaluation  of  (11.18)  are  to  interchange  the  order  of 
integration  and  substitute  A  for  \f/  as  the  variable  of  integration.  The  result  is 

Ku=t{o  Rn(-A  )  \4a2  ^,1 2  (11.19a) 

where,  for  n  >  0,  Kn(A)  =  j  ejnde~~M^)  (11.195) 
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The  method  introduced  by  Wu3  for  the  evaluation  of  the  Kn  is  one  of  compari¬ 
son  with  a  similar  known  integral.  This  is 

N„(A)  =  ±  e*V-**<»  ^  (11.20) 

where  r(0)  =  -yd2  +  A2/b2.  At  least  for  n  not  too  large  the  difference  between 
Kn  and  Nn  is  approximately  independent  of  A.  That  is,  Kn(A)  —  Nn(A)  is  not 
a  function  of  A  in  first  approximation.  The  integral  (11.20)  is  readily  reduced 
to  the  form 

1  r  co —jr  ] 

Nn(A)  =  /  exp  (jAB  sinh  v)  dv  =  -  3Z0(AB)  (11.21) 

£  7T  J  —  oo  7T 

by  changes  in  variable  that  include  6  =  ( A/b )  sinh  t.  In  (11.21)  B  —  (n/b)2 
—  k0 2  and  3C0(A  13)  is  the  modified  Bessel  function  of  the  second  kind.  (Since  K0 
is  used  for  the  n  —  0  term  in  the  expansion  of  the  kernel  IT,  a  script  letter  is 
used  for  the  Bessel  function.) 

Since  the  difference  between  Kn(A)  and  Nn (A )  is  approximately  independent 
of  A,  it  may  be  evaluated  when  A  is  sufficiently  small  to  satisfy  the  inequality 
A«6/n.  In  this  case  R  (6)  in  (11.196)  may  be  approximated  by  R  (8)  =  2  sin  (8/2) 
and  the  integral  expressed  as  follows: 

_  1  86  2  1  1  f2*o& 

KM)  =  -  In  22  -  -  £  2-X1  -Ua  [%»(*)  +  ;j2n(z)]  rfx  (11.22) 

7T  a  7T  m  =  0  T“  1  Z  J  0 

where  0  is  the  Lommel-Weber  function 

Qm (x)  =  -  f  sin  (x  sin  0  —  ra0)  d#  (11.23) 

7T  J  0 

and  J2n  is  the  Bessel  function. 

Since 

In  (1  ”  —  In  ~  —  h2  +  In  (An)  (11.24) 

and,  for  small  arguments, 

Na(A)  =  *  3C0T -J-  -  kA  =  -1  fc02  (11.25) 

where  7  =  0.5772  ...  is  Euler’s  constant,  it  follows  that 

KM)  -  NM)  =  2^jln  (l  -  ]^f)  +  2 C„  -  X  J™  [Q2n(x)  +  jM(x)j  dx  1 

(11.26) 

n—  1 

Cn  =  T  -  2  2  (2m  +  l)-1  +  In  (4 n)  (11.27) 

m  =  0 


where 
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If  the  difference  Kn(A)  —  Nn(A)}  which  has  been  evaluated  subject  to  A  <£nb 
and  which  is  independent  of  A,  is  assumed  to  apply  for  all  values  of  A}  then 

Zn(A)  =  2^|23Co^/1^  -  +  In  ^1  - 

/2k$b  J 

)  [0* n(x)  +  jj2n(x)}  dx?  (11.28) 

Since  A  is  small,  the  approximation 

x°(A\j£  -  k°j = x°(¥)  -  lin  (*  -  ^ )  (u-29) 

may  be  made,  so  that  the  final  formula  for  Kn(A)  is 

-  1  (  / 71  A\  r  2&0 b  ) 

KM)  =  xj  +  2C"  "  T  Jo  [«*»(*)  +Mx)\  dxV  (11.30) 


If  this  expression  is  substituted  in  the  integral  (11.19a),  the  coefficients  Kn  can 
be  obtained  directly.  The  integration  of  the  constant  terms  is  elementary. 
The  integral 


2  r  *72 

-  /  3Co(2 z  sin  6)  dd 

7T  J  0 


3o(z)X0(.z) 


is  derived  in  Watson.4  The  results  are 

1  8 b  1  f  2&0& 

K0  =  -  In  -  -  i  /  [S2o(x)  +  jJQ(x)]  dx  (11.31a) 

7 r  a  A  J  o 

K_n  =  Kn  =  "I"  “■  2 /0  p2»(x)  +  jJ 2n(^)]  dx  (11.316) 

where  £0(tta/6)  is  the  modified  Bessel  function  of  the  first  kind.  Note  that  since 
the  product  JCo (na/b)^o(7ia/b)  approaches  ( irb/2na )  as  n  — >  oo }  whereas  both  Cn 
and  the  integral  are  of  the  order  of  magnitude  1/n2,  the  product  remains  the 
dominant  term.  Clearly,  (11.316)  is  valid  for  all  values  of  n.  When  (11. 31a, 6) 
are  substituted  in  (11.12),  the  coefficients  an  can  be  evaluated  and  the  Fourier 
series  (11,16)  for  the  current  and  (11.17)  for  the  admittance  determined. 
Curves  of  the  complex  coefficients  Oq-1,  ar*1,  and  a2~l  are  in  Fig.  11.2. 


11.4  The  Admittance  of  and  Current  in  a  Circular 
Loop  in  Air  and  in  a  Dissipative  Medium 

When  a  loop  antenna  is  immersed  in  a  dissipative  medium,  the  formulas 
derived  in  the  preceding  sections  apply  but  with  e  =  e  —  j<r/a>  substituted  for 
€0  and  fx  for  /i0.  The  complex  wave  number  that  replaces  kQ  is 


k  =  ft  —  ja  =  oo^Jfxe  ^1  —  jp 


(11.32) 
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where p  =  a /we  is  the  loss  tangent.  The  complex  quantity  (1  —  jp)Vi  is  readily 
separated  into  real  and  imaginary  parts  by  means  of  the  functions  f(p)  and 
g(p)  which  satisfy  the  equation 


ip  =  f(jp)  dbjg(p) 


and  are  given  by 


f(p)  =  cosh  i}/2  sinh  1  p) 


(11.33) 


g(p)  =  sinh  (i/2  sinh”1  p)  (11.34) 


Fig.  11.2  (a)  Real  parts  of  the  functions  l/a0,  1/ai,  1  /as;  (6)  imaginary  parts  of  the  func 

tions  1/ao,  1/ai,  l/«2. 
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The  functions /(p)  and  g(p)  are  extensively  tabulated.5  Clearly, 


P  =  vyfcKv)  a  =  uAjiIeg(p) 


When  p2 «  1, 


If  the  normalizing  factor 


(11.35) 

(11.36) 

(11.37) 


is  introduced,  where  er  =  e/e0,  jur  —  m/mo,  the  normalized  admittance  cor¬ 
responding  to  (11.17)  is 


Y  =  -j(  1  -  ja/0) 
A  7rf0 


(11.38) 


where  the  an  are  given  by  (11.12)  with  the  associated  K’s  defined  by  (11.31a) 
and  (11.316)  with  k  substituted  for  kQ.  The  integrals  with  complex  k  in  the 


Fig.  11.3  Normalized  admittance  of  circular  loop  antenna  in  a  dissipative  medium:  Wu’s 
theory,  12  —  15. 


Table  11.1  Normalized  Admittance  Y/A  in  Millimhos  of  Loop  Antennas  in  Dissipative  Media,  il 
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limits  are  defined  by  analytic  continuation.  For  the  loop  in  air,  a  —  0,  p  =  0, 
A  =  L 

As  with  a  dipole  antenna  when  center  driven  by  a  5-function  generator,  the 
admittance  F0  strictly  does  not  exist,  since  its  susceptance  is  infinite  owing  to 
the  knife-edge  terminals  with  zero  separation  that  characterize  the  generator. 
However,  as  shown  for  the  dipole,6,7  the  representation  of  the  current  by  con¬ 
tinuous  functions,  combined  with  the  extreme  localization  of  the  part  of  the 
current  that  is  associated  with  the  knife-edges  of  the  generator,  effectively 
omits  the  latter  for  thin  wires  unless  a  very  large  number  of  terms  is  taken  in 
the  Fourier  series.  If  the  infinite  sum  in  (11.38)  is  replaced  by  a  finite  one,  the 


Fig.  11.4  (a)  Real  and  imaginary  components  of  the  normalized 

current  in  a  circular  loop  antenna  in  air,  a/p  =  0;  SI  =  10;  pb  =  0.1, 
0.2,  0.3,  0.4.  ( b )  Real  and  imaginary  components  of  the  normalized 
current  in  a  circular  loop  antenna  in  dissipative  media;  SI  =  10; 
pb  =  1.0,  2.0. 
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approximate  formula  that  is  obtained  is  a  good  measure  of  the  admittance  of 
the  antenna  for  use  with  a  practical  method  of  driving  when  combined  with  a 
suitable  terminal-zone  network. 

The  formula  (11.38)  was  evaluated  with  a  high-speed  computer  using  suc¬ 
cessively  8,  9,  10,  18,  19,  and  20  terms.  A  study  of  the  convergence  of  this 
formula8  has  shown  that  20  terms  yield  satisfactory  values  of  the  admittance 
of  thin-wire  loops  [0  =  2  In  (2wb/a)  >  10]  that  are  not  too  large  (8b  <  2.5) 
when  in  air  or  in  an  arbitrary  dissipative  medium.  The  approximation  is  ex¬ 
cellent  for  the  conductance,  somewhat  less  accurate  for  the  susceptance. 
Extensive  tables  and  graphs  of  the  normalized  admittance  Y/A  are  in  the 
literature.8  A  short  sample  is  in  Table  11.1  and  in  Fig.  11.3.  In  the  latter  the 
parameter  a/0  of  the  surrounding  medium  ranges  from  zero  (air)  to  1  (salt 
water).  It  is  noteworthy  how  insensitive  to  the  size  of  the  loop  the  admittance 
becomes  as  a/0  approaches  unity.  This  is  true  in  particular  of  loops  near 
antiresonance  that  have  a  high  driving-point  impedance.  Such  an  insensitivity 
merely  indicates  that  most  of  the  current  is  in  the  surrounding  medium  and  not 
in  the  loop. 

The  normalized  distribution  of  current  I (<f>)  =  I"  (ft)  Jrjl,(<f>)  =  |7(0)|exp0/ 
in  the  loop  when  this  is  immersed  in  a  dissipative  medium  is  given  by 

I  (ft)  =  -j(l  -  j<x/ P)(  L  ,  2y  cos j 

A  TV  Trfo  \a0  1  an 

Curves  showing  typical  distributions  are  in  Fig.  12.4a  and  6. 


(11.39) 


11.5  The  Radiation  Field  of  a  Loop  Antenna 

The  electromagnetic  field  at  a  point  P  at  a  great  distance  from  a  loop  an¬ 
tenna  may  be  evaluated  from  the  vector  potential  at  that  point.  The  x  and  y 
components  of  the  vector  potential  at  P  due  to  the  current  I  (ft)  are  readily 
shown  to  be 


bn  a  p~~3kQro  r  2r 

A /  =  8in  9  008  (*-**>  sin  <*>'  dtf 

47 r  7*o  Jo 

him  P“#oro  (•  2v 

A  r  =  « -  /  Iffle**  In  e  cos  «,-*')  cos  d(j)> 

47T  7*0  Jo 


where  I  (ft)  is  given  by  (11.16)  or,  alternatively,  by 


m 


=  F°e  y 

7T^*q  —  oo  an 


Exercise  11.2  Derive  Axr  and  Ayr  as  given  in  (11.40)  and  (11.41). 


(11.40) 

(11.41) 


(11.42) 


We  assume  that  the  medium  is  air.  If  (11.42)  is  substituted  in  (11.40)  and 
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(11.41),  the  resulting  integrals  for  the  nth  term  are  easily  arranged  in  the  form 


A  r 

/X  TK 


jG 

2gE  n 


(Ki  -  K2) 


Ayn'  =  ~ •  (Kt  +  K») 


(11.43) 


where 


Ki  =  f**  eKn+l)*'eM  8in  9  003  <*-*')  d,<t>  =  e*n+»*J n+i(k0b  sin  0)  (11.44a) 

K2  =  /  sin  9  008  (*—*')  d<f>'  =  — * — W_i(Jfeo&  sin  0)  (11.446) 

J  o  dn 

Jn(x)  is  the  Bessel  function  of  the  first  kind  and 


_  —jV  oeAto  be~j‘ 

47T2f0  To 


jkoro 


(11.45) 


In  (11.45)  r0  is  the  distance  from  P  to  the  center  of  the  loop.  The  components 
of  the  vector  potential  in  the  spherical  coordinates  r0,  0,  <f>  may  be  obtained 
from  the  x  and  y  components  with  the  formulas 


Aenr  =  (Axnr  cos  +  Aynr  sin  <j>)  cos  6 
A$nr  =  — Axn  sin  <j)  +  Aynr  cos  <f> 


(11.46a) 

(11.466) 


They  are  shown  in  Fig.  11.5  and  are  given  by 


* 


A(hir 


A  T 

il  rhn. 


~2*G  ejn(*+*m  nj;(fco6  sin  0)  cos  e 
a„  k0b  sin  6 

zfil®  ginW+T/2)  Jn(fc0b  sin  g) 

an 


(11.47a) 

(11.476) 


z 


* 

Fig.  11.5  Spherical  components  Aenr 
and  A$nr  of  the  far-zone  vector  poten¬ 
tial  A„r  =  xAxnr  +  y  AynT. 
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where  Jrn(kQb  sin  6)  is  the  derivative  of  J„(60/c  sin  0)  with  respect  to  the  argu¬ 
ment. 

Exercise  11.3  Derive  (11. 46a, 6). 


The  resultant  vector  potential  is  the  sum  of  all  contributions  from  the  terms 
in  the  series.  Hence 


A.’  -  -2 M  T.  Cos# 


—  00 


oo 


a 


n 


k0b  sin  $ 


(11.48a) 


A/  = 


__  pjn(<f>+T}  2) 

—j2wG  X  — r - J'nihb  sin  0) 


—  00 


a 


(11.486) 


n 


The  associated  electromagnetic  field  is  defined  by 

Er  =  jooToXih  X  Ar)  =  —jw(§A$r  +  §A<pr)  (11.49a) 

Br  =  —  jk0i0  X  Ar  =  —  jkQ($Aor  —  8 A^)  (11.496) 

It  is  seen  that  in  general  Er  and  Br  consist  of  both  8  and  4>  components  and  that 
each  component  is  the  sum  of  an  infinite  number  of  terms.  Fortunately,  for 
loops  of  small  or  even  moderate  size  the  coefficients  l/an  decrease  sufficiently 
rapidly  that  only  relatively  few  terms  are  needed  in  the  sum.  In  particular,  if 
k0b  <  1,  two  terms  are  adequate  for  far-held  determinations.  If  kQb  <  0.2,  one 
term  is  enough.  The  components  of  the  vector  potential,  electric,  and  mag¬ 
netic  fields  for  the  first  two  terms  in  the  series  are 


n  =  0:  Aeor  =  0  A^r  =  Ji(kQb  sin  6) 


n 


Er r 


do 


a0 

0  B* nr  =  0  ^  Beor  =  Ji(fco6  sin  6) 


k 


0 


a0 


=  1:  Aei  = 


cos  6  sin  <t> 


A 


01' 


4ttG  Ji(k0b  sin  0) 
ai  kQb  sin  6 

J[(k0b  sin  0)  cos  <t> 


E  r 


a  i 
~  00 


61  — 


k 


B9r=~jiiruGJl(:hbsine)  cose  sine 


\ 


o 


a  i 


hob  sin  6 


E$r 


°L  fi  r  _  J^kob  sin  S)  cos  </> 

k0  oi 


(11.50a) 

(11.506) 

(11.51a) 

(11.516) 

(11.51c) 

(11.51d) 


11.6  The  Electrically  Small  Transmitting  Loop 

When  fc06  <  1.  the  current  in  the  loop  is  approximately 


with 


io  = 


m 

-jv  oe 

foira0 


—  /o  + 

h(4> )  =  cos  <j> 


(11.52a) 

(11.526) 
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The  current  Jo  is  independent  of  <j>  and  unidirectional  around  the  loop.  On  the 
other  hand,  /i(<£)  vanishes  at  <t>  =  dnr/2,  where  it  reverses  direction,  so  that 
the  currents  in  the  range  —  7r/2  <  <t>  <  7r/2  are  always  counterclockwise  when 
the  currents  in  the  range  tt/2  <  <f>  <  Sir/ 2  are  clockwise.  For  the  circulatory 
“zero”  mode  there  are  no  accumulations  of  charges  anywhere  around  the  loop. 
The  current  is  everywhere  clockwise  for  a  half  cycle,  then  everywhere  counter¬ 
clockwise.  For  the  dipole  “first”  mode,  q(<j>)  —  sin  <j>}  so  that  the  loop  is 
oppositely  charged  at  <j>  =  w/2  and  <t>  =  —7r/2  and  the  current  oscillates  in 
synchronism  on  the  two  halves  much  as  in  two  parallel  dipoles  that  are  driven 
in  phase. 

The  admittance  of  the  loop  is  that  of  two  circuits  in  parallel.  Thus 


Y  =  Y0+  Yx  Z  =  (11.53) 

where  F0_1  =  Z0  =  RQ  +  jo)L0  —  j^oirao  (11.54a) 

Fr1  =  Z,  =  &  -  =  Up  (11.546) 


If  only  the  leading  terms  with  small  arguments  in  the  formula  (11.12)  for  a0 
and  at  are  retained,  it  can  be  shown  that 


Trfo 

6 


k0*b* 


(11.55) 

(11.56) 


The  resistances  R0  and  Rx  associated  with  the  two  modes  of  oscillation  have 
different  orders  of  magnitude,  Ri  being  the  larger.  Nevertheless,  since  Ri  is  in 
series  with  the  very  small  capacitance  C i,  whereas  Ro  is  in  series  with  the  small 
inductance  L0,  it  follows  that  |/0|  is  much  greater  than  \h\.  This  means  that 
for  hob  very  small,  the  radiated  power  \Iq\2Rq  exceeds  \h\2Ri.  On  the  other 
hand,  when  kQb  >  0.35,  \h\2Ri  >  \h\2Ro.  The  dipole  mode  is  significant  when 

hb  >  0.1. 

The  far-zone  fields  for  the  two  modes  are  readily  obtained  from  (11.506), 
(11.51c, d)  with  kQb  <  1,  so  that  Ji(u)  =  u/ 2,  J[(u)  =  Jq(u)  —  Ji(u)/u  =  3^* 
They  are 


«  • 

o 

II 

£ 

E,or  — 

W  D  r  _ 

~kBm  - 

irGw  7  ,  .  a 

— -  k0b  sm  6 

&o 

(11.57) 

n  —  1: 

Eei  = 

co  ^ 

ko B*'  =  ~ 

-j2irGo)  . 

- cos  6  sin  <b 

di 

(11.58a) 

II 

-o- 

^  D  r  _ 

k0Bn 

—j2irGo) 

— - - cos  <j> 

di 

(11.586) 

The  resultant  field  is 


E  =  bEe{  +  $(B*f  +  Erf)  B  -  b(Beor  +  Be{)  +  (11.59) 
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When  kob  <  0.1,  only  the  “zero”  mode  is  significant  and  the  entire  field  is 
given  by  (11.57).  Note  that 


(11.60) 


where  r0  is  measured  to  the  center  of  the  loop. 

The  far  field  of  the  loop  shown  in  Fig.  11.5  is  given  by  (11.59)  when  k0b  <  1. 
At  a  point  ro,0,<£  the  electric  and  magnetic  fields  are  mutually  perpendicular 
and  perpendicular  to  r0.  The  component  of  the  magnetic  field  in  a  direction  s 
that  makes  an  angle  \f/  with  the  plane  that  contains  r0  and  the  z  axis  is 
Bs  —  B<f>  sin  \[/  —  Be  cos  With  (11.59)  and  (11.60), 


where 

and  F{6,4>^) 

Trkob 


Bs  =  B0F(6 ,^) 

D  _  Jmo/  (0)  e-jk*r* 

JDo  —  - 


2tt 


Tq 


(11.61) 

(11.62) 


2[1  +  2(ao/ai)]L 


2  a0 


jkQb  sin  0  cos  ^  H - (cos  <j>  cos  +  cos  0  sin  <j>  sin  ^) 


ai 


(11.63) 


The  associated  electric  field  is  in  the  direction  t  X  s  with 


(11.64) 


11.7  The  Electrically  Small  Receiving  Loop 

The  most  important  applications  of  loop  antennas  are  for  reception.  Usually 
the  antennas  are  electrically  small,  especially  when  used  as  probes  for  measur¬ 
ing  magnetic  fields.  For  many  purposes  it  is  sufficient  to  determine  the  current 
in  the  load  ZL  connected  in  series  with  the  circular  loop  at  </>  —  0  when  a  plane 
electromagnetic  wave  is  incident  from  an  arbitrary  direction  as  shown  in 
Fig.  11.6a  and  b.  In  these  figures  the  loop  (radius  6,  wire  radius  a)  lies  in  the 
xy  plane.  The  incident  plane  wave  originates  at  a  great  (infinite)  distance 
away  along  the  line  R0  that  joins  the  distant  transmitter  to  the  center  of  the 
loop.  The  electric  and  magnetic  vectors  (E*,B*)  of  the  incident  field  are  per¬ 
pendicular  to  each  other  and  to  R0.  The  electric  vector  may  be  represented  as  a 
wave  traveling  in  the  R  direction  in  the  form  E*(R)  —  Eo’e-^  where  0  =  co/c  is 
the  wave  number  and  c  is  the  velocity  of  light.  Ey  is  the  amplitude  at  the 
center  of  the  loop  where  R  =  0.  As  indicated  in  Fig.  11.6a  the  vector  E0{  may 
be  resolved  into  a  component  Etf  cos  ^  in  the  xy  plane  and  a  component 
E0i  sin  \p,  where  the  angle  ^  is  measured  in  the  plane  of  the  wave  front.  Since 
the  normal  to  the  wave  front  makes  an  angle  6  with  the  z  axis,  the  component 
E0{  sin  \p  is  not  perpendicular  to  the  xy  plane  but  has  the  component  E0{  sin  \p 
sin  $  in  the  xy  plane  perpendicular  to  the  component  E0{  cos  ^  as  shown  in  the 
plane  view  in  Fig.  11.66. 
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lb) 

Fig.  11.6  (a)  Plane  wave  incident  on  circular  loop  with  center  at  0.  ( b )  Pro¬ 

jection  of  (a)  onto  plane  of  loop. 


The  incident  electric  vector  E i(b,<j>)  at  the  point  <j>  on  the  surface  of  the  loop 
referred  to  the  vector  at  the  center  is 

E'(b,fa)  =  Eoiei0b  sin  6  °°°  <*-*>  (1 1 .65) 

where  fa  is  the  angle  from  the  positive  x  axis  to  the  direction  of  origin  of  the  in¬ 
cident  wave  as-shown  in  Fig.  11.65.  The  supplement  of  this  angle,  fa  =  ir  —  fa, 
is  convenient.  The  <t>  component  of  this  vector  is 

Ej(b,fa  =  EjF{fafa,fa9)  (11.66) 

where 

F(fafa,\//, 0)  =  —  [cos  \p  cos  ( <t>  —  fa)  —  sin  ^  cos  9  sin  (<#>  —  fa)}e’0b  rin  9  co1’ 

(11.67) 
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It  is  this  component  of  the  electric  field  that,  acting  tangent  to  the  surface  of 
the  loop,  induces  a  current  in  it. 

In  order  to  make  use  of  this  field  in  the  integral  equation  for  the  current,  it  is 
convenient  to  expand  it  in  a  Fourier  series.  Since  the  load  ZL  is  at  <t>  —  0  and 
only  even  functions  of  can  lead  to  components  of  current  that  maintain  a 
potential  difference  across  Zu  it  is  sufficient  to  expand  F  (<£,<&, ^,0)  in  a  cosine 
series.  [Odd  currents  in  <f>  are  excited,  but  they  may  be  ignored  if  interest  is 

•  •  V 

limited  to  1(0).}  Specifically,  for  the  even  part/_„  =  /„,  so  that 


co 


oo 


FeYen(<t>,<t>i,\p,e)  =  E  fne  J'n*  =  /o  +  2  X  /„  cos  n<j> 

l 


(11.68) 


—  00 


where /_n  =  /«.  The  coefficients  /»  are  readily  evaluated  from 


2  r  r 

fn  =  -  E(<f>)  cos  n4>d<t> 

T  J  0 


(11.69) 


to  be 


fn  =  j 


in—1 


t  ,  t /  / oi  *  /j\  i  *  i  n  •  ,  nJ„(06  sin  0)1 

cos  y  cos  n(06  sm  6)  •  sm  cos  0  sm  nfa  — g5s|n  q  '  \ 


For  the  electrically  small  loops  for  which  06  <  1,  J'0(x)  —  —Ji(x)  =  —x/2, 
J[(x)  =  J0(x)  ~  J i(x)/x  ± 


(11.70  a) 


/o  =  j  Y  sin  0  cos  \p 

fi  =  x/2  (cos  0  sin  <j>i  sin  ^  +  cos  cos  \(/) 


(11.706) 

The  current  1(0)  in  the  load  ZL  is  now  quickly  obtained  from  (11.14)  if  the 
left  side,  which  is  the  value  of  6£V(6,<£)  along  the  perfectly  conducting  trans¬ 
mitting  loop,  is  replaced  by  6£V(6,<£)  —  I(0)Z Lb(<t>).  In  the  first  term  £V(6,$) 
is  the  component  of  the  incident  field  along  the  loop;  in  the  second  term 
—  I(0)ZL  is  the  voltage  drop  across  the  lumped  load  ZL  at  4>  —  0.  The  result¬ 
ing  equation  is 

bF'(b,4>)  -  I(0)ZL5(<f>)  =  $  E  aJne->«*  (11.71) 


If  (11.66)  and  (11.67)  with  (11.68)  are  used  in  (11.71),  the  coefficients  (aJn)  of 
the  Fourier  series  are  readily  evaluated  just  as  with  (11.14).  The  results  are 

2TbE,%  -  I(0)ZL 


In 


*-foL 


a 


n 


It  follows  that  the  current,  as  defined  in  (11.8),  is  given  by 


I(<t>)  =  -\2irbEM*)  +  I(0)ZLv(</>) 


where 


u(<t>) 


v(<j>)  = 


=  ±(f± 

7rfo\a0 
1 


+  2 


y-  fn  cos  n<t>\ 

i  an  J 


=  zi( 


a> 


„  +  2E 

a0  l 


cos  n<f> 
an 


(11.72) 


(11.73) 

(11.74a) 


(11.746) 
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The  current  in  the  load  is  readily  obtained  from  (11.73)  with  <j>  =  0.  It  is 


2irbEoiZu(0) 

z  +  zL 


(11.75) 


The  impedance  Z  of  the  loop  is  the  reciprocal  of  the  admittance  Y  =  y(0). 
Note  that  —2'irbE0iu(O)  is  the  current  1(0)  at  <j>  =  0  when  ZL  =  0  and  that 
—  2wbEoiu(0)Z  is  the  open-circuit  voltage  V(ZL  =  oo).  Evidently,  (11.75)  is 
the  current  in  a  circuit  in  which  V(ZL  =  oo ) ,  Z Ly  and  Z  are  connected  in  series. 

By  analogy  with  the  dipole  antenna,  the  complex  effective  length  of  the  loop 
may  be  defined  to  be  the  coefficient  of  —Etf  in  the  expression  for  the  open- 
circuit  voltage  V  (Z l  =  00 ).  That  is, 

(VZL  =  oo )  =  —Eo%(0,fc}4r)  (11.76) 

It  follows  with  (11. 74a, 5)  and  Z  —  i>_1(0)  that 

co 

faCkT1  +  2  X)  fnarn 

he(e,<t>id)  =  2irbZu(0)  =  2t rb - l -  (11.77) 

Oo-1  +  2  orn 

1 


For  the  electrically  small  loop  for  which  two  terms  are  a  sufficiently  good 
approximation,  the  electrical  effective  length  is 


fifleidtfrfi)  = 


1 


1  +  2aoai  l\_ 


+ 


jirb2fi2  sin  6  cos  ^ 


2wbPao 

ai 


(cos  6  sin  4>t  sin  +  cos  <ja  cos  \f/)  J  (11.78) 


For  the  extremely  small  loop  for  which  &b  <<C  1  and  2oq  <3C  &ba\y 

fihe(B})p)  =  jirb2$2  sin  6  cos  \p 


(11.79) 


This  is  independent  of  the  direction  of  the  incident  plane  wave  with  respect 
to  the  location  of  the  load  at  =  0,  since  only  the  rotationally  symmetrical 
current  is  significant.  Note  that  the  first  term  in  (11.78)  is  proportional  to  the 
area  of  the  loop  and  the  second  term  proportional  to  its  circumference. 

The  maximum  open-circuit  voltage  in  the  zero  or  circulating  mode  is  ob¬ 
tained  when  the  loop  is  oriented  to  have  the  incident  electric  vector  in  the 
plane  of  the  loop  or  the  incident  magnetic  vector  perpendicular  to  the  plane  of 
the  loop.  This  means  that  ^  =  Oand#  =  ir/2.  Under  these  conditions  (11.78) 
gives 

Kl'0'*')  -  ^ cos  *)  L80> 

If  the  loop  is  now  turned  around  its  axis  like  a  wheel  until  &  =  w/2,  that  part 
of  the  current  which  is  oscillating  in  the  dipole  mode  will  have  a  node  at  Zl  and 
will  maintain  no  current  through  it  or  voltage  across  it.  This  means  that 
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relatively  larger  loops  may  be  used  and  the  response  interpreted  in  terms  of  the 
currents  in  the  circulating  mode  —  as  when  measuring  magnetic  fields  that 
link  with  the  loop  —  without  correction  due  to  dipole-mode  currents.  These 
may  exist  with  significant  amplitude,  but  they  can  maintain  no  voltage  across 
ZL  when  fa  —  0.  . 


Exercise  11.4  With  the  aid  of  a  diagram  show  physically  why  the  dipole-mode 
currents  may  be  ignored  in  determining  7(0)  when  fa  =  7t/2. 


i 

If  the  loop  is  oriented  to  be  in  the  plane  of  the  wave  front  (0  =  0,  \J/  =  w  /2), 
the  effective  length  is 


2wbfiai 
cli  +  2a0 


sin  fa 


(11.81) 


Note  that  only  dipole-mode  currents  now  contribute  to  the  open-circuit 
voltage. 


Exercise  11.5  Show  with  a  diagram  the  orientation  of  the  loop  when  (11.81)  is  satis¬ 
fied.  Determine  fihe  for  a  loop  with  fib  =  0.3. 


11.8  The  Shielded  Loop 

It  is  shown  in  the  preceding  section  that  the  dipole  mode  can  be  ignored 
insofar  as  the  current  in  or  voltage  across  the  load  is  concerned  when  the  loop 
is  oriented  to  maximize  the  open-circuit  voltage  and  the  load  is  so  located  that 
fa  =  t/2  as  in  Fig.  11.7a.  A  convenient  way  of  connecting  an  end-loaded 
transmission  line  to  a  circular  loop  antenna  is  internally,  as  indicated  in  Fig. 
11.76.  The  shield  of  the  coaxial  line  is  sufficiently  highly  conducting  that  the 
tangential  component  of  the  total  electric  field  along  its  surface  is  vanishingly 
small.  In  addition,  the  shield  is  very  thick  compared  to  the  skin  depth.  As  a 


Fig.  11.7  Circular  loop  loaded  with  (a)  lumped  Zl  and  (b)  Zl 
consisting  of  Z in  of  end-loaded  coaxial  line. 
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Fig.  11.8  (a)  Shielded  loop  with  coaxial  transmission  line 

to  load.  ( b )  Shielded  loop  with  shielded  pair  line  to  load. 


result,  the  inner  and  outer  surfaces  of  the  coaxial  line  are  completely  un¬ 
coupled  except  at  the  gap  where  the  coaxial  line  (inner  conductor,  inner  surface 
of  outer  conductor)  is  connected  to  the  loop  antenna  (outer  surface  of  outer 
conductor).  The  input  impedance  of  the  coaxial  line  constitutes  the  load  Zl 
for  the  circular  loop  antenna. 

The  arrangement  in  Fig.  11.76  or  the  equivalent  one  in  Fig.  11.8  is  usually 
called  a  shielded  loop  antenna.  Actually,  the  antenna  is  not  shielded,  since  it 
consists  of  the  outer  surface  of  the  conductor.  The  conductor  inside  the  shield 
is  the  inner  conductor  of  the  coaxial  line  leading  to  the  load;  it  is  not  a  part  of 
the  receiving  antenna  proper. 

An  important  application  of  the  loop  antenna  is  as  a  direction  finder.  The 
sharp  null  in  the  field  pattern  at  6  =  0,  w  is  conveniently  used  for  this  purpose. 
Note,  however,  that  when  6  =  0,  ir  and  \j/  =  0,  the  contribution  to  the  field  by 
the  dipole  mode  is  independent  of  6  and  given  by  (11.78)  to  be 

^(0,0, 0.)  =  cos  <t>i  (11.82a) 

ai  -*r  *clo 

Instead  of  a  null,  the  observed  current  in  the  load  has  a  magnitude  that  is  pro¬ 
portional  to  0he(O,O,<t>i).  Unless  the  load  is  so  located  that  <t>i  —  tt/2,  a  signifi¬ 
cant  error  may  result.  Since  the  electric  field  of  a  distant  transmitter 
transmitting  in  directions  parallel  to  the  surface  of  the  earth  tends  to  be 
perpendicular  to  that  surface  near  the  earth,  the  location  of  the  load  at  the  top 
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or  bottom  of  the  antenna  is  desirable  as  in  Fig.  11.8a  and  b.  In  the  circuits 
shown  in  these  figures,  the  dipole  mode  is  likely  to  have  much  greater  ampli¬ 
tudes  than  if  determined  by  the  size  of  the  loop  alone.  In  these  cases  it  is 
excited  on  the  full  length  of  the  vertical  shield.  The  analysis  of  the  multiturn 
loop,  both  unshielded  and  shielded,  has  been  made  with  the  aid  of  the  method 
of  symmetrical  components.9 


11.9  Loop  Antennas  Coupled  to  Open-wire  Lines 

An  interesting  and  useful  arrangement  for  exciting  loop  antennas  in  the 
dipole  mode  is  readily  achieved  with  an  adaptation  of  the  method  described  in 
Secs.  9.14  to  9.18  for  dipoles.  It  consists  simply  in  locating  the  loops  —  they 
may  be  square  or  circular  —  as  shown  in  Fig.  11.9  with  a  two-  or  four-wire  line 


Fig.  11.9  End-fire  array  of  loops  coupled  to  a  four- wire  line. 


extended  parallel  to  the  common  axis.  Each  two-wire  line  excites  the  loops  in 
a  dipole  mode  as  shown  in  Fig.  11.10.  The  induced  current  has  a  maximum 
when  the  loop  is  resonant  with  a  circumference  near  a  wavelength.  Near 
resonance  the  distribution  of  current  in  a  square  loop  with  side  2 h  =  X0/4  is 
quite  well  approximated  by  the  zero-order  value 

[/ix(.r)]o  =  [hx(x)]o  =  C  cos  k0x  (11.82 b) 

[hy(y)]o  =  -'[Iiyiy)] 0  =  C  sin  kQy  (11.82c) 

where  the  amplitude  C  is  a  fairly  complicated  function  of  the  dimension  of  the 
loop  and  the  size  of  the  wire.10  The  relative  amplitude  of  the  current  induced 
in  a  square  loop  as  a  function  of  the  length  of  its  side  in  radius  2 k0h  is  shown  in 
Fig.  11.11  for  both  the  zero-order  theory  and  a  first-order  theory.10  Agreement 
with  experiment  is  seen  to  be  reasonably  good. 

When  the  loop  is  coupled  to  a  four- wire  line  in  the  manner  shown  in  Fig.  11.9 
and  the  two  mutually  perpendicular  lines  are  driven  with  their  currents  90°  out 
of  phase,  the  induced  current  has  the  simple  zero-order  form 

[L(s)]o  -  Ce*-  (11.83) 

where  s  is  measured  around  the  loop. 

The  field  maintained  by  an  array  of  loops  arranged  as  in  Fig.  11.9  has  an 
end-fire  pattern.  When  the  loops  are  excited  by  a  two-wire  line,  the  field  is 
circularly  polarized;  when  excited  by  a  four-wire  line  with  the  currents  in  the 
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4  h  =  77/4 


Fig.  II.  10  Currents  excited  in  square  loop  by  currents 
and  charges  in  two-wire  line. 
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Fig.  11.11  Antenna  current  at  £  =  0  as  a  function  of  antenna  size. 


3.0 


diagonally  opposite  pairs  90°  out  of  place,  the  field  is  circularly  polarized  in  the 
forward  direction. 


PROBLEMS 


xf  — 


Carry  out  all  the  steps  to  obtain  (11.2)  with  (11.3a)  to  (11.46). 
(6  —  a  -fi  a  cos  \pf)  cos  <f>f,  x  =  6  cos  <j>,  z  =  0,  z*  =  a  sin  )pf,  y 
(b  —  a  +  a  cos  \f/f)  sin  <bf . 


Note  that 
=  6  sin  <£, 
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11.2  Carry  out  the  steps  leading  to  (11.22)  beginning  with  (11.196)  and  the  approxi¬ 
mation  R(6)  —  sin  (0/2). 

11.3  Determine  the  normalized  far-zone  field  of  a  loop  with  k<jb  =  1,  neglecting  con¬ 
tributions  from  terms  with  n  >  1.  Sketch  the  current  in  the  loop. 

11.4  Determine  the  impedance  of  a  loop  with  kjb  =  0.3. 

11.5  Construct  the  field  pattern  for  a  loop  with  kjb  —  0.3. 

11.6  Determine  the  effective  length  for  a  loop  with  0b  —  0.3,  Q  =  12  when  immersed 
in  air  and  in  a  dissipative  medium  for  which  a/0  —  0.05  and  0.3.  Sketch  curves  that 
show  the  directional  properties  of  the  loop. 

11.7  The  operation  of  the  shielded  loop  antenna  in  the  form  shown  in  Fig.  11.86  is 
sometimes  explained  by  treating  the  inner  conductor  of  the  coaxial  line  as  the  antenna 
and  stating  that  it  is  shielded  from  the  electric  field  but  not  from  the  magnetic  field. 
Show  that  this  is  incorrect. 
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CHAPTER  12 


ELECTROMAGNETIC  RADIATION 
FROM  CONICAL  STRUCTURES 

James  R.  Wait 


12.1  Introduction 

An  important  class  of  boundary-value  problems  involves  conically  shaped 
regions.  The  best  known  of  these  is  the  symmetrically  excited  biconical  an¬ 
tenna  which  is  surrounded  by  free  space.  Notable  contributions  to  this  prob¬ 
lem  have  been  made  by  Schelkunoff,12  Papas,3  4  Smith,6  and  Tai.6  8  In  this 
chapter,  some  of  this  work  is  reviewed  and  some  recent  extensions  to  the  theory 

are  discussed.  More  recent  work  dealing  with  conical  plasma  sheaths  is  also 
described. 

W  e  consider,  mainly,  problems  which  have  symmetry  about  a  polar  axis. 
1'  urthermore,  we  shall  restrict  attention  to  waves  which  are  purely  transverse 
magnetic  (TM).  In  this  case,  the  fields  may  be  derived  entirely  from  an  electric 
Hertz  vector  which  has  only  a  radial  component  of  magnitude  rU.  Thus,  for  a 
homogeneous  region  with  dielectric  constant  e  and  permeability  /*,  the  non¬ 
vanishing  field  components  in  spherical  coordinates  ( r,6,<j> )  are  to  be  obtained 
from 


Er 

E) 


h  ie + S)u 

1  3HJ_ 
jtur  dr  36 

_1  3U 
r  36 


(12.1) 

(12.2) 

(12.3) 


where  the  time  factor  has  been  taken  as  exp  (jait).  The  scalar  quantit}r  U  is 
often  described  in  the  literature  as  a  Debye  potential.  In  a  source-free  homo¬ 
geneous  region,  itrsatisfies 

(v*  +  =  0  (12.4) 

where  k  =  («m)^oj. 

Following  the  well-known  separation-of-variables  scheme,  we  write 

V  =  R(r)T(6) 
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(12.5) 
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where  R  and  T  are  functions  of  r  and  8 ,  respectively.  Thus,  it  is  evident 
from  (12.4)  that 


d2R  f?2 

k 


v(v  +  1) 


and 


sin  8  ^  +  cos  8^  +  v(v  +  1)  (sin  8)  T 


(12.6) 

(12.7) 


where  v(y  +  1)  is  a  separation  constant. 

Solutions  of  (12.6)  are  conveniently  written 

R  =  AyJv(kr)  +  BvHv{kr ) 


(12.8) 


where  Jv  and  Hv  are  spherical-type  Bessel  and  Hankel  functions,  respectively. 
The  latter  are  defined  by 


and 


J  v(^r) 


Hv{x) 


7 rx 


\H 

)  J  v4 *h(**0 


7 rx 


Hv+^(x) 


(12.9) 

(12.10) 


where  Jv+^(x)  and  Hv+#{2)(x)  are  the  Bessel  function  and  the  Hankel  function 
(of  the  second  kind)  as  conventionally  defined. 

When  v  is  not  an  integer,  we  may  write  solutions  of  (12.7)  in  the  following 
form: 


T  =  CyPv{ cos  8)  +  DVPV{— cos  8) 


(12.11) 


where  Pv  is  the  Legendre  function  of  order  v.  It  might  be  mentioned  that 
Pv( cos  8)  is  unity  for  8  =  0,  whereas  P„(  —  cos  8)  is  logarithmically  infinite  there. 


12.2  General  Equations  for  Biconical  Structures 

To  be  specific,  we  now  consider  a  symmetrical  biconical  antenna,  as  indi¬ 
cated  in  Fig.  12.1.  The  perfectly  conducting  antenna  is  defined  by  the  conical 


Fig.  12.1  Biconical  structure  show¬ 
ing  divisions  between  input,  antenna, 
and  output  regions. 
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surfaces  6  =  and  6  =  ir  —  0O,  and  the  spherical  end  surfaces  are  at  r  =  a. 
The  antenna  is  to  be  fed  in  the  apex  region  which  is  contained  within  r  <  ro. 
The  precise  manner  in  which  the  generator  is  connected  to  the  antenna  need 
not  be  stated.  Suffice  it  to  say  that  E &  is  to  be  specified  at  the  boundary  r  —  r 0 
of  the  “input  region.” 

To  construct  the  appropriate  form  of  the  solution  in  the  “antenna  region” 
rQ  <  r  <  a,  we  draw  on  some  useful  analogies  with  transmission  line  theory. 
From  (12.2)  we  note  that 

rEe  =  (12.12) 


where  is  a  scalar  potential  related  to  U  by 


=  - 


1  dU 


je o)  dr 


(12.13) 


It  is  now  readily  verified  that  and  U  satisfy  the  following  coupled  equations; 


and 


dr 

dU 

dr 


jfiO)  + 


v(y  +  1) 

jeur2 


U 


=  —  J€0)4> 


(12.14) 

(12.15) 


It  is  evident  that  and  U  are  analogous  to  the  voltage  v  and  current  i,  respec¬ 
tively,  on  a  transmission  line  of  series  impedance  Z  per  unit  length  and  shunt 
admittance  Y  per  unit  length.  Thus  (12.14)  and  (12.15)  are  equivalent  to 


the  pair 

?  = 

dr 

(12.16) 

and 

di  v 

Tr=~n 

(12.17) 

if 

r/  •  ,  v(y  +  1) 

Z  =  JHW+  \. 

(12.18) 

jeoir* 

and 

Y  =  jeu 

(12.19) 

The  fields  associated  with  (12.14)  and  (12.15)  are  transverse  magnetic 
waves,  in  general.  However,  if  v  —  0,  the  waves  are  purely  transverse  electro¬ 
magnetic  (TEM).  In  the  latter  case,  it  is  evident  from  (12.6)  and  (12.7)  that 

U  =  R0To  (12.20) 

where  R0  =  AQe~ikr  +  B0ejkr  (12.21) 

cot  Ij  +  D  (12.22) 

where  -Ao,  B0,  C,  and  D  are  constants.  The  voltage  F(r)  is  now  defined  as 


V(r)  =  —f  Eo,»r  dd 


(12.23) 
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where  E0,e  =  --  and  <1>0  =  -  ,*  f  (R0T0)  (12.24) 

r  dd  je u>  dr  J 

On  the  other  hand,  the  antenna  current  I(r)  is  to  be  obtained  from  ■ 

I(r)  =  2?rr  sin  0O  #*(*•, 0o)  (12.25) 

This  is  written  as  the  sum  of  two  parts  in  the  manner 

I(r)  =  lair)  +  7(r)  ___  (12.26) 

where  J0(r)  is  associated  with  the  TEM  waves  and  I(r)  is  the  contribution 
from  the  additional  TM  waves  excited  on  the  antenna  structure. 

If  we  define  a  terminating  admittance  Yt  by 

Yt  =  (12.27) 

it  is  now  a  very  straightforward  matter  to  show  that 

KI0(r)  =  V(a)[j  sin  k(a  —  r)  +  KYt  cos  k(a  —  r)]  (12.28) 

V(r)  =  F(a)[cos  k(a  —  r)  +  jKYt  sin  k(a  —  r)]  (12.29) 

where  K  =  (f/x)  In  cot  and  f  =  (12.30) 


The  quantity  K  is  the  characteristic  impedance  of  the  biconical  structure  for 
the  TEM  mode. 

If  the  impressed  field  Ee  at  r  =  r0  is  an  even  function  of  0,  it  is  evident  from 
(12.2)  that  the  combination  T,  given  by  (12.11),  must  be  an  odd  function  of  0. 
Thus,  we  choose 


T  =  Tv(cos0)  =  i^[P,(cos  0)  —  P„(— cos0)]  (12.31) 


which  has  the  required  property. 

The  total  fields  in  the  antenna  region  r0  <  r  <  a  may  now  be  written 


rEe  = 

rH<p  = 


T„( cos  0) 


tV(r)  I  j  JL  Y'  Av  &s(!?r)  d_  ,  , 

2 wK  sin  0  ^  J  2x  V  v(v  +  1)  &,(ka)  dd  A  } 

h(r)  i  1  y-  Av  ftv{kr)  T  ,  , 

2ir  sin  0  2ir  v  v(v  +  1)  ftv{ka)  dd  v 


(12.32) 

(12.33) 

(12.34) 


where  ftv{x)  =  Jv(x)  +  (Bv/Av)Hv(x)  and  ft'v(x)  =  dRy(x)/dx.  The  boundary 
condition  Er  =  0  on  6  =  60  and  6  =  tt  —  do  leads  to  the  condition 


ry(cos  do)  =  o 


(12.35) 


which  determines  an  infinite  sequence  of  discrete  values  of  v.  The  summation 
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sign  in  (12.32)  to  (12.34)  indicates  that  contributions  from  all  these  roots  must 
be  included  in  the  formulation.  Of  course,  as  indicated,  the  TEM  wave  cor¬ 
responding  to  the  first  term  in  (12.33)  and  (12.34)  must  also  be  included. 

It  is  important  to  note  that  the  transverse  voltage  V  ( r )  defined  above  by 
(12.23)  is  also  given  by 

V  (r)  =  -  f  *  rEe  dd  (12.36) 

J  T - ^0 

for  r0  <  r  <  a ,  where  Ee  is  given  by  (12.33).  In  other  words,  only  the  principal 
or  TEM  mode  contributes  to  the  transverse  voltage.  This  is  a  consequence  of 
the  boundary  condition  (12.35),  which  means  that 

f  (Ee  -  E0fe)  dd  =  0  (12.37) 

J  *■— 00 


On  the  other  hand,  as  indicated  by  (12.26),  the  total  current  has  a  contribu¬ 
tion  io  both  from  the  TEM  mode  and  from  the  “complementary”  modes. 
From  (12.25)  and  (12.34)  it  is  evident  that 


sin  do 


Ay  fty(kr) 


v(v  +  1)  ttv{ka) 


d 

dd 


Ty( cos  d) 


J 


(12.38) 


The  input  admittance  Ft  of  the  antenna  is  now  defined  by 

Y  =  7fro)  =  h  fro)  /fro) 

1  V fro)  V fro)  ^  Ffro) 


(12.39) 


When  the  radius  r0  of  the  input  region  approaches  zero,  it  follows,  in  view  of  the 
required  finiteness  of  7fr0),  that  Rv(kr)  must  also  remain  finite.  Clearly,  this 
means  that  Bv  =  0  in  (12.8).  Thus,  the  fiv  functions  are  to  be  replaced  by  Jv  in 
(12.32),  (12.33),  (12.34),  and  (12.38)  when  the  dimensions  of  the  input  region 
are  vanishingly  small.  In  most  of  what  follows,  we  shall  tacitly  assume  this 
to  be  the  case. 

In  the  region  external  to  the  antenna  (that  is,  r  >  a),  the  fields  are  also  of 
the  TM  type.  However,  here  the  angular  functions  must  be  periodic  and 
finite  for  all  values  of  d  from  0  to  2t.  Thus,  the  solution  of  (12.7)  is  of  the  form 
T  =  Pv(cosd),  where  v  =  n  is  an  odd  integer. f  Furthermore,  the  radial 
function  which  is  a  solution  of  (12.6)  must  be  of  the  type 

R  =  Hn(kr) 


which  has  the  required  property  that 


R  — >  erikr  for  r  — >  oo 

fAs  indicated  later  on,  the  even  integers  will  be  present  in  the  summation  when  the 
biconical  structure  is  asymmetrical. 
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In  the  region  external  to  the  antenna,  we  have  a  set  of  field  expressions 
analogous  to  (12.32)  to  (12.34).  Thus, 


r'Er  =  e  INK  p-(cos  e) 

6TTj€C0  n  =  1,3,5,  .  .  .  i±n\k.(L) 


rE9  =  j 


.  r 


E 


a„  H'n(kr)  d 


2ir  n=  1,3,5,  . . .  ti(ti  — I-  1)  H dd 


F„( cos  d) 


rH *  = 


E 


an  Hn(kr)  d 


2 7T  n=i,t5, . . .  n(n  +  1)  Hri(ka)  dd 


Pn  (cos  0) 


Of  course,  there  is  no  TEM  mode  in  the  external  region. 


(12.40) 

(12.41) 

(12.42) 


12.3  The  Formal  Solution  of  the  Biconical  Antenna  Problem 


The  coefficients  Av  and  an  are  not  yet  known.  Their  determination  is  a 
relatively  difficult  task,  because  the  ranges  of  orthogonality  are  different  for 
the  two  regions  r  <  a  and  r  >  a.  However,  formally,  we  may  proceed  as 
follows.  First,  we  note  that,  at  r  —  a,  (12.34)  may  be  written 


FT  (ct)  1  'y-v  Ay  d 
2i r  sin  6  2?r  V  v(y  +  1)  dd 


Tv{ cos  d) 


(12.43) 


Both  sides  of  this  equation  are  now  multiplied  by  sin  d(d/dd)Tv>(cos  d),  and 
then  they  are  integrated  over  d  from  dQ  to  tt  —  do.  It  then  follows  readily  that 

Av  =  1)  J*  sin  0™  1\( cos  d)  dd  (12.44) 


where  we  have  used  the  fact  that 


r„(cos  d) 


L  dd 


Ty’  (cos  d) 


But,  according  to  (12.41), 


if  v  9^  v 

if  p  =  / 


aH^afi)  = 


1 


E 


&n 


d 


2?r  n=  i^h, . . .  n(n  +  1)  dd 


Pn  (COS  d) 


(12.45) 


Inserting  (12.45)  into  (12.44),  it  readily  follows  that  the  result  is  an  infinite 
system  of  linear  equations  of  the  form 

Ay  /F  OLytn(ln  (12.46) 

7i  “  1^3,5,  «  «  * 

where 


v(y  +  1)  1  r 

n(n  +  1 )  NP  J e0 


sin  d 


d 

dd 


Ty(  cos  d) 


^P„(C°S0) 


(12.47) 
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This  expression  may  be  simplified  by  integrating  by  parts  and  noting  that, 
for  any  0, 

-v{v  +  1)  sin  6  Ty  (12.48) 

and  ^  sin  d =  —n(n  +  1)  sin0  Pn  (12.49) 

while  for  0  =  0O, 

Tv( cos  do)  =  T,(- cos  do)  =  0  (12.50) 

Thus, 

r  T— 

«f.«  =  — jy - T„(cos  0)  P„( cos  0)  sin  0  dd  (12.51) 

Now,  for  any  0  it  may  be  also  readily  verified  from  (12.48)  and  (12.49)  that 
[u(v  +  1)  —  n(n  +  1)]  j  Ty( cos  0)  Pn( cos  6)  sin  0  d0 

»sin*(r.^P.-P.|j-.)  (12.52) 

Then,  of  course,  we  also  have 


(u  +  1)  —  /(/  +  1)]  J  P„(cos  6)  Tvf  (cos  0)  sin  6 


dd 


)  (12.53) 


Letting  v 


v’ ,  the  preceding  result,  along  with  (12.48),  is  used  to  show  that 


/  \jld  '^,^cos  s^n  ^^d  =  v{v  +  1)  j  [Tt(cos  0)]2  sin  d  dd 


,in  n  »(»  +  lWdT.dT,  d2Tr 

2u  +  1  dd  dv  "  dddv 


(12.54) 


Using  (12.52)  and  (12.53),  the  coefficient  given  by  (12.51),  is  now 


v,n 


_ 2u  +  1 _ P»(cos  dp) 

n(n  +  1)  —  v(u  +  1)  dTv(cos  dQ)/du 


(12.55) 


which  is  the  coefficient  for  the\system  (12.46).  Another  system  of  equations 
connecting  the  coefficients  is  obtained  by  working  with  the  E$  component  in 
the  aperture  surface  r  =  a. 

From  (12.33)  itisevidentthataP$(a,0)  =  OforO  <6  <  0oand7r  —  0O  <  0  <  7r,  and 

~  7?  n\  ^  (®)  f  V  1  rr _  &  m  f ^ 


dEeiafi)  2^R  gin  e  2 ^  Z  v(v  +  j)  dQ  Tv{ cos  (9) 


(12.56) 


for 


0O  >  ^  >  0o,  where 


.  k'Xka) 
Rr(ka) 


(12.57) 
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is  an  inward-looking  radial  wave  impedance.  On  the  other  hand,  from  (12.41), 
it  follows  that 


=  l  „  ,5. . . .  JfrTTTj «  %  p.(coS  ») 


for  0  <  0  <  7r,  where 


H'n(ka) 

H„(ka) 


(12.58) 

(12.59) 


is  an  outward-looking  radial  wave  impedance  at  the  aperture  surface. 


Using  the  orthogonality  relationship  that 


/, 


Pn{ cos  6)  Pn'( cos  6)  sin  6  dd 

o  du  du 


2  n  +  1  (  , 

2«(«  +  1)  ,0r"-" 

0  for  n  7i' 


(12.60) 


it  readily  follows  that 


dn 


(2 n  +  l)ira  r  *  „  ,  ..  d 


zt 


L 


Ee(d,d)  ~  Pn( cos  6)  dd 

o  du 


(12.61) 


Substituting  Ee(a,d)  as  given  by  (12.56)  into  (12.61),  it  is  found  that 


Z\an 


(2?(J:..|)i',r(a)  Pn(cos  go)  +  ^ 


(12.62) 


where 


_  n(n  +  1)  (2 n  +  1)  sin  60  P„( cos  0O)  dT,(cos  d0)/d60  ,  . 

Hvfn  /  i  i\  _ /**  i  i  \  /  i  -i  \ 


^0  + 1) 


n(n  +  1)  —  v(v  +  1) 


In  principle,  the  problem  is  solvable,  since  the  coefficients  a„  and  Av  may  be 
determined  by  the  linear  systems  of  equations  given  by  (12.46)  and  (12.62).  As 
indicated  in  the  appendix,  this  final  step  is  a  very  difficult  task;  fortunately, 
however,  some  simplifications  are  possible  in  special  cases.  These  will  be  dis¬ 
cussed  below  after  we  make  some  further  general  remarks  about  the  formulas 
for  the  admittance. 

As  indicated  by  (12.28)  and  (12.29),  the  terminating  admittance  Yt  plays 
a  fundamental  role.  In  fact,  these  two  equations  show  that  (12.39)  for  the 
antenna  admittance  Y{  may  be  expressed  in  the  form 


y  =  IM  ,  gr,cosfc(q  ~  r„)  +j 

1  ’  V<V„1  ‘  m a  hln  —  T,:\  4-  i <KV. 


m  ir\ 


7-  /  „ 


(12.64) 


When  the  radius  r0  of  the  input  region  is  vanishingly  small,  we  have 

Y  _  K  Yt  cos  kd  +  j  sin  kn 
cos  kd  +  jKYt  sin  kd 


A  convenient  parameter,  often  used  in  the  theory,  is  the  inverse  rddidtion  im¬ 
pedance  Zv,  which  is  the  impedance  seen  looking  outward  at  a  distance  X/4 
from  the  end  of  the  line.  Thus, 


Z,  =  K2Yt 
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and,  therefore, 


1  K  cos  ka  +  jZv  sin  ka 
K  Zv  cos  ka  +  jK  sin  ka 


(12.65) 


which  expresses  the  antenna  input  admittance  in  terms  of  the  inverse  radiation 
impedance. 

From  (12.43)  we  readily  find  that 

z ,  =  K2Yt  =  Ht(a,0)  do  (12.66) 


and  then  using  (12.45),  the  above  is  easily  expressed  in  the  form 


Zv  —  — 


SK 


z 


a 


n 


irVia)  n—  1,3,5,  .  .  .  n(n  +  1) 


Pn  (COS  dQ) 


(12.67) 


This  is  a  convenient  formula  for  calculating  ZB  once  the  coefficients  an  have 
been  determined. 


12.4 


Spherical  Antenna  as  a  Li 


If 


iting  Case 


An  important  limiting  case  is  when  the  cone  angle  60  approaches  w/2.  In 
this  case,  we  have  a  symmetrical  spherical  antenna  excited  by  a  narrow  equato¬ 
rial  gap.  To  discuss  this  case  we  introduce  some  approximate  formulas  for  the 
Legendre  functions  which  have  been  given  by  Schelkunoff.1  Provided  60  is  not 
near  0  or  7 r, 


and 

where 

Thus, 


Py( COS  6q) 

Pv(  —  COS  do) 
V  =  [v(v  +  1)]W 


_  cos  (qdp  —  w/4) 

[(ir/2)p  sin  dQ}^ 

_  cos  (qt  —  qdo  —  7r/4) 

[(tt/2)p  sin  60]y2 

and  q  =  [(*  +  YiP  +  H1H 


(12.68  a) 
(12.68  b) 


Tv  (cos  d0) 


sin  (qir/2  —  w/2)  sin  q(ir/2  —  do) 

[{ir/2)p  sin 


(12.69) 


The  roots  of  the  equation  T„(cos  $))  =  0  are  thus  obtained  approximately  from 


2m7r 


7 r  —  26 


o 


m  =  1,  2,  3, . . . 


(12.70) 


or 


v  —  —  Yl  +  (<f  —  YYY  —  ~~Yi  +  q 


l 


l 


8 q  128 q 


These  roots  approach  infinity  as  60  — >  w/2. 
In  terms  of  the  gap  width  s,  we  see  that 


2mira 

s 
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and  the  roots  are 

__  2  rmra  1  s 

s  2  16rmra 


Thus,  for  small  gap  widths 


-if 


Jl(ka)  _  j{(v  +  1)  _  2m ir  1 
Jy(ka)  ka 


_|_ 

jeccs  jecoa 


*  •  ♦ 


(12.71) 


From  this  equation,  it  is  evident  that  the  summation  on  the  right-hand  side  of 
(12.62)  converges  very  rapidly  in  this  limiting  case.  In  fact,  as  a  first  approxi¬ 
mation  we  may  neglect  the  summation  altogether,  and  thus 


dn 


-  (2  n  +  l)fF(a) 


KZ+n 


Pn  (cos  do) 


Then,  according  to  (12.67),  we  find  that 

r2 


Z„  =  K*Yt  = 


z 


7T  n=  1&5, . . .  n(n  +  1) 


2n  +  1  Tb(cos  ^o)]2  1 


zt 


(12.72) 


(12.73) 


which  corresponds  to  the  situation  in  which  only  the  principal  or  TEM  mode 
is  retained  in  the  antenna  region  while  all  the  external  modes  are  used. 

For  a  homogeneous  external  medium,  the  reciprocal  of  the  radial  wave  im¬ 
pedance  may  be  written  in  the  normalized  form 


—  f  Gn  +  j£Bn 


The  normalized  conductance  and  susceptance,  and  respectively,  are 
shown  plotted  in  Fig.  12.2  as  a  function  of  the  radian  distance  ka  for  various 
values  of  the  mode  number  n.  It  is  evident  from  these  curves  that,  for  small 
values  of  ka,  only  a  few  modes  are  needed  to  secure  convergence  in  (12.73). 

Equation  (12.73)  must  be  refined  if  60  is  actually  allowed  to  approach  ir/2. 
In  this  case,  Schelkunoff2  shows  that 


Yt  =  joiCt  + 


where 


47 r 


z 


2n  +  1  /  (n/2) !  -1YI 


(s/a)2  n=  1^, ...  n(n  +  l)\[(n  —  l)/2]!j  \ZJ 


(12.74) 


Ct  =  2ea(ln  “  +  0.52) 


is  the  capacitance  formed  by  the  hemispheres.  The  real  part  of  Yt,  as  given  by 
(12.73)  and  (12.74),  may  be  used  to  calculate  the  radiation  conductance  of  the 
symmetrical  spherical  antenna. 


12.5  Thin  Wire  Antenna  as  a  Limiting  Case 

Another  important  limiting  case  is  the  vanishingly  thin  biconic al  antenna. 
For  example,  if  0Q  — >  0,  we  see  that  K  — »  00  .  In  this  case,  the  current  distribu¬ 
tion  is  sinusoidal  with  nodes  at  the  ends.  Thus, 

I(r)  -  jK~lV (a)  sin  [k(a  -  r)}  =  h  sin  [k(a  -  r)] 


(12.75) 
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=  Gn  +  j  Bn 

Fig.  12.2  Characteristic  wave  admittance  for  outward  propa¬ 
gating  spherical  wraves  of  order  n. 

The  fields  produced  by  this  filamental  current  distribution  are  well  known. 
Schelkunoff1  uses  this  fact  to  show  that,  for  the  infinitesimally  thin  biconical 
antenna  (that  is,  60  — »  0) , 

Kan  — »  —  V(a)(2n  +  l)Jn(ka)Hn(ka)  (12.76) 

Thus,  the  limiting  form  of  (12.67)  for  0O  —* ►  0  isf 

Z,  =  ^  E  i  k  Jn(ka)Hn(ka )  (12.77) 

7T  n=  1,3,5,  .  .  .  T"  JJ 

t. 

An  alternative  form  of  this  series  is  well  known  from  the  theory  of  infinitesi¬ 
mally  thin  antennas.  Thus,  Zv  —  Rv  +  jXv,  where 

Rv  =  60 (C  +  In  2 L  -  Ci  2 L)  +  30(C  +  In  L  -  2  Ci  2L  +  Ci  4L)  cos  2 L 

+  30  (Si  4L  -  2  Si  2 L)  sin  2 L  (12.78) 

and 

X,  =  60  Si  2L  +  30 (Ci  4L  -  In  L  -  C)  sin  2 L  -  30  Si  4L  cos  2L  (12.79) 

fThis  result  also  follows  immediately  from  (A- 12.9)  of  the  Appendix. 
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and  where  L  =  ka  C  =  0.5773 

n.  r°°  cos  i  .  r*  sin  t 

Ci  x  =  —  /  — —  at  Six  =  ——  df 

Jx  t  Jo  t 

The  resistance  and  reactance  functions  Rv  and  Xv  are  plotted  in  Fig.  12.3  as  a 
function  of  the  radian  length  of  the  cone  (that  is,  ka). 


Radian  length  L  or  ka 


Fig.  12.3  Resistive  and  reactive  parts  of  the  inverse 
radiation  impedance  for  an  infinitesimally  thin  biconical 
antenna. 


12.6  Variational  Treatment  of  Biconical  Antennas 


A  significant  development  in  the  theory  of  biconical  antennas  is  due  to  Tai.8 
He  employed  a  variational  method  which  was  originally  devised  by  (Nobel 
laureate)  Julian  Schwinger.9 

The  key  point  in  the  variational  approach  is  the  stationary  property  of  the 
electric  field  E$  in  the  antenna  aperture  surface.  Thus,  instead  of  determining 
the  terminating  admittance  Yt  directly,  we  shall  devise  an  integral  equation  for 
Ee .  Then,  using  this  integral  equation,  we  express  Yt  in  a  form  which  is  sta¬ 
tionary  with  respect  to  small  variations  of  the  aperture  field. f 

The  desired  variational  form  is  obtained  by  noting  that,  for  r  =  a,  we  may 
write 


27ra 


z 


a 


n 


n 


n(n  +  !) 
f  EM 

0 


MnP'M 


for  Bo  <  6  <  7r  —  do 
for  0  <  0  <  Bo  and 


7T  “  Bo  ^  B  K  TV 


(12.80) 


or 


_  Jl_  v  At  m  t'(^ 

2 ira  sin  e  2ira  4"  v(r  +  1)  fW 

=  Ea(e)  for  do  <  e  <  T  -  do  (12.81) 


fAn  alternative  method  is  discussed  in  the  Appendix. 
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where  the  following  abbreviations  are  employed: 


P'n(0)  = 

T'M  = 


Mn  - 


dPn  (cos  0) 
dd 

dTv  (cos  0) 
dd 

H'n(ka) 

Hn(ka) 


_  V  (a) 

Io  ~  ~Y~ 

Ea(6)  =  Ee(a,9) 


and  N. 


Urv{ka) 

ftv{ka ) 


Note  that  the  iV„  used  in  this  section  is  not  the  same  as  that  introduced  in 
(12.44).  Multiplying  (12.80)  by  P'm{9) sin  9  and  integrating  with  respect  to  6 
from  0  to  tt ,  we  find 


where 


JL 

2im 


ClmM  mI 


mm 


m  x — 0o 

Ea(9)Pfm(6)  sin  9  d9 

#0 


mm 


Pm  (9)  sin  9  d9 
o 


2 

2th  4~  1 


(12.82) 

(12.83) 


On  the  other  hand,  integrating  directly  both  sides  of  (12.81)  with  respect  to  9 
from  9q  to  w  —  0O  leads  to 

/„  =  f  f  T-°t  Ea(6 )  dd  (12.84) 

A  J  9* 

Then,  multiplying  (12.81)  by  7^(0)  sin  9  and  integrating  over  the  same  range, 
gives 

A,  =  J~  a  r*  EM  T'M  sin  6  de  (12.85) 

v  ^  MM  ® 

where  Im  =  f  7y(0)  sin  9  d9  m  =  ml  M2,  . . .  (12.86) 

J  e  o 


Here,  m  are  roots  of  TM)  =  0. 

We  now  use  the  fact  that  the  magnetic  field  is  continuous  across  the  aperture 
surface  r  =  a.  This  means  that 


-jKYJ  o 
27ra  sin  9 


•  »  t 


an 

n(n  +  1) 


(12.87) 


for  0O  <  0  <  7r  —  90.  Inserting  the  expressions  (12.82),  (12.84),  and  (12.85), 
for  a»,  /o,  and  AVi  into  (12.87),  we  find  that 


Yt  fr~~e* 

2w  sm  9  J  d0 


T'M 


Ea{d)  dd  -  lT,~r  ,  1W  T 

fTKH  1  )NJ 


vv 


z 


P’M 


l 

f  n=iM5, ...  +  1  )MnI 


nn 


Ea{9)TfM  sin  9  d9 
Ea(9)P'n(9)  sin  9  d9 


(12.88) 


This  is  the  desired  integral  equation  for  Ea(9).  Multiplying  it  by  sin  9  Ea(0), 
integrating  over  9  from  90  to  ir  —  0O ,  and,  finally,  dividing  by 


Em(fi)  d9 
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we  obtain 


Y, 


j2w 

f 


f  r—0Q 

/  E.(fi)  de 

J  8$ 


-  E 


-2 


E 


i 


+  l)NpIpp 


f  T — ^0 

/  Pa(0)T'(0)  sin  0  dd 

J  e  o 


1 


n— 1,3,5, . . .  n(n  +  1  )MnI 


nn 


/*  x — 0Q 

Ea(d)P/n(d)  sin  0  dd 

0q 


(12.89) 


The  expression  for  Yt  given  above  is  stationary  for  small  changes  of  the  aper¬ 
ture  field  Ea.  In  this  sense,  it  is  analogous  to  the  equivalent  susceptance  in  the 
variational  treatment  of  the  discontinuity  when  two  rectangular  waveguides  of 
different  cross  sections  are  joined.  An  excellent  discussion  of  waveguide  dis¬ 
continuity  problems  is  found  in  Collin’s  book.10 

In  Tai’s8  approach  to  the  variational  solution  for  the  biconical  antenna,  the 
aperture  field  Ea(d)  is  written  in  the  form 


Ea  (0)  =  constant  X 


1 


sin  0 


+  21  PvT'v(9) 


(12.90) 


where  pv  are  unknown  coefficients.  This,  of  course,  is  the  same  form  as  (12.33), 
but  here  we  need  not  be  concerned  with  the  magnitude  of  the  constant  factor, 
because  it  cancels  out  in  the  evaluation  of  the  admittance  function  Yt.  Thus, 
inserting  this  into  (12.89),  it  is  found  that 


where 


Y,  = 


Yto  +  2  y:  SvPv  “I-  ^  )  tpVi*2  “i-  ^  *  y  )  yvnPvPn 

v  n  v  ft 

— j f  2Pn2(cos  do) 


Y 


E 


i0  7 rif2  i^, ...  n(n  +  l)ImnMn 

- if  P n  (cos  #())/; 


vn 


t 


7rZv  71=1,3,5,...  I nnYI n 

if  v(y  +  I)/,, 


2tt  K2 


y 


vft 


-if 

=  y„,  = 


N; 

E 


“4""  1  I ynl 


fxn 


I 


27T K2  n=  l\3)5,  . . . 

TC—  0Q 


InnMn 


vn 


f  P„( cos  0)  T„(cos  0)  sin  0  dd 

J  8\ 


(12.91) 

(12.92) 

(12.93) 

(12.94) 

(12.95) 

(12.96) 


Now,  because  Yt  is  stationary  with  respect  to  the  variation  Ea(d),  the  coeffi¬ 
cients  pv  are  determined  by  noting  that 


which  gives 


(12.97) 


When  this  is  combined  with  (12.91),  we  find  that 

Y  t  =  Fin  +  E  svpv 


(12.98) 
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We  note  that  Ym  as  given  by  (12.92)  may  also  be  written  in  the  form 


zif  y*  (2n  +  l)Pra2(cosfl0)  Hn(ka) 
*K2  n=  m,...  n(n  +  1)  H'n (ha) 


(12.99) 


which  is  the  expression  for  the  terminating  admittance  derived  on  the  basis  of 
assuming  that  the  complementary  waves  in  the  antenna  may  be  neglected. 
This  is  the  formula  first  derived  by  Smith.5  Thus,  Yt0  is  the  admittance  con¬ 
tributed  by  the  interaction  between  the  principal  or  TEM  wave  and  all  the 
exterior  modes  of  order  n  =  3,5,7,....  It  is  then  possible  to  interpret  svpv ,  in 
the  summation  term  in  (12.98),  as  an  admittance  contributed  by  the  inter¬ 
action  between  the  Hh-order  interior  mode  and  all  the  exterior  modes. 

Tai,8  in  a  very  illuminating  development,  has  shown  how  the  series  solution 
in  (12.98)  converges  to  the  exact  solution  for  the  special  case  of  vanishingly 
thin  cones.  In  this  limit  (that  is,  0O 0)  it  follows  from  (12.77)  that 


TrK2 


2  u  -f  1  1 

n(n  +  1)  Mn  —  Nn 


(12.100) 


which  is  exact.  On  the  other  hand,  according  to  the  “zero-order”  solution 
indicated  by  (12.99),  we  would  have 


v  _  -J r 

*  to  — 


E 


2n  +  1  1 


wK2  n=  . . .  n(n  +  1)  Mn 


The  “correction  terms”  for  this  case  are  given  by 


irK2  n=U5,... 


2n  T  1  Nn 

n{n  +  1)  Mn(Mn  —  Nn ) 


(12.101) 


(12.102) 


where  r  is  infinite,  strictly  speaking.  For  the  vanishingly  thin  cone,  the  value 
of  r  actually  corresponds  to  the  order  of  the  solution.  For  example,  in  the  first- 
order  solution,  we  take  r  =  1  and  there  is  only  one  term  on  the  right-hand  side 
of  (12.102).  On  the  other  hand,  the  second-order  solution  amounts  to  the 
choice  r  =  3,  whence  the  summation  is  replaced  by  only  two  terms.  Similarly, 
for  the  third-order  solutions  r  =  5  and  three  terms  are  included.  The  manner 
in  which  the  rth-order  solution  Y t(r)  converges  to  the  exact  solution  Yt  is  shown 
in  Fig.  12.4,  where  the  real  and  imaginary  parts  of  K2Yt(r)  are  plotted  for 
r  =  0,  1,  2,  and  3  along  with  the  exact  solution.  The  abscissa  is  ka ,  while  the 
ordinates  are  Rv  =  K 2  Re  Y t (r)  and  Xv  =  K 2  Im  F*(r).  It  is  certainly  evident 
here  that  the  zero-order  solution  is  very  poor.  On  the  other  hand,  the  first- 
order  solution,  which  corresponds  to  the  inclusion  of  only  one  interior  com¬ 
plementary  wave,  gives  a  marked  improvement. 

Application  of  Tai’s  variational  method8  to  biconic al  antennas  of  arbitrary 
cone  angle  is  quite  straightforward.  However,  the  goodness  of  the  successive 
approximations  can  be  estimated  only  from  the  rate  of  convergence  of  the  series 
solution.  Furthermore,  because  of  the  difficulties  in  evaluating  the  fractional- 
order  Bessel  functions,  only  low-order  solutions  are  really  feasible.  For  ex- 
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Zero-order  - Second-order 

First-order  - Third-order 

-  Exact 


Radian  distance  ko 


Fig.  12.4  Resistive  and  reactive  parts  of  the  inverse  radiation 
impedance  for  thin  biconical  antennas  for  various  orders  of  ap¬ 
proximation.  (After  Tai .8) 

ample,  the  explicit  form  of  the  first-order  solution  applicable  to  a  biconical 
antenna  of  any  angle  is  obtained  by  retaining  only  one  term  in  the  summation 
over  m  in  (12.97).  Thus,  for  the  first  complementary  interior  mode  (denoted 
v  —  vi),  we  see  that 


t*i  +  7*1*1 


and  thus,  to  within  the  same  approximation,  (12.98)  becomes 


(spi) 


t*t  +  7*i*i 


(12.103) 


Yt  =  Yt  o 


(12.104) 
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0  1  2  3  4  5 


Radian  distance  ka 

Fig.  12.5  Resistive  and  reactive  parts  of  the  inverse  radia¬ 
tion  impedance  for  a  wide-angle  biconical  antenna. 

Using  this  result,  curves  of  Rv  and  Xv  are  plotted  in  Fig.  12.5  as  a  function  of 
ka  for  a  cone  angle  do  of  66.06°.  In  this  case,  the  value  of  v\  is  exactly  7.  The 
zero-order  solution  corresponds  to  just  using  Yt  =  Fi0,  while  the  first-order 
solution  includes  the  correction  term  on  the  right-hand  side  of  (12.104).  Some 
additional  first-order  results  for  wide-angle  conical  dipoles  are  also  given 
by  Tai.8 

12.7  Some  Extensions  of  Biconical  Antenna  Theory 

In  an  interesting  paper,  Galejs11  extends  Tai’s  anatysis  to  biconical  structures 
with  spherical  cores  of  lossy  dielectric.  Galejs,  using  essentially  the  first-order 
variational  solution,  also  presents  calculations  for  biconical  antennas  half 
buried  in  a  perfectly  conducting  ground  plane. 

The  generalization  of  the  biconical  antenna  theory  to  a  concentrically  strati¬ 
fied  exterior  medium  is  quite  straightforward.  In  this  case,  it  is  only  necessary 
to  replace  the  outward  looking  radial  wave  impedances  as  given  by  (12.59)  by 
their  forms  appropriate  for  a  radially  stratified  medium.12  The  extension  to  a 
radially  stratified  compressible  plasma  is  also  not  difficult.13  Some  of  these  ex¬ 
tensions  and  generalizations  are  outlined  in  the  following  sections. 


12.8  General  Formulation  for  Biconical  Antenna 
in  Inhomogeneous  Dissipative  Media 

As  an  example  of  a  useful  extension  we  shall  consider  a  biconical  antenna 
which  is  immersed  in  a  radially  stratified  dissipative  medium.  The  situation  is 
illustrated  in  Fig.  12.6.  The  perfectly  conducting  biconical  antenna  of  length 
2a  and  cone  angle  0O  is  surrounded  by  a  sheath  whose  inner  and  outer  radii  are  a 
and  5,  respectively.  This  sheath  has  conductivity  a1}  dielectric  constant  eh  and 
magnetic  permeability  mi.  The  infinite  medium  external  to  the  sheath  is  taken 
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Fig.  12.6  Bieonieal  antenna  located 
in  a  spherically  stratified  medium. 


to  have  corresponding  properties  a2,  62,  and  ^2.  Within  the  antenna  region 
(that  is,  r  <  a),  the  medium  is  taken  for  convenience  to  be  a  lossless  dielectric 
with  properties  e  and  jx* 

The  formulation  of  the  present  problem  is  very  similar  to  that  for  the  bi- 
conical  antenna  located  in  free  space.  The  major  modification  is  in  the  choice 
of  the  radial  wave  functions  for  each  of  the  homogeneous  regions.  Using  a 
straightforward  boundary-matching  technique,  the  final  solution  is  easily 
derived,  because  there  are  sufficient  boundary  conditions  to  solve  for  the  un¬ 
known  coefficients.  The  classical  approach  is  rather  tedious,  and  the  book¬ 
keeping  is  complicated.  Furthermore,  to  extend  the  solution  to  additional 
layers  requires  that  the  algebra  be  repeated.  As  a  desirable  alternative  we 
shall  exploit  the  analogy  with  nonuniform  transmission  line  theory  as  ex¬ 
pounded  by  Schelkunoff14  for  similar  problems  of  this  kind. 

The  outward-looking  impedance  at  r  =  a  for  TM  waves  is  defined  by 

Z+  =  (12.105) 

X2  4>,n  r—a 

for  spherical  modes  of  integer  order  n.  Now,  the  characteristic  impedance  on 
the  equivalent  nonuniform  transmission  line  from  r  =  a  to  b  is 

j/<r)--r'SS)  (m06) 

where  Kn  is  a  modified  spherical  Bessel  function  of  order  n  defined  by 

km  =  (^yu+^) 

in  terms  of  the  modified  (cylindrical)  Bessel  function  Kn+x  of  order  n  +  3^. 
In  the  above, 

ft  =  (  )  and  Yi  =  i«(o-i  +  jeiccW1 

\ax  +  J  6ioj/ 

are  the  intrinsic  properties  of  the  homogeneous  dissipative  sheath. 
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In  a  similar  fashion,  the  characteristic  impedance  of  the  line  looking  inward  is 


where 


Ue)  =  (f  )*W«) 


(12.107) 


The  line  is  now  considered  to  be  terminated  by  an  impedance 

K'n(y2b) 


P(b )  =  -fi 


Kn(y2b) 


(12.108) 


where,  of  course, 


r2  = 


and  72  =  [jM2Co(cr2  +  je *«)]** 


0"2  + 

are  intrinsic  properties  of  the  external  homogeneous  region. 

Using  nonuniform  transmission  line  theory  and  with  the  information  given 
above,  we  can  immediately  write  down  the  answer.12  Thus, 

1  +  qeAeB 


Z+n 


M(a) 


(12.109) 


1  +  qhAhBh 

where  the  q’s  are  reflection  coefficients  at  r  =  b  and  the  A’s  and  B’ s  are  trans¬ 
mission  factors.  The  subscripts  e  and  h  are  to  indicate  that  the  quantities 
pertain  to  the  electric  or  magnetic  fields,  respectively.  The  explicit  forms  of 
the  relevant  quantities  are 

1/P(b)  -  1  /M(b) 


e  1/P(b)  +  1/M  (b) 

P(b)  -  M(b) 

Qh  P(b )  +  M(b) 

_  aK'n(yib) 
e  ~ 

_  bi'n  (Tiffl) 
e  - 


Ah  = 


Bh  = 


a  An  (71b) 

b&iyxa) 

blniyia) 


(12.110) 


(12.111) 

(12.112) 


(12.113) 


(12.114) 

(12.115) 


aln(yib) 

For  wide-angle  cones  the  inverse  impedance  Zv,  for  the  structure,  is  given  by 
(12.73),  with  Z  l  now  given  by  (12.109)  above. 


In  the  case  of  thin  cones  (i.e.,  where  do 
given  by  (12.77),  is  to  be  replaced  by 

_  -if 


0),  it  is  not  difficult  to  see  that  Z 


Z,  =  K*Yt 


E 


2  71  T  1 


1 


where 


and 


n 


W  n—  1,3,5,  *  .  .  71  (7i  “1"  1)  M n  N n 

_  ifl  K'n(yiO-)  1  +  7 e/l  eBe 
f  Kn(yi(i)  1  +  qhAhBh 

a 


(12.116) 


(12.117) 


J'Jka) 
"  J«(ka ) 


with  f 


-0 


and  k  =  («M)#<o  (12.118) 
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In  the  limiting  case,  when  the  medium  external  to  r  =  a  is  a  homogeneous  and 
lossless  dielectric,  the  above  formula  for  JJn  reduces  to 


tt  __  fi  Hn(kia) 

“  f  Hniha) 


with  fi 


-(?) 


H 


and /bi  =  (€imi)hw  (12.119) 


12.9  Biconical  Antenna  with  Dielectric  Loading 

An  interesting  application  of  biconical  antenna  theory  was  carried  out  by 
Polk.15  He  considered  the  case  of  the  small-angle  biconical  antenna  which  was 
fully  loaded  with  dielectric  or  ferromagnetic  material  within  the  antenna 
region.  This  corresponds  to  the  special  case  considered  by  (12.119)  above  if 
we  regard  the  exterior  medium  as  free  space.  Explicitly, 

Zv  =  K2Yt  = 


-3 120  E 

n=  1,3,5, 


2  n  -J-  1 


Hn(ftoa) 

\_Hn  (J^qcl) 


(m/mo  )»J'n(ka)l 

(«/eo)*  Jn(ka)  J 


(12.120) 


..  n(n  +  1) 

where  k0  is  the  wave  number  for  free  space  and  ju/g0  and  e/e0  are  the  relative 
permeability  and  dielectric  constant,  respectively,  of  the  loading  material. 
We  also  note  that  ka  =  (m/mo)  ^  (c/«o)  K'A'0a  may  become  quite  large  even  if  koa  is 
small  if  we  choose  suitable  ferromagnetic  or  ferroelectric  materials. 

The  radiation  pattern  is  to  be  computed  from 


tEq  =  a 


E 


where 


/.= 


2  hi  -J-  1 


n—  1,3,5, 

1 


fnH’n(hr)  ~  Pn (cos  6) 


(12.121) 


n(n  +  1)  Hn(ka) 


(e/eo)*  H'n(k0a ) 


KM 

J  n  (ka) 


l 


(12.122) 


(m/w.)»  Hn(koa) 

Now,  if  both  k0a  and  ka  «  1,  it  is  not  difficult  to  show  that  |/n+2//»|  <  1  forn 
an  odd  integer.  Thus,  for  biconical  antennas  which  are  electrically  small  in 
this  restrictive  sense,  the  pattern  is  proportional  to  dPi/dd  or  simply  to  sin  0. 
However,  if  ka  is  unrestricted  while  koa  is  still  much  less  than  unity,  this  in¬ 
equality  may  not  be  correct.  For  example,  in  this  latter  case,  it  is  not  difficult 
to  show  that 


h 


r-( 


e/io  \ ' ‘J  1  V1  sin  y  +  y  cos  y  —  sin  y 


and 


h 


)  koa 


2/ (sin  y  —  y  cos  y) 


-l 


(12.123) 


If  _  AM 

12L  W / 


M  3 


121.  \toy/  koa 

y 4  sin  y  +  6 y3  cos  y 


+ 


(12.124) 


_ -  21  y1  sin  y  —  45 y  cos  y  +  45  sin  y 

y(y3  cos  y  —  6 y1  sin  y  —  15 y  cos  y  +  15  sin  y) 

where  y  =  ka.  Then,  if  y  »  1,  while  still  keeping  kra  «  1,  it  follows  that 


fs 

fi 


14 

/  ego' 

VtOg/ 

3  |  y  sin  y  +  cos  y 

i  koa  sin  y  —  y  cos  y 

36 

**  3  y  sin  y  +  6  cos  y 

koa  y  cos  y  —  6  sin  y 

(12.125) 
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which  becomes  infinitely  large  if  tan  y  —  y  or  if 


/ e»oy  3  _  y  sin  y  +  6  cos  y 
\e0 fxj  koa  y  cos  y  —  6  sin  y 


(12.126) 


Actually,  |/3//i|  is  finite  at  these  “resonances”  if  (12.123)  and  (12.124)  are  used 
to  compute  the  ratio.  Nevertheless,  the  fact  remains  that,  under  certain  condi¬ 
tions,  |/3[  may  become  much  larger  than  |/i| .  In  this  situation,  the  pattern  has  a 
multilobe  structure  described  by  dPz/dd  even  though  the  overall  dimension  of 
the  antenna  is  small  compared  with  a  free  space  wavelength.  This  supergain 
effect  is  achieved  only  at  the  expense  of  high  antenna  Q,  which  is  quite  large 
near  one  of  these  critical  or  resonant  frequencies.  For  example,  for  a  thin, 
loaded  biconic al  antenna  (that  is,  0O  =  2°)  with  koa  =  0.15  and  ^/g0  =  c/c0  =  10 
the  Q  is  of  the  order  of  4,000. 


12.10  Dielectric-loaded  Biconical  Antenna 
Immersed  in  a  Conducting  Medium 

Among  Tai’s  basic  investigations  of  biconical  antennas  was  a  numerical 
study  of  radiating  systems  in  a  dissipative  medium.16  The  special  case  he  con¬ 
sidered,  many  years  ago,  was  a  small-angle  biconical  structure  which  was  in¬ 
sulated  in  the  sense  that  the  antenna  region  (that  is,  r  <  a)  was  an  insulating 
dielectric  which  he  chose  to  have  properties  c0  and  identical  with  those  of 
free  space.  The  external  medium  (that  is,  r  >  a)  was  a  homogeneous  dissipa¬ 
tive  medium  with  electrical  constants  eh  alf  and  y0. 

The  appropriate  formula  for  the  effective  terminating  admittance  Yt  is 
again  determined  as  a  special  case  of  (12.116).  Thus, 

K2Yt  =  K2(Gt  +  jBt) 

=  — jl20  X  T  t"il  f  i4r  ~  TtMT1  (12.127) 

n=uA...  n(n  +  1)L1207t  Rn(Z)  Jn(koa)j 

where  Z  =  yxa  =  [j(a i  +  je i<o)jUo<*>]^,  Ti  =  \jy<&/(<n  +  je iw)]^,  kQ  =  (c0Mo) 
and  K  =  120  In  cot  (do/2). 

For  applications  to  seawater  and  highly  conducting  rocks  or  soils,  it  is  often 
permissible  to  neglect  displacement  currents  in  the  external  region.  Thus,  for 
ci &  <3C  <ti,  we  see  that 

Z  =  (jaip,Goo)  %  =  \Z\  exp  (jir/ 4) 

and  ft  —  (jiw>/<ri)*  «  |ft|  exp  (Jt/ 4).  The  behavior  of  Yt  in  the  present  situa¬ 
tion  is  controlled,  in  a  large  measure,  by  the  function  Kn(Z) / Kn(Z) .  The  real 
and  imaginary  parts  of  this  function  are  sketched  in  Figs.  12.7a  and  b,  re¬ 
spectively.  The  abscissa  is  5,  which  is  related  to  Z  by  Z  =  1.8(1  +  j)5.  In  the 
case  of  seawater  (that  is,  or  =  3.6  mho/m)  and  for  a  frequency  of  1  MHz 
(that  is,  o)/2tt  =  106) ,  we  see  that 

5  =  100  (koa) 


m 


Kn\Z) 
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It  is  evident  that,  for  small  values  of  koa,  the  terminating  conductance  Gt  may 
be  very  small.  However,  for  larger  values  of  koa,  certain  resonances  may  occur 
when  the  square  bracket  term  in  (12.127)  has  a  minimum. 

An  excellent  example  of  the  resonant  behavior  of  the  structure  is  shown  in 
Fig.  12.8,  where  K2Gt  and  K2Bt  are  plotted  as  a  function  of  k0a  for  the  above 
stated  conditions.  The  system  has  a  behavior  akin  to  that  of  a  cavity  reso¬ 
nator.  In  this  particular  situation,  the  waves  in  the  antenna  region  are  very 
poorly  matched  to  the  external  conducting  medium  except,  of  course,  at  the 
resonances.  At  the  first  resonance,  where  kQa  =  2.75,  K2Gt  ~  K2Bt  =  32,400  ohms, 
while  at  the  second  resonance,  where  koa  =  4.92,  K2Gt  *=  K2Bt  *=  12,600  ohms. 


k0a 


Fig.  12.8  Effective  terminating  impedance  for  a 
biconical  antenna  immersed  in  a  conducting  medium. 
(After  Tai.n) 


It  would  be  interesting  to  examine  the  behavior  of  a  biconical  structure  with 
an  insulating  shell  surrounding  the  antenna.  The  spherical  end  caps  of  the 
antenna  would  not  be  in  direct  contact  with  the  dissipative  medium.  For 
example,  the  medium  between  a  <  r  <  b,  in  Fig.  12.6,  might  be  taken  as  an 
insulator,  while  the  external  medium  for  r  >  b  is  the  homogeneous  conductor. 
Equations  (12.116)  and  (12.117)  are  applicable  directly  to  this  case. 
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12.11  Dielectric-loaded  Biconical  Antenna  Immersed  in  a  Plasma 


Radiation  from  a  biconical  antenna  immersed  in  a  plasma  may  be  treated 
straightforwardly  in  a  number  of  cases.  For  example,  if  the  medium  external 
to  r  =  b  in  Fig.  12.6  is  a  homogeneous  cold  isotropic  plasma,  we  may  simply 
use  the  formula  given  by  (12.116)  for  the  terminating  impedance  as  well  as  the 
defining  equations  given  by  (12.110)  to  (12.115).  However,  M(b),  as  defined 
by  (12.108),  is  the  appropriate  radial  wave  impedance  for  the  electron  plasma. 
Thus, 

M(b)  =  Zc  =  -f*  (12.128) 


where 


i  i  “Jo2 

c  L  +  jw) 


Here,  a>o  is  the  (angular)  plasma  frequency  and  v  is  the  effective  collision 
frequency. 

For  a  warm  isotropic  plasma,  the  appropriate  expression  for  the  radial  wave 
impedance  becomes17 


M(b)  =  Ze(l  -  3n) 


(12.129) 


where  Zc  is  as  given  above  and 

.  jn(n  +  1 )  W2  Kn(yJ>)  _ Kn(ypb) _  ,.„im 

”  «(r  +  jo>) (yj>) (ypb)  K'n(yJ>)  K'n(ypb)  -  Kn{ypb)/ypb 

* 

in  which  yp  =  ~  [(u>2  —  o?02)  —  jo>p]H 


and  u  is  the  velocity  of  sound  in  the  electron  gas. 

The  above  formula  for  the  radial  wave  impedance  of  a  compressible  (i.e., 
warm)  plasma  was  derived  on  the  basis  of  the  hydrodynamic  description  of  the 
plasma.17  It  was  also  assumed  in  the  derivation  that  the  normal  component  of 
the  mean  electron  velocity  vanishes  at  the  surface  r  =  b.  (This  topic  is  also 
discussed  in  Chap.  25.) 

In  the  limiting  case  of  a  cold  plasma  (that  is,  u  — *  °°),  the  parameter  |yp6| 
becomes  infinite  and  8n  vanishes.  Some  calculations  have  been  carried  out 
recently  to  show  the  effect  of  the  finite  temperature  on  the  input  impedance18,19 
of  a  slotted  spherical  antenna.  This  corresponds  to  the  biconical  antenna  in 
the  limit  when  0O  — >  tt/2. 


12.12  Asymmetric  Biconical  Structures 

In  all  our  discussions  up  to  this  point,  we  have  been  considering  symmetrical 
biconical  structures  with  a  cone  angle  0O.  Most  practical  radiating  systems  are 
symmetrical  or,  if  not,  they  are  operated  against  a  ground  plane  which  effec¬ 
tively  produces  an  image  of  the  actual  cone.  However,  there  are  some  interest¬ 
ing  cases  in  which  symmetry  no  longer  prevails.  Some  examples  are  indicated 
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Fig.  12.9  Various  asymmetric  biconical  structures. 


in  Fig.  12.9.  In  (a)  we  have  a  general  asymmetric  biconical  structure  in  which 
the  cone  angles  are  0  =  0 2  and  02  and  the  spherical  caps  are  the  surfaces  r  =  a. 
Two  limiting  forms  are  shown  also  in  Fig.  12.9.  In  (6)  we  have  a  monopole  of 
height  a  erected  over  a  hemispherical  ground  plane,  while  in  (c)  we  have  an 
asymmetric  spherical  antenna  with  a  circumferential  slot  excited  by  a  bi¬ 
conical  transmission  line. 

The  formulation  for  the  asymmetrical  biconical  antenna  is  very  similar  to 
that  discussed  in  some  detail  above  for  the  symmetrical  structure.  Therefore, 
only  a  bare  outline  need  be  given.  The  key  point  of  departure  is  the  choice  of 
the  angular  wave  functions.  In  place  of  Tv(cos  6) ,  we  must  choose,  instead,  the 
asymmetric  function 


T/(cos  6)  =  Pv( cos  6)PP(—  cos  6%)  —  Pv{ cos  6i)Pv(~ cos  6)  (12.131) 

which  vanishes  at  6  =  0*.  Because  Tva  should  also  vanish  at  0  —  02,  we  have 
the  following  modal  equation 

TV  (cos  62)  =  0  (12.132) 


which  determines  the  permissible  values  of  v .  Within  the  antenna  region  (that 
is,  r  <  a)  we  now  have,  in  place  of  (12.33)  and  (12.34),  an  identical  set  except 
that  dTv/d6  is  replaced  by  dTva/d6 ,  and  now  the  TEM  characteristic  im¬ 
pedance  is  given  by 

K  =  ~Aln  (cotltanl) 


The  field  expression  in  the  external  region  has  the  same  form  as  (12.40)  to 
(12.42),  except  that  now  the  summation  index  includes  both  even  and  odd 
integers  (that  is,  n  =  1,  2,  3, .  .  .).  In  particular,  for  the  magnetic  field,  we 
have,  for  r  >  a, 


rH 


X 

A™  n=  1,2,3, 


an  Hn(kr)  d 


n(n  +  1)  Hn(ka)  dd 


P„( cos  0) 


«  •  » 


(12.133) 
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By  following  the  same  boundary-matching  procedure,  we  arrive  at  Schelk^n- 
off  s2  formula  for  the  coefficients  an 

Ztdn  =  Vl+JMM  [P„(C0S  ft)  -  Pn( COS  ft)]  -  £  Zn.n’dn'  (12.134) 

ZA  n' 

where  Z~^  is  an  infinite  matrix  which  has  the  same  form  as  (A-12.7)  in  the 
Appendix.  For  the  first-order  approximation,  it  may  be  shown,  using  the  line 
of  reasoning  given  in  the  Appendix,  that  the  summation  term  may  be  replaced 
by  Z™an  for  narrow-angle  cones  (that  is,  6i  — >  0  and  t  —  02  — *  0) .  On  the  other 
hand,  for  wide-angle  cones  chosen  such  that  (w  —  Oi  —  02)  —>  0,  the  summation 
term  may  be  neglected  altogether. 

12.13  Radiation  from  a  Single  Infinite  Cone 

The  formulation  of  radiation  from  sources  in  the  presence  of  a  single  cone  is 
not  very  different  from  that  involving  biconical  structures.  The  central  point 
is  that  a  single  cone  will  not  support  a  TEM  mode.  Thus,  the  antenna  region, 
in  this  case,  contains  only  complementary  waves. 


r 


Fig.  12.10  Conical  struc¬ 
ture  excited  by  a  linear 
current  filament. 


An  interesting  configuration  involving  a  single  cone  was  treated  by  Adachi, 
et  al.20  The  configuration,  indicated  in  Fig.  12.10,  consists  of  a  perfectly  con¬ 
ducting  semi-infinite  cone  excited  by  a  linear  antenna  with  an  assumed  sinus¬ 
oidal  current  distribution.  Using  a  Green's  function  developed  by  Felsen,21  he 
showed  that  the  radiation  field  is  given  by 

Ee  =  exp  W){2q  +  1)Qm 

~Pq(  cosd)  (12.135) 

Ov 


X 


sm  qw 


d 


dq' 


P, 
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where 


Qm 


1  f 1  sm  k(l 
k  Jo  £ 


^  Jv(kz)  dz 


(12.136) 


The  roots  q  are  solutions  of  the  equation 

Pq(cos  d0)  =  0 


(12.137) 


Equation  (12.135),  given  above,  is  exact  for  the  semi-infinite  conical  structure 
excited  by  the  specified  filamental  distribution.  Using  this  result,  Adachi, 
et  al.20  then  estimate  the  effect  of  truncating  the  bottom  of  the  cone.  The  key 
point  of  their  argument  is  that  the  current  distribution  on  the  finite  cone  is 
approximately  the  same  as  if  the  cone  were  infinite.  The  method  appears  to 
work  well  provided  the  cone  length  (i.e.,  from  tip  to  base)  is  large  compared 
with  the  wavelength. 

It  is  tempting  to  suggest  that  the  finite  conical  structure  considered  by 
Adachi,  et  al.20  could  be  considered  as  an  asymmetrical  biconical  structure.  It 
is  anticipated,  however,  that  such  a  formulation  would  lead  to  numerical  diffi¬ 
culties  because  of  the  relatively  poor  convergence  of  the  modal  series  when  the 
structure  is  large  compared  with  the  wavelength. 

Semi-infinite  single  conical  structures  with  nonsymmetrical  excitation  have 
been  treated  by  various  investigators.  For  example,  a  very  thorough  study 
was  carried  out  by  Bailin  and  Silver.22  They  found  that  the  field  external  to 
the  cone  could  be  expanded  in  terms  of  an  infinite  set  of  TM  and  TE  modes. 
The  solutions  for  the  Debye  potentials  U  and  V  had  the  form 

y  =  Zy(kr)Pvm(cos  6)  exp  (jm<t>)  (12.138) 


where  Zv  behaved  as  an  outgoing  spherical  wave  at  infinity  and  where  Pnm  is  an 
associated  Legendre  function.  Here  the  v’s  are  the  nonintegral  eigenvalues  so 
chosen  that  tangential  E  vanishes  at  the  cone  surface  6  =  Bo,  For  the  TM  set, 
this  requires  that 

P,m(cos0o)  =  0  (12.139) 

while  for  the  TE  set, 

dP'm~- =  0  (12.140) 


Baffin  and  Silver22  develop  an  important  “tip  condition”  for  problems  of  this 
kind.  They  show  that,  when  the  source  is  not  at  the  tip  of  the  cone,  U  and  V 
must  vary  as  rv  near  the  tip  with  v  >  0.  This  condition  is  a  consequence  of  the 
fact  that,  while  the  fields  may  be  singular  at  the  tip,  the  energy  in  the  neighbor¬ 
hood  of  the  tip  must  be  finite  (see  Sec.  1.7). 

A  special  case  of  the  analysis  by  Bailin  and  Silver22  is  the  semi-infinite  cone 
excited  by  a  circumferential  slot  a  distance  r0  from  the  tip.  Thus,  for  this  case, 
they  find  that  the  field  is  expressed  as  a  sum  of  axially  symmetric  TM  modes. 
It  has  the  form 


2 Vi  +  1  PVi(cos  6) 
Vi(vi  +  1)  [dPy/d v\e=$0 


JVi(kr0)HVi(kr) 


(12.141) 
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where  r  >  r0  and  Vi  are  the  roots  which  satisfy  \ 

Pp(c os  do)  =  0  (12.142) 

The  radiation  field  is  obtained  from 

d  TI 

H $  =  —jew  —  for  kr  — >  co  (12.143) 

The  magnitude  of  as  a  function  of  8  is  shown  schematically  in  Fig.  12.1 1,  for 
r0  =  2.5X,  using  the  data  given  in  the  Bailin  and  Silver  paper.22  It  is  evident 
that  the  direct  field  from  the  slot  and  the  scattered  field  from  the  tip  interfere 
with  one  another  to  give  a  rather  complicated  lobe  structure.  It  is  also  inter¬ 
esting  to  note  that  the  field  directed  back  along  the  cone  surface  (i.e.,  away 
from  the  tip)  has  a  maximum. 


Fig.  12.11  Radiation  field  pattern  (linear  scale)  for 
circumferentially  slotted  cone.  ( After  Bailin  and 
Silver ,22) 


12.14  Radiation  from  a  Dielectric-coated  Conical  Structure 

In  recent  years  it  has  become  painfully  evident  that  communication  from  a 
reentry  vehicle  in  the  upper  atmosphere  is  degraded  by  a  plasma  sheath  sur¬ 
rounding  the  antenna.  This  sheath  is  a  highly  conducting  layer  of  ionized  ma¬ 
terial  which  is  produced  by  the  shock  wave,  which  is  more  or  less  in  the  form 
of  a  cone. 

A  very  notable  contribution  to  the  conical  sheath  problem  was  made  by 
Yeh.23  He  was  able  to  utilize  effectively  the  very  interesting  properties  of 
Sommerfeld’s  complex-order  wave  functions.  A  very  brief  outline  of  Yeh's 
analysis  is  given  here. 

The  situation  is  illustrated  in  Fig.  12.12,  where  the  surface  of  the  perfectly 
conducting  cone  is  defined  by  8  =  0O  with  respect  to  a  spherical  coordinate 
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Fig.  12.12  Circumferentially  slotted  cone  with 
spherical  tip  and  dielectric  sheath. 


system  (r,0,<£).  For  reasons  which  are  evident  from  below,  the  cone  has  a  small 
perfectly  conducting  boss  of  radius  b  at  the  tip.  Now,  the  sheath  is  regarded  as 
a  lossless  dielectric  which  occupies  the  space  0%  <  6  <  0O  and  b  <  r  <  <»  .  The 
dielectric  constant  of  the  sheath  is  ex  and  the  permeability  is  p0-  The  medium 
exterior  to  the  sheath  is  free  space  with  electrical  constants  e0  and  p0.  The  cone 
structure  is  excited  at  r  =  r0  by  a  thin  circumferential  slot  of  width  A.  The 
voltage  is  applied  uniformly  around  the  slot. 

For  the  conical  configuration  as  described,  the  radiated  fields  are  obviously 
symmetrical  with  respect  to  <j>.  The  magnetic  field  has  only  a  <t>  component, 
and,  in  the  usual  manner,  it  may  be  determined  from  a  scalar  function  U . 
Thus,  for  the  region  within  the  dielectric  sheath, 


u  .  dU  i 

d$ 

(12.144) 

where  U i  satisfies 

(V2  +  h2)  [A  =  0 

(12.145) 

with  ki2  =  ex hqu2. 

Outside  the  sheath  (that  is,  6  <  di), 

jr  _  ■  dU0 

(12.146) 

where  U0  satisfies 

(V2  +  fco2)  Uo  =  0 

(12.147) 

with  kQ2  =  Comoro2. 

The  appropriate  forms  of  the  solutions  inside  and  outside  the  sheath  are 


L\  =  £  hv(hr)[AvPv( cos  6)  +  BVQV{ cos  6)]  (12.148) 

v 

and\  U0  =  £  h^k^GyP M(cos  6) 

\ 


(12.149) 
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respectively. 


Here,  the  spherical  Hankel  function  is  defined  by 


A 

xhv(x)  =  Hv(x)  = 


TTX 


Hv+}iv(x) 


where  v  is  the  order  which  is  not  yet  specified.  Pv  and  Qv  are  Legendre  functions 
of  the  first  and  second  kind.  The  summation  in  (12.148)  and  (12.149)  is  over 
the  eigenvalues  v  and  /i,  which  are  to  be  determined  by  the  boundary  condi¬ 
tions.  The  coefficients  Av ,  Bv ,  and  G>  are  also  yet  to  be  determined. 

The  eigenvalues  are  actually  obtained  by  noting  that  the  tangential  electric 
field  on  the  spherical  tip  must  be  zero.  This  leads  to 


™  [rhv(kir)]\r^b  =  0  (12.150) 

~  [rAM(A:0r)][r=J=6  =  0  (12.151) 


Now,  as  shown  by  Sommerfeld,24  hv(x)  is  orthogonal  over  the  range  x  =  x0  to  oo 
for  a  boundary  condition  of  the  kind  d(xhv)/dx  =  0  at  x  =  .r0.  Thus,  we  find, 
for  the  sheath  region, 


/ 


co 


tUhr)h,.{hr)  d(hr)  = 

K  i  O  I 


if  v  =  v' 
if  V  9^  v' 


(12.152) 


where 


Nt(hb)  =  [  "  [K(klr)V  d(klr) 

J  k\b 


1 


2v  +  1[_ 


kibhv(kib) 


d 2 


d(kib)  dv 


[kibhy(kib)] 


(12.153) 


and  v  and  vf  are  two  sets  of  eigenvalues  which  satisfy  (12.150).  In  a  similar 
manner,  we  find  for  the  free  space  region 


co 


A-o b 


jhM(A-0r)/iM.(fc0r)  d{k0r)  =  if  m  M 

IU  It  /i  F  fJL 


(12.154) 


where  N„(kob)  is  the  same  as  (12.153)  with  v  replaced  by  n  and  h b  replaced 
by  kQb. 

The  boundary  conditions  require  the  continuity  of  the  tangential  electric 
and  magnetic  fields  at  the  conical  surface  6  =  61.  To  facilitate  the  matching, 
we  use  the  expansion 

h„(kir )  =  Z  Tt,Mhr)  (12.155) 

M 

1  r 00 

where  r„,„  =  ^  h,{h r)hAhr)  d(k0r )  (12.156) 

Terms  of  order  n  may  now  be  matched  individually.  This  leads  to  the  two  sets 
of  equations 

7  u.K  =  Z  (-4  Jj:  +  B/y„)ry,„ 

+  i )P„  =  Z  (AX,  +  BjQM*  +  i)r,.„ 


and 


(12.157) 

(12.158) 
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where  the  arguments  of  the  Legendre  functions  are  cos  0i  and  a  prime  indicates 
differentiation  with  respect  to  d\. 

A  further  relation  between  the  coefficients  is  obtained  by  noting  that  the 
field,  on  the  surface  of  the  perfectly  conducting  cone,  is  zero  everywhere  except 
at  the  slot  where  the  field  is  E0.  Thus, 


1 

r 


22  v(y  +  l)[A„P„(eos  0O)  +  BVQV( cos  d0)]hv(kir) 


=  E0  for  r0  —  -  <  r  <  r0  +  | 

=  0  for  0  <  r  <  r0  —  ~  and  r0  +  ~  <  r  <  °o 

From  orthogonality,  we  find  that 
AVPV{ cos  do)  +  ByQv{ cos  6q) 


1  1  f  ro+A/2 

=  v{v  +  1)  N,(hb)  Jr,- An  E°rh"(-kir')  d 
_  EoroKikirojkiA 

~  v{y  +  1  )N,(kxb) 


(12.159) 


(12.160) 


The  latter  approximation  for  the  integral  is  valid  provided  A  is  sufficiently 
small. 

The  infinite  set  of  equations  (12.157),  (12.158),  and  (12.160)  may  be  solved, 
in  principle,  for  the  coefficients  Av ,  BV)  and  In  practice,  the  system  is 
truncated  in  a  manner  analogous  to  that  for  biconical  antennas. 

The  radiation  field  in  the  region  6  <  6i  is  then  obtained  finally  from 


“jeoco 


£—jk0r 

hr 


22  Gp exP 


7T 


jiy  +  !)  ^ 


dd 


Pv{ cos  6) 


(12.161) 


Yeh,23  in  his  paper,  discusses  the  determination  of  the  roots  of  v  and  the 
evaluation  of  the  function  r„(M.  He  also  gives  some  numerical  results  for  the 
radiation  pattern.  An  example  is  shown  in  Fig.  12.13,  which  is  a  plot  of  the 
magnitude  of  H $  as  a  function  of  0  for  a  sheath  model  in  which  the  relative  di¬ 
electric  constant,  ei/e0,  is  equal  to  2.  The  location  of  the  slot  and  the  radius  of 
the  spherical  tip  are  such  that  kQrQ  =  i r  and  k0b  =  0.1.  The  cone  surface  is 
0o  =  165°  and  the  sheath  edge  is  at  0i  =  160°. 

It  is  evident  for  the  pattern  shown  in  Fig.  12.13  and  in  others  given  by  Yeh23 
that  the  sheath  does  not  have  a  significant  effect  on  the  radiation  in  the  for¬ 
ward  direction.  However,  there  is  some  tendency  to  enhance  the  radiation  in 
the  backward  direction,  particularly  for  angles  near  the  surface  of  the  sheath. 


12.15  Radiation  from  a  Dipole  with  a  Conical  Sheath 

The  conical  sheath  problem  has  also  been  considered  by  Banos  et  al.25  They 
consider  an  electric  dipole  centrally  located  inside  a  thin  conducting  conical 
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- Pattern  without  sheath 

- Pattern  with  sheath 

Fig.  12.13  Radiation  pattern  of  circumferentially 
slotted  cone  showing  effect  of  dielectric  sheath  (ei/ 
e0  =  2,  kQb  =  0.1,  kor0  =  t r).  ( After  Yeh.n ) 


sheath  as  indicated  in  Fig.  12.14.  The  free  space  regions  inside  and  outside  the 
cone  are  designated  (1)  and  (2),  respectively.  A  corresponding  subscript  is 
added  to  the  field  quantities  when  appropriate. 

Because  of  the  axial  symmetry,  the  fields  in  regions  1  and  2  are  again 
derivable  from  a  Debye  potential  U  in  the  manner 

E'  -  (*•’  +  5)<rt7>  =  -rs b  s  (sin  9  w)  (12162) 

E-  ~  l£rr (rU)  <12163) 

and  H<p  =  —je  (12.164) 

ou 


It  is  now  assumed  that  the  sheath  may  be  characterized  by  the  following 
boundary  conditions:26 

Eir  =  E2t  aid  ~  90  (12.165) 

Hu  -|tr  ate  =  do  (12.166) 

where  (W  efcjKM  (12.167) 

\  €0  /  «o  a 

Here  uj0  is  the  plasma  frequency,  v  is  the  collision  frequency,  and  d  is  the  sheath 
thickness. 

The  type  of  boundary  condition  described  above  is  valid  if  the  thickness  d  is 
small  compared  with  the  wavelength  in  both  free  space  and  the  plasma.  This, 
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Fig.  12.14  Centrally  located  electric 
dipole  inside  a  conical  sheath  of  infinite 
extent. 


in  effect,  means  that  only  the  radial  component  of  the  current  with  the  conical 
sheath  conductor  need  be  considered. 

As  a  consequence  of  (12.165)  and  (12.166),  it  follows  from  (12.162)  and 
(12.164)  that 


and 

where 


dd 


(U. 


Ui  =  Ut 

U,)  =  29 


9 


d_  (  .  .  dl\ 

7T  sin2  6  d6\  Sm  ^  dd 

c  1 


Ja=e0 


YmoV*  Tr-  . 

Vo/  2  81 


sm  0O 


wr  Z 


S 


(12.168) 

(12.169) 


Now,  the  key  point  in  the  analysis  by  Banos  et  al.25  is  the  assumption  that  g  is 
independent  of  r.  Thus,  the  equivalent  impedance  Zs  of  the  sheath  must  be 
proportional  to  1/r,  where,  of  course,  r  is  the  distance  from  the  tip  of  the  cone. 
This  assumption  greatly  simplifies  the  analysis,  since,  as  we  shall  see,  the  radial 
eigenmodes  for  regions  1  and  2  individually  satisfy  the  boundary  conditions  at 
the  sheath.  This  is  in  contrast  to  the  treatment  of  a  similar  problem  by  Yeh,23 
which  was  discussed  above. 

The  formal  solution  for  the  problem  is  now  constructed  in  a  fairly  straight¬ 
forward  manner.  We  first  note  that  the  primary  Debye  potential  Up  in  region 
1  is  given  by  (apart  from  a  constant  factor), 

e~jkQR 

up  =  -jr-  (12.170) 


where  R  =  (r02  +  r2  —  2r0r  cos  0)  H  and  r0  is  the  radial  coordinate  of  the  source 
dipole.  By  using  a  well-known  addition  theorem,27  we  may  rewrite  (12.170)  in 
the  series  form 

CD 

Up  =  —jka  y  (2 n  +  l)P„(cos  6)fn(r,r0)  (12.171) 

n  —  0 

\jn(k0r)hn(k0r0)  0  <  r  <  r0 
[ jn(k0ro)hn(.k0r )  r0  <  r  <  co 


where 


fn(r,r 0) 
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and  where  jn  and  hn  are  spherical  Bessel  and  Hankel  functions,  respectively. 
Following  Watson’s27  procedure,  Up  is  now  written  as  a  contour  integral 

U,  =  k of  (12.172) 

j  Cq  cos  vir 


Im  v 


Fig.  12.15  The  complex  v  plane  indicating  the  contours  C 
and  C0  and  the  zeroes  of  cos  vir  on  the  real  axis. 

where  C0  is  a  “hairpin”  contour  which  encloses  the  positive  real  axis  in  an  anti¬ 
clockwise  direction.  It  may  be  verified  without  difficulty  that  2wj  times  the 
sum  of  the  residues  of  the  poles  of  the  integrand  of  (12.172)  is  the  series  in 
(12. 171).  For  reasons  which  are  evident  below,  the  contour  C0  is  now  deformed 
into  the  contour  C  as  indicated  in  Fig.  12.15,  where  <j>  is  a  small  but  finite  angle. 
By  an  application  of  Jordan’s  lemma  it  may  be  proved,  without  difficulty,  that 
the  value  of  the  resultant  integral  is  unchanged. 

A  suitable  integral  representation  for  the  total  Debye  potential  in  region  1  is 
now  given  by 

Ui  =  k0  Jc  JQ^Vv7r  [P*-h(— cos  6)  +  F(v)Pv„x  (cos  0)]/,_^(r,ro)  (12.173) 

where  F{v)  is  an  unknown  function  of  v  which  may  be  regarded  as  the  influence 
of  the  conical  sheath.  In  a  similar  manner,  the  representation  for  the  external 
region  2  is  chosen  to  be 

U2=ko[  -^-G(0Pr-n(- cos  0)/._ H(r,r0)  (12.174) 

J  C  COS  VTT 

where  G(v)  is  also  unknown.  Loosely  speaking,  F{v)  and  G{v)  may  be  described 
as  reflection  and  transmission  coefficients,  respectively.  In  the  absence  of  the 
sheath,  F  — »  0,  while  G  — ►  1. 

The  boundary  conditions  (12.168)  and  (12.169)  are  now  applied  to  (12.173) 
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and  (12.174).  This  leads  to  two  algebraic  equations  for  F  and  G  which  are 
readily  solved  to  give 


r,,  ,  r COS  VI r 

FM  =  L  DM 

J  -Py_^( 

J  P„_^(z) 

(12.175) 

and 

\  COS  vt 

G(v)  =  D(y) 

(12.176) 

where  x  —  cos  60  and 

D(V)  : 

=  cos  vt  +  g(v2  - 

-  X)P*-h(.x)P»-H(-x) 

(12.177) 

Here,  we  have  made  use  of  the  wronskian  condition 


P^(x)  £  P,_M(-z)  -  P^»(-x)  £  P_*(: r)  =  \  (12.178) 


On  inserting  the  expressions  for  F  and  (?,  given  by  (12.175)  and  (12.176),  into 
(12.173)  and  (12.174),  we  have  the  exact  formal  solution  of  the  problem.  It  is 
important  to  remember,  however,  that  the  g,  the  sheath  parameter,  must  be 
independent  of  r. 

Residue  series  representations  for  the  Debye  potentials  are  obtained  by 
closing  the  contour  C  about  the  complex  poles  in  the  right-hand  portion  of  the 
v  plane.  Thus,  we  arrive  at  the  final  results  as  given  by  Banos  et  al.26 


and 

where 


co 


z 

s=0 


2 irjk0ys  P ^  ( — cos  go) 

D'(  vs)  P,,-n(  COS0O) 


P*.-«( cos  0)f,,-x(r,ro) 


Ut  =  E  WTT  p”-»(- cos 

s  =  0  IS  \vs) 


D'M  = 


dD(v) 

dv 


-JV-Va 


and  vs  are  the  solutions  of 


(12.179) 

(12.180) 
(12.181) 


D{v)  =  0 


(12.182) 


for  s  =  0,  1,  2,  3, . . .  . 

It  should  be  mentioned  that  the  residues  occurring  at  the  zeros  of  cos  vir  do 
not  appear  in  the  final  results,  because  they  cancel  each  other  out  identically. 
Banos  et  al.25  show  that,  for  any  complex  value  of  g)  all  but  two  of  the  zeros  of 
D(v)  are  in  a  one-to-one  correspondence  with  the  zeros  of  cos  vt .  They  also 
show  that  as  g  goes  to  zero,  all  but  two  of  the  roots  approach  unique  zeros  of 
cos  vi r.  The  extra  pair  of  roots  approach  infinity  in  opposite  directions  along 
the  imaginary  axis,  so  that,  in  the  limit,  they  make  a  vanishing  contribution  to 
the  radiated  field. 

In  the  general  case  where  the  collision  frequency  is  finite,  it  is  seen  from 
(12.167)  that  both  Re  g  and  Im  g  >  0.  For  this  case,  the  roots  of  D(v)  lie  in  the 
first  and  third  quadrants  of  the  v  plane.  Of  course,  only  those  in  the  first 
quadrant  are  needed  for  the  residue  series  representation  for  U i  and  U 2. 
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Observer  6=0 


Fig.  12.16  Radiation  pattern  (log  scale)  for  configuration  of  Fig. 
12.14.  {After  Banos  et  al.2b) 


The  radiation  patterns  for  a  number  of  representative  cases  are  shown  in 
Fig.  12.16,  where  kQrQ  =  1  and  60  =  10°.  The  values  of  g,  which  are  real,  are 
indicated  on  the  curves.  The  radiation  coordinate  in  this  case  is  proportional 
to  20  logio  and  it  is  assumed,  of  course,  that  kQr  1.  The  scale  is  nor¬ 
malized,  so  that  the  free  space  pattern  (that  is,  g  =  0)  is  0  db.  It  is  interesting 
to  note  that,  for  certain  values  of  g  of  the  order  of  0.1,  the  field  is  greatly  en¬ 
hanced  in  directions  away  from  the  tip.  Presumably,  this  may  be  attributed 
to  the  influence  of  surface  waves  which  may  propagate  along  the  cone  surface. 
In  fact,  the  root  v0  has  a  surface-wave  character,  and  it  appears  that  this  term 
in  the  residue  series  dominates  the  field  pattern  for  angles  near  60 . 

It  should  be  stressed  that  the  analysis  outlined  above  and  the  resulting 
patterns  in  Fig.  12.16  refer  to  a  dipole  source  whose  current  moment  is  kept 
constant.  In  an  actual  situation,  one  must  also  consider  the  influence  of  the 
sheath  on  the  input  impedance  of  the  source.  The  fact  that  much  of  the  radi¬ 
ated  power  is  directed  back  along  the  cone  surface  would  mean  that  a  smaller 
fraction  of  the  total  power  available  is  radiated  in  the  forward  directions.  This 
may  have  important  consequences  in  connection  with  “communication  black¬ 
out”  during  the  reentry  phase  when  a  space  vehicle  is  returning  to  the  earth. 

It  is  interesting  to  note  that  an  axially  oriented  magnetic  dipole,  located  in 
the  conical  sheath,  does  not  excite  a  surface  wave  on  the  cone  surface.  Un¬ 
fortunately,  the  method  used  here  for  the  electric  dipole  is  not  applicable. 
However,  some  results  for  a  sheath  with  a  magnetic  dipole  excitation  have 
been  obtained  by  Pridmore-Brown28  by  using  a  perturbation  method. 

In  discussing  conical  sheaths,  we  have  consistently  considered  that  the  struc¬ 
ture  is  infinite.  It  must  be  stressed  that  the  results  and  conclusions  given  here 
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apply  only  to  this  case.  Very  recently,  Pridmore-Brown29  has  treated  a  conical 
sheath  of  finite  slant  height.  The  radiation  pattern  for  an  axially  located 
electric  dipole  was  calculated  by  using  both  a  modified  Wiener-Hopf  technique 
and  a  perturbation  method. 


APPENDIX 

A  Modified  Iterative  Approach  for  a  Biconical  Antenna 


As  indicated  above,  the  system  of  equations  given  by  (12.46)  and  (12.62) 
constitute  the  exact  formal  solution  of  the  biconical  antenna  problem.  While 
approximate  or  limiting  forms  may  be  obtained  without  actually  solving  the 
system,  it  is  desirable  to  examine  them  more  carefully. 

First  of  all,  we  note  that  the  A/s  may  be  eliminated  from  (12.46)  and  (12.62) 
to  give  the  single  system 


a 


nZt  =  _  (2n  +  l)ma)  Pn(cos  0o)+£  ^  Z~l3r,naT, „'<!„• 

&  „  n'=  1,3,5,  .  .  . 


We  now  observe  that 


and  thus 


which  indicates  that 


TV  (cos  So)  =  0 

—  de0  +  —  dv  =  o 

3  Tv/ 30  o  dv 


3Tv/3 


dd 


o 


Then,  on  using  (12.55)  and  (12.63),  we  have 


$y,n°Lp,n 


n(n  +  l)(2n  +  l)(2y  +  1)  sin  fl0  Pn( cos  flo)Pn'(cos  fl0)  dv 
v(v  -f*  1)(ti  T  v  ~b  1)(?F  ~h  u  T*  1)  (w  —  v)  (nf  —  v )  d6 o 


This  suggests  that  we  write  (A-12.1)  in  the  form 

2  n  +  1 


dnZt  =  - 


K 


fF  (a)P„(cos  do)  - 


n 


/ _ 


^  j  Z n,n*dnf 
«  *  * 


where 


^ nfnf  ^  ^ v 


(A-12.1) 

(A-12.2) 

(A-12.3) 

(A-12.4) 

(A-12.5) 

(A-12.6) 

(A-12.7) 


An  equivalent  form  of  (A-12.6)  which  has  the  main  diagonal  on  the  left  is 

2n  +  1 


(Zt  +  Znn)a„ 


K 


f  V (a)Pn( cos  do) 


Z'  Zz.n>a*'  (A-12.8) 

ti  1,3j5j  *  *  » 


where  the  prime  over  the  summation  index  indicates  that  the  term  n'  —  n 
is  omitted. 

The  first  approximation  in  the  present  approach  consists  of  neglecting  all  the 
off-diagonal  terms.  This  is  equivalent  to  neglecting  the  summation  term  in 
(A-12.8).  Thus,  to  within  this  approximation, 


(2 n  +  l)  £V  (a)P  n(cos  go) 
K(Zi  +  z™) 


(A-12.9) 
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Now,  from  (12.70),  it  is  evident  that,  provided  0O  is  not  too  small, 


—  ~~Vi  + 

2m  7r 


and 


m 


1,  2,  3, . . . 


_  (tt  -  20oy 

16m7r  l,024m37r3 


«  •  • 


4m  7r 


dd0 


+ 


l 


(tt  —  26q)2  Snnr 


+ 


(A-12.10) 

(A-12.11) 


Thus,  we  see  from  (A-12.5)  that  Z~n  vanishes  as  0O  approaches  tt/2.  The  re¬ 
sulting  formula  for  a„  then  corresponds  to  (12.72),  as  it  must.  The  other 
limiting  case  corresponds  to  60  tending  to  zero  when  becomes  —1  for 

n  —  nf  and  zero  otherwise.  Then  n  in  (A-12.9)  is  replaced  by  Z~,  which  is 
equivalent  to  (12.76)  or  the  equivalent  form  indicated  in  (12.100). 

Schelkunoff30  suggests  that  (A- 12. 8)  may  be  iterated  to  obtain  an  ?rcth-order 
approximation.  Thus,  following  his  prescription,  we  write  the  solution  in 
the  form 


a 


n 


(1) 


+  Un(2)  +  «n(3)  + 


(3) 


where  a„(I)  is  given  by  (A-12.9) 
and  a„(m+1)  = 


(A- 12. 12) 

(A-12.13) 


The  effectiveness  of  this  iterative  approach  is  a  consequence  of  the  dominance 
of  the  coefficients  in  the  principal  diagonal  of  the  infinite  matrix  given  by 

(A-12.8). 

Interesting  discussion  of  the  iterative  method  of  solution  of  (A-12.1)  has 
been  given  by  King31  in  his  comprehensive  treatise,  and  related  matters  were 
considered  by  Robin  and  Pereira-Gomes,32  Plonus,33  and  Fikioris.34 
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CHAPTER  13 


ELECTROMAGNETIC  RADIATION 
FROM  SPHEROIDAL  STRUCTURES 

James  R.  Wait 


13.1  Introduction 

As  indicated  by  Schelkunoff,1  the  prolate  spheroidal  model  of  the  radiating 
structure  maintains  mathematical  rigor  and  allows  one  to  consider  end  effects 
in  a  systematic  manner.  Furthermore,  if  the  spheroid  becomes  sufficiently 
thin,  it  is  possible  to  show  in  a  convincing  manner  that  the  sinusoidal  current 
assumption  is  indeed  valid.2'4  Also,  of  course,  when  the  major  and  minor  axes 
are  equal,  the  spheroidal  model  becomes  a  spherical  antenna  excited  by  an 
annular  slot.  The  limiting  case  of  an  oblate  spheroid  of  vanishing  thickness 
(i.e.,  a  disk)  is  also  of  interest. 

In  this  chapter  we  shall  present  an  exposition  of  the  antenna  theory  for  a 
spheroidal  model.  Also,  some  attention  is  given  to  the  complexities  which 
arise  when  the  surrounding  medium  is  no  longer  homogeneous.  For  the  sake  of 
completeness  and  to  facilitate  the  explanation  of  notation,  the  first  part  of  the 
chapter  will  be  a  brief  introduction  to  the  theory  of  prolate  spheroidal  wave 
functions.  As  we  shall  indicate,  much  of  the  theory  for  oblate  spheroidal  wave 
functions  then  follows  if  a  simple  change  of  variable  is  made. 


13.2  Prolate  Spheroid  Coordinates 

The  spheroidal  coordinate  system  (u,v,4>)  used  here  is  related  to  the  cartesian 
system  (x}y,z)  as  follows: 


X  =  l[(l  —  v2)(u2  — 

1)]**  COS  <t> 

(13.1) 

y  =  £[(1  —  v2)(u2  — 

1)]**  sin  <j> 

(13.2) 

z  =  luv 

(13.3) 

where  l  is  the  semifocal  distance. 

For  the  prolate  system  considered  here, 

1  <  u  <  and  —  1  <  v  <  + 1 

As  indicated  in  Fig.  13.1,  u  is  a  radial  coordinate,  whereas  v  is  an  angular  co¬ 
ordinate.  It  is  also  worth  noting  that,  for  l  finite,  the  surfaces  u  —  constant 
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V 


v  =  -\ 


Fig.  13.1  Prolate  spheroidal  coordinate  system. 


become  spherical  as  u  — >  °° .  For  example,  in  this  limiting  case,  it  is  seen 
readily  that 

lu—>r  v  cos  8 


where  r  and  8  are  the  usual  spherical  coordinates. 

To  express  Maxwell's  equations  in  prolate  spheroidal  coordinates,  it  is 
necessary  to  employ  appropriate  forms  for  the  metrical  coefficients  hu,  hVf  and 
h#.  In  terms  of  an  element  of  length,  these  are  defined  by 

(< ds )2  =  (« dx )2  +  (( dy )2  +  (i dz )2  —  hj  du 2  +  hv 2  dv 2  +  h /  d<j> 2 

i  i  Jv?  —  v2\#  ,  Ju2  —  y2V* 

where  A.  =  *(^ri)  *•  =  ) 

and  A,  -  Z[(l  -  v2)(u 2  -  1)]* 


By  using  well-known  expressions  for  scalar  and  vector  operators  in  curvi¬ 
linear  coordinates,  explicit  expressions  for  the  gradient,  divergence,  curl,  and 
Laplacian  are  readily  obtained.  For  future  reference,  we  record  some  of  these 
here  (where  V  is  a  scalar  and  F  is  a  vector): 


VUF  = 


1  dV 


V-F  = 


hu  du 
1 


V/F  -  ^ 


1  dV 


hv  dv 


VyV  = 


j .dV 
h $  d<f> 


hjiji 


<p 


™  ( hvh$F u)  +  —  (. huh<t>F v)  +  —  ( huhvF $) 


V  X  F].  - 


1 


hvh 


d_ 

dv 


(13.4) 

(13.5) 

(13.6) 
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and 


V2F 


huhvhX_du 


/hji<p  3  |  3  / htfahy,  3  y\  -  d  /huhv  3 

\  hu  3u  )  dv\  hv  3v  J  3<f>\  h$  3<j>  ) 


(13.7) 


13.3  Prolate  Spheroidal  Wave  Functions 


The  scalar  wave  equation 


(V2  +  k 2)  V  =  0 


where  k  is  a  wave  number,  has  the  explicit  form 


3u 


(u 


.  \  3  3  ,  .3 

1)  T-  +  -T-  (1  —  V' 2)  “ 

3u  3v  3v 


+ 


2  — 


(13.8) 


(u2  -  1)  (1  -  v 2)  d<t>' 


+  q2(u2  -v2)  V  =  0  (13.9) 


where  q  —  kl.  In  regions  where  q  does  not  depend  on  the  coordinates,  the 
above  equation  is  separable.  Thus,  following  the  notation  of  Flammer,6  we 
write  the  basic  solutions  in  the  form 


COS 

1  m,n  =  0 

bill 


(13.10) 


where  Rm,n  and  Sm,n  satisfy 


du 


(u 


!)  ^  Rm, n 


(w  -  q2U2  +  =  0  (13.11) 


(1  -  v2)  £  Sm,„]  +  (w  -  q2v2  -  r^5)sm, n  =  0  (13.12) 

Here,  m  and  n  may  be  taken  as  integers,  since  the  solutions  are  to  be  periodic 
in  both  arccos  v  and  </>.  Also,  it  should  be  noted  that  Xm,n  is  a  separation  con¬ 
stant  which  is  a  function  of  q . 

Those  values  of  Xm,n(^)  for  which  the  differential  equation  (13.12)  admits 
solutions  at  v  =  ±1  are  the  desired  eigenvalues.  Thus,  in  accordance  with 
Flammer,5  this  leads  to  the  representation 

Sm.„(q,v )  =  L'  drm-n(q)Pm+rm(v)  (13.13) 

r  =  0,1*2,  .  . . 

The  prime  over  the  summation  indicates  that  the  summation  is  over  (only) 
even  values  when  n  —  m  is  even  and  over  (only)  odd  values  when  n  —  m  is 
odd.  The  associated  Legendre  functions  employed  here  are  defined  by 

Pnm(v)  =  (1  -  v2r>2  (13.14) 

for  —  1  <  v  <  1,  where  P„(v)  is  a  Legendre  polynomial  of  order  n.  The  angle 
functions  are  normalized  such  that 


sn,n(q,  0)  =  P»m(0) 


(13.15) 
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and,  furthermore, 


Xm,n(0)  =  n(n  +1)  n  >  m 


(13.16) 


From  the  general  theory  of  Sturm-Liouville  differential  equations,  it  follows 
from  (13.12)  that  the  functions  Sm,n(q}v )  form  an  orthogonal  set  on  the  interval 
—  1  <  v  <  +1.  Thus, 


if  n  —  nf 
if  n  n! 


(13.17) 


where  Nm,n  is  easily  found  with  the  use  of  the  normalization  factor  of  the 
associated  Legendre  function.  To  be  explicit, 


cx>  / 

Nm,n  =  2  £ 

r=  0,1,2,  .  .  . 


(r  +  2m)  !(drw’n)2 
(2r  +  2  m  +  l)r! 


(13.18) 


where  drm'n  is  the  same  coefficient  which  enters  into  (13.13).  (In  what  follows, 
we  shall  not  show  the  prime  in  summations  over  r.  Thus,  in  these  cases,  we  can 
regard  the  summation  to  extend  over  all  values  of  r,  but  drm'n  is  zero  for  even 
(odd)  values  of  r  when  n  —  m  is  odd  (even).) 

The  radial  functions  Rm,n(q,u)  are  normalized  such  that,  for  qu  — »  °o  y  they 
have  the  form 


cos  [qu  —  Yiin  +  1)tt] 
sin  [qu  —  }^(n  +  1)tt] 
exp  j[qu  -  y2{n  +  1)t r] 
exp  -j[qu  -  y2(n  +  1)tt] 


(13.19) 

(13.20) 

(13.21) 

(13.22) 


where  the  superscript  indicates  which  of  the  four  types  is  being  referred  to. 
The  appropriate  expansions  in  terms  of  spherical  Bessel  functions  are5 


Rm,n(l)(q,u) 

Rm,ni2)(q,u) 


U 


2  _  1  \m/2 


where 


and 


oo 


Z 

*-=0,1, 


drm-n{q)  - 


(2m  +  r)  !\  u 


CO 


X  z  jr+m-ndrm'n(q ) 

r=0,l, .  .  . 


(2m  +  r) ! 


rl 


jm-^-riqu) 

ymt-r(q/M) 


jn(z)  =  (0 
Vn(z)  =  (0Yn+»{z) 


(13.23) 


(13.24) 

(13.25) 


are  related  to  the  conventional  cylindrical  Bessel  functions  as  indicated. 
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The  radial  functions  of  the  third  and  fourth  types  are  obtained  from 


and 


Rm, n(3)  -  Rm, n™  +  jRm.n ™  (13.26) 

Rm, n(4)  =  Rm,nW  ~  jRm.n™  (13.27) 


The  wronskian  relationships  for  the  radial  functions  may  be  found  from 
(13.11)  in  the  usual  manner.  Thus,  for  example, 


r  a) 


(W  (2) 

beat  ^ 


du 


mtn 


(2) 


f//?  <*> 

du 


qiu1  -  1) 


(13.28) 


Many  other  useful  relationships  for  the  angle  and  radial  functions  are  to  be 
found  in  the  comprehensive  texts  by  Flammer,5  Stratton  et  al.,6’7  and  Meixner 
and  Schafke.8 


13.4  Prolate  Spheroidal  Antenna  in  Free  Space 

A  convenient  introductory  problem  is  to  derive  the  expressions  for  the  fields 
of  a  perfectly  conducting  prolate  spheroid  which  is  excited  by  a  specified  field 
over  an  aperture  on  its  surface.  To  simplify  the  situation,  it  is  assumed  that 
symmetry  prevails  about  the  axial  direction  and,  in  addition,  the  medium 
exterior  to  the  spheroid  is  taken  to  be  free  space. 

The  semimajor  and  the  semiminor  axes  of  the  spheroid  are  designated  by  a 
and  6,  while  the  interfocal  distance  is  2 L  Designating  the  surface  of  the 
spheroid  by  u  =  w0,  it  then  follows  that 

u0  =  j-  =  a(a2  —  62)~^  (13.29) 

For  the  symmetrical  situation  (that  is,  d/d<p  =  0),  Maxwell’s  equations, 
relating  E  and  H,  take  the  form 

h,Eu  =  d—  (13.30) 

jeoup  dv 

KE,  =  -d—  (13.31) 

J€qQ3P  du 

^MA  _  (13.32) 

h.Hu=  -d—B-dEA  (13.33) 

JPo UP  dv 

huH „  =  d—dddl  (13.34) 

JflQUp  OU 

d(hyH ®)  d(huHu)  _  „*  t%  i*  tp  /io  oc\ 

— _ —  —  — — —  _  je^o)huhvhi^  (13.35) 


where  p  =  l[(  1  —  v2)(u2  —  l)]*4  and  where  c0  and  p0  are  the  dielectric  constant 
and  permeability  of  the  exterior  medium  (i.e.,  free  space).  It  is  clear  from  the 
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above  that  the  problem  may  be  split  into  two  parts.  If  the  applied  field  on  the 
aperture  has  only  an  Ev  component,  then,  obviously,  the  excited  magnetic  field 
has  only  the  H$  component  and,  at  the  same  time,  E#  =0.  In  a  similar  fashion 
it  follows  that,  if  the  applied  field,  in  the  aperture,  has  only  an  E#  component, 
the  excited  electric  field  has  only  an  E <*>  component  and,  at  the  same  time, 
H *  =  0. 

For  the  time  being,  we  shall  assume  that  the  applied  field  has  only  an  Ev 
component.  Then,  following  Schelkunoff,1  we  set 


*0  | 

(13.36) 

where  A  is  an  auxiliary  scalar  wave  function.  Thus, 

and 

pi  1  dA 

u  jeoal2  [(u2  -  1)(m2  -  v2)  ] *  dv 

pi  1  dA 

jeoul2  [(1  -  v2)(u2  -  v2) ] « du 

(13.37) 

(13.38) 

By  inserting  (13.36),  (13.37),  and  (13.38)  into  (13.32)  it  readily  follows  that  A 
satisfies 

(«*  -  1)  +  (1  _  „2)  +  q2(u2  _  y2)A  =  0 

(13.39) 

where  q  —  kQl ,  kQ  =  (eoMo)^o.  It  is  interesting  to  observe  that  the  total  antenna 
current  I  (v)  is  related  to  A  by 

I(v )  =  2'wpH4>\u=UQ  =  2tA  (u0)v) 

(13.40) 

Substituting 

A  =  Un(u)Vn(v) 

(13.41) 

into  (13.39)  ! 

leads  readily  to  the  pair 

(v2  -  1)  ^  +  (qV  -  Kn)Un  =  0 

(13.42) 

d2V 

(1  ~v2)l^f+  (Xi-  ~ qV)Vn  =  0 

(13.43) 

where  Xi,„  is  a  separation  constant.  On  comparing  (13.42)  and  (13.43)  with 
(13.11)  and  (13.12)  for  m  =  1,  it  is  readily  seen  that 

Un  =  (U2  - 

(13.44) 

and 

Vn  =  (1  -  vy^Uq.v) 

(13.45) 

The  radial  function  of  the  fourth  kind  has  been  chosen  here,  since  the  physical 
nature  of  the  problem  dictates  that  only  outgoing  waves  will  be  present  for 
qu—+  oo.  The  angle  functions  Si,H(q,v)  or  F„(^)/(l  —  v 2)^  occur  frequently 
in  the  theory  which  follows.  Therefore,  for  the  convenience  of  the  reader,  this 


)A/['b)  '/i 
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or ccos  v%  deg 


arccos  s/,  deg 


Fig.  13.2  (a)  Angle  function  of  order  1; 

of  order  3. 


function  of  order  2;  (c)  angle  function 
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function  is  plotted  in  Fig.  13.2a,  6,  and  c  as  a  function  of  arccos  v  for  various 
values  of  q. 

The  orthogonality  condition  stated  by  (13.17)  for  m  —  1  is  readily  seen  to  be 
equivalent  to 


-  v2)-Wn(v)Vn'(v)  dv  = 


if  n  =  nf 
if  ft  n' 


(13.46) 


Now,  for  the  exterior  region  (that  is,  u  >  Uq),  we  write 


A  -  £  anUn(u)Vn(v) 

n—  1,2,  .  .  . 


(13.47) 


where  the  coefficients  an  are  to  be  determined  from  the  conditions  on  the 
spheroid.  Explicitly,  it  is  required  that 


Ev(u0,v)  =  Eva(uofv) 

Thus,  by  making  use  of  (13.38)  and  (13.47),  an  equivalent  statement  is 


Eva(uQyv)  =  — 


where 


1 


1 


00 


jW2  [(1  -  v2)(u02  -  vW 


E  anU'n(uo)V„(v) 


n=  1,2,  .  .  . 


(13.48) 


U'(u0 ) 


d 


=  Tu  U*{u) 


By  multiplying  both  sides  of  (13.48)  by  (1  —  v2)~Wn'(v)  and  then  integrating 
v  from  —  1  to  +1,  we  find  readily  that 


NltnU'n(uo) 


(13.49) 


On  inserting  this  expression  into  (13.47),  a  formal  solution  of  the  problem  re¬ 
sults.  It  may  be  written  in  the  form 


oo 


A  = 


E 


jwl  Un(u)  vnVn(v0)Vn(v) 


n  —  1,2,  ...  E i,n  Un(u0) 


where 


Vn  =  - 


v 


2\H 


dv 


(13.50) 


(13.51) 


and  Vo  is  some  fixed  angular  coordinate.  The  quantity  F„  is  a  generalized 
voltage.  In  the  case  of  the  so-called  delta  slot,  Eva  is  zero  everywhere  on  the 
spheroid  except  at  some  infinitesimally  thin  ring  at  (u0,v 0),  as  indicated  in 
Fig.  13.3.  Then,  in  this  limiting  case, 


_  ^  r 

Vn  =  lim  —  /  Eva(uo,v)hv  dv 
=  V  the  voltage  across  the  slot 


(13.52) 


Actually,  this  is  an  adequate  approximation  for  a  thin  annular  slot  of  finite 
width,  provided  a  large  number  of  terms  in  the  series  are  not  needed. 
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* 


Fig.  13.3  Prolate  spheroid  model  of  an  antenna 
with  a  circumferential  slot  uniformly  excited  by  an 
electric  field  Eva. 


An  explicit  expression  for  the  magnetic  field  at  large  distances  from  the 

spheroid  is  readily  obtained  from  (13.36)  and  (13.50)  under  the  condition  that 
u  — >  .  Thus, 


and 


g-rfor 

k0r  sin  6 


V„  F„  (v„)  einrl2  F„(cos  6) 
Nl,nU'n(u0) 


(13.53) 


where  r,6  are  spherical  coordinates.  Equation  (13.53)  is  in  a  form  which  lends 
itself  readily  to  pattern  synthesis.  For  example,  if  it  be  required  that  the  radia¬ 
tion  field  has  the  form 


g—jkur 

H*  =  -*dco  -j—  F($)  (13.54) 

where  F(0)  is  the  desired  pattern  function,  the  required  excitation  function  l~„ 
is  readily  determined.  Explicitly,  the  procedure  is  to  equate  the  right-hand 
sides  of  (13.53)  and  (13.54)  and  then  multiply  each  one  by  F„<(eos0)  before 
integrating  6  from  0  to  w.  As  a  result  of  the  orthogonality  relation, 

/  F„ (cos  6)  F„/(cos  6)  (sin  6)~l  dd  =  l^1’"  ]t  n  ~  n,  (13.55) 
0  0  if  n  7*  n 
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it  readily  follows  that 

VnVn(v0)  =  C/,„(wo)e_,nT/2  jj  F(d)Vn( cos  0)  dd  (13.56) 

Noting  that 

F„F„(t-0)  =  -  £,•(««,»)  V»(v)l(UfSfY  dv  (13.57) 

we  may  express 

E“(u0,v)  =  /[(Mo2  _  „2)(1  _  n=^<  GnV„(y)  (13.58) 

whence  it  readily  follows  that 

p—jn-rl 2  r  T 

G„  =  r/'„(uo)  ^ —  /  F(0)Fn(cos0)  dfl  (13.59) 

l,n  •/  0 

« 

Therefore,  we  have  an  explicit  formula  to  calculate  the  applied  field  Eva  on  the 
spheroid  in  order  to  produce  a  desired  pattern  F(6)  in  the  far  field. 

The  result  given  by  (13.50)  may  be  applied  directly  to  calculate  the  ad¬ 
mittance  of  the  spheroidal  antenna  in  the  general  case.  However,  in  order  to 
simplify  the  discussion,  we  shall  assume  that  the  antenna  is  fed  in  such  a 
manner  that  a  uniform  field  is  applied  at  a  thin  gap  of  width  s  in  the  equatorial 
plane  of  the  spheroid.  Thus,  the  slot  extends  from  v  —  —Av  to  +Av ,  where 
Av  —  s/ {21uq)  is  small  compared  with  unity.  For  this  case,  the  admittance  is 
obtained  from 


jirepcd 

Av 


Un(uo)  Un(A?;)  r 

f  fn  ('Wo)  N 1  ,n  J  —Av 


V nip)  dv 


(13.60) 


where  To  is  the  actual  voltage  across  the  gap.  Using  essentially  this  formula, 
Chu  and  Stratton2  have  given  numerical  data  for  the  conductance  and  sus- 
ceptance  for  thin  spheroids,  where  2 1/\0  varies  from  0.2  to  0.8.  Their  results 
show  that,  in  this  range,  the  contribution  from  the  first  mode  (that  is,  n  =  1)  is 
by  far  the  most  significant  provided  a/b  is  somewhat  greater  than  about  10. 
Physically,  the  reason  for  this  behavior  is  that  the  first  mode  is  resonant  when 
22/X0  =  0.5,  and  the  admittance  behaves  as  a  series  resonant  circuit  in  this 
region.  For  the  same  reason,  resonances  can  be  expected  for  the  higher  modes 
when  21  is  an  odd  multiple  of  X0/2. 

Actually,  the  characteristics  of  the  modes  at  a  resonance  are  easy  to  calculate 
because  the  differential  equation  (13.43),  for  U„,  has  a  simple  form  when 
Xifn  =  q 2.  In  this  case, 


dWn 
dv 2 


(13.61) 


A  solution  which  is  even  and  which  vanishes  at  v  =  dbl  is  simply 


cos 


f  (2  n  —  l)7rt/n 


2 


X  constant 


(13.62) 
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For  the  same  condition,  we  also  see  from  (13.42)  that  the  “radial”  solution  cor¬ 
responding  to  outgoing  waves  is 


—j  (2ft  —  1)7 TU 
2 


X  constant 


(13.63) 


From  (13.60)  we  then  see  that  the  admittance  Yn  of  a  mode  at  resonance  is 
given  by 


YeoV*  (2 n  -  lWUn(uo) 

JW  NiMu 0) 


(13.64) 


where 


v2)~l  dv  = 


1  1  cos  (2n  — 
1  _> 


\  r  2(2n  1)t  l  _  COS  X 


2  Ji 


0 


x 


dx  (13.65) 


Thus,  the  admittance  is  purely  real  and  the  corresponding  resistance  Rn  of  a 
mode  n  at  its  resonance  is  given  by 


Rn 


fo  f  2T<2n~^  1  —  cos  x 


47T  J  0 


/, 


X 


dx 


(13.66) 


Numerical  values  of  Rn  may  be  readily  obtained  from  tabulations  of  the  cosine 
integral.  For  example,  for  the  first  mode  and  taking  the  antenna  to  be  in 
free  space 

Ri  =  73.13  ohms 


It  is  rather  interesting  that  this  value  is  independent  of  the  ratio  a/b  for  the 
spheroid  provided  that  21 /\0  —  0.5.  Of  course,  one  should  remember  that  for 
the  fatter  spheroids  (for  example,  a/b  <  20),  the  contributions  from  the  higher 
modes  will  be  significant. 

It  also  is  not  difficult  to  see  that,  for  mode  1,  the  magnetic  field  of  the  slot- 
excited  spheroid  is 


constant  X 


* 


(13.67) 


In  the  far  field,  lu—*r  and  v  — >  cos  6,  we  have 


n=l 


constant  X 


e-jkQr  cog  [(tt/2)  COS  6] 

r  sin  6 


(13.68) 


which  has  the  classical  form  for  the  radiation  field  of  an  infinitesimally  thin 
center-fed  “half-wave”  antenna.  In  this  case,  the  result  is  exact  for  the  first 
mode  when  the  spheroid  is  resonant. 


13.5  Prolate  Spheroidal  Antenna  with  a  Confocal  Sheath 

An  interesting  situation  arises  when  the  medium  surrounding  the  antenna  is 
inhomogeneous.  For  example,  it  is  known  that,  when  a  space  vehicle  enters  the 
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atmosphere,  an  ionized  sheath  is  formed  in  the  vicinity  of  the  antenna.  One 
approach  to  study  this  problem  is  to  assume  that  the  sheath  may  be  repre¬ 
sented  by  a  confocal  region  extending  from  u  =  U\  to  u2,  as  indicated  in  Fig. 
13.4.  The  dielectric  constant  of  the  three  homogeneous  regions  adjacent  to  the 
antenna  surface  (that  is,  u  =  u0)  are  €0,  €1,  and  e.  On  the  other  hand,  the  mag¬ 
netic  permeability  is  taken  to  be  mo  throughout,  which  is  a  simplifying  rather 
than  a  necessary  restriction. 


1/  =  + 


Fig.  13.4  Prolate  spheroidal  antenna  with 
a  confocal  sheath. 


The  solution  is  obtained  by  employing  a  straightforward  boundary-matching 
technique.  However,  a  complication  arises.  It  is  not  present  in  spherical 
geometry,9  nor  does  it  arise  in  the  quasi-static  solutions1011  for  matching  solu¬ 
tions  on  the  two  sides  of  a  spheroidal  boundary.  Simply  stated,  the  difficulty 
is  that  the  angle  spheroidal  functions  depend  on  the  properties  of  the  medium. 
However,  in  the  spherical  geometry,  or  in  the  static  limit,  the  angle  functions 
Sm,n(q>v)  pass  over  to  Pmn(v ),  which  are  not  dependent  on  q. 

We  shall  first  turn  our  attention  to  the  form  which  the  solution  should  take 
in  the  confocal  region  immediately  adjacent  to  the  antenna  surface  (that  is, 
Uo  <  u  <  Ui).  As  in  the  preceding  section,  we  may  express  the  tangential 
fields  in  the  following  form: 


o 


l[(u 2  -  1)(1  -  vW 


_L _ 1 _ dAp 

jeotel2  [(1  —  v2)(u2  —  v 2)P“  du 


(13.69) 

(13.70) 
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where  Aq  satisfies  (13.39)  with  q  replaced  by  q0.  However,  here  we  must  allow 
the  existence  of  both  “ingoing”  and  “outgoing”  radial  solutions.  Thus,  for  a 
general  solution,  we  have  linear  combinations  of  Un(qQ,u )  and  T„(g0,w),  where 
Un  is  defined  by  (13.44)  and 

Tn(qQ,u)  =  (u2  -  l)*Ri,nw(qo,u)  (13.71) 

where  Ri,n(2)  is  Flammer’s5  radial  function  for  m  =  1.  In  the  present  case 
qo  =  (eoMo )'W,  where,  as  usual,  l  is  the  semifocal  distance  for  the  spheroid. 
For  the  region  uQ  <  u  <  U\}  it  is  evident  that  the  solution  is  of  the  form 

A0  =  Z  [Mn»Un(q0,u)  +  Nn°Tn(qo,u)}Vn(qa,v)  (13.72) 


where  Mn°  and  Nn°  are  coefficients  and 

Vu(qo,v)  =  (1  -  v*)»Sltn(qo,v)  (13.73) 

(For  the  remainder  of  this  chapter,  the  summation  will  mean  summation 

n 


over  n  from  1  through  integers  to  °° ,  unless  stated  otherwise.) 

A  relation  between  M „°  and  Nn°  can  be  immediately  obtained  by  expressing 
the  field  Eva  on  the  surface  of  the  antenna  in  the  form 


U=  U0 


-i  i 

iW2  [(i  -  ^2)(mo2 


Z  PnVn(qo,v) 


(13.74) 


The  coefficients  pn  may  be  calculated  from 


(13.75) 


which  in  the  case  of  a  thin  slot  is  given  by 


(13.76) 


where  V  is  the  applied  voltage  across  the  slot. 

It  now  follows  from  (13.70),  (13.72),  and  (13.74)  that  the  appropriate  repre¬ 
sentation  for  A0  is  given  by 


d„  =  z 


n  L 


M n°l  n(q<S,u)  + 


])n  ~  iVf„0LT„(go^o) 

T'n(qo,u0) 


Tn(qo,u) 


Vn(q0,v)  (13.77) 


On  the  other  hand,  for  the  region  <  u  <  u->,  it  follows  that 

Ai  =  Z  [M,lUp(quu)  +  NplTp(si,v)]Vp(qifi)  (13.78) 

V 

where  Mpl  and  Npx  are  coefficients.  Finally,  in  the  outermost  region,  u2  <  u, 
we  use  the  form 

A  =  Z  [M ,U ,(q,u)}V s(q,v)  (13.79) 


where  the  T  radial  functions  are  not  permitted  because  the  field  must  have  an 
outgoing  character  as  u  — »  °°  . 
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The  boundary  conditions,  which  require  the  continuity  of  the  tangential 
fields,  may  be  stated  in  the  equivalent  form 


and 


A0  =  A  i 
1  dA§  _  1  dA\ 

€q  du  €i  du 

At  =  A 
1  dAi  =  1  dA 

€i  du  €  du 


U  =  U\ 

(13.80) 

U  =  U\ 

(13.81) 

U  —  U<1 

(13.82) 

u  =  u2 

(13.83) 

The  difficulty  of  satisfying  these  conditions  is  immediately  evident  because  the 
individual  terms  in  the  series  (13.77),  (13.78),  and  (13.79)  cannot  be  matched 
term  by  term.  Of  course,  a  “brute  force”  approach  might  be  adopted  which 
would,  in  essence,  require  that  (13.80)  to  (13.83)  be  satisfied  at  a  finite  number 
of  angular  points  of  v  from  —  1  to  +1.  Presumably,  the  accuracy  could  be  im¬ 
proved  by  choosing  a  smaller  interval,  but  the  ultimate  convergence  of  such  a 
process  is  very  difficult  to  establish. 

A  more  logical  approach  is  to  replace  the  angle  functions  in  (13.77),  (13.78), 
and  (13.79)  by  the  series  in  terms  of  Legendre  functions.  For  example, 

oo 

Vn(qo,v)  =  Z  (1  —  v2)M  drlin(qo)Pi+rl(v)  (13.84a) 

r=  0,1,2,  .  .  . 

=  Z  (1  -  (13.846) 


The  representations  (13.77),  (13.78),  and  (13.79)  are  now  written  in  the  re¬ 
spective  forms 

•4o  =  (1  —  Z  PrKv)  Z  dr-L (So) l  •  •  •  ]  (13.85) 

r  n 

A !  =  (1  -  Z  PrKv)  Z  4-Pi(gi)[  •  •  •  ]  (13.86) 

r  p 

A  =  (1  -  v*)»  Z  PrKv )  z  dl'lMl  •  •  •  ]  (13.87) 

r  s 

where  the  square  brackets  in  (13.85),  (13.86),  and  (13.87)  are  identical  with 
those  in  (13.77),  (13.78),  and  (13.79),  respectively.  Inserting  these  expressions 
into  the  boundary  conditions  (13.80)  to  (13.83)  leads  readily  to  the  system 

Z  4-ni(?o)[A/„0^n(?o,Mi)  +  Tn{qa,ux) 

=  Z  dl'lKq^M plU v(qhu)  +  Np^p^ui)]  (13.88) 

1 Z  di-Mqo)  [mjkm  + v-  ~5;°^;igo’Mo)  n(9o,tti) 

€o  n  L  1  nKQOyUo)  J 

=  7  Z  d&MMJUXquud  +  N plT'p(q1,ul)]  (13.89) 

P 

Z  dlr'lx(qi)[M plU p(qi,Ui)  +  N plT P(qi,ut)] 

V 

=  Z  d\±x(q)M ,U s(q,th) 


(13.90) 
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7 £  d&iqdlMJU^q^  +  Np'T'p(quu2)]  =  -£  dH^M.U^u, )  (13.91) 

€1  p  €  s 


The  equations  (13.88)  to  (13.91)  must  be  solved  for  the  unknown  coefficients 
Mn°,  Mp *,  Np *,  and  Ms.  These  equations  are  valid  for  each  value  of  r,  so  that, 
by  taking  r  sufficiently  large,  an  adequate  number  of  relations  between  the  un¬ 
known  coefficients  is  generated.  Strictly  speaking,  an  infinite  set  is  required, 
since  n,  p,  and  s  are  integers  from  1  to  a> ,  However,  the  fact  that  the  co¬ 
efficients  dlr'lx  peak  rather  sharply  about  the  value  dlplx  means  that  only  a  finite 
set  of  equations  is  actually  needed.  Thus,  in  effect,  the  coupling  between  the 
equations  of  different  order  is  small.  Furthermore,  it  is  also  worth  noting  that 
the  equations  involving  even-ordered  functions  are  completely  decoupled 
from  those  of  odd  order  and  this,  of  course,  reduces  the  labor  needed  to  solve 
the  system. 

In  principle,  the  problem  of  the  spheroid  with  a  confocal  sheath  has  been 
solved.  Once  the  coefficients  Ms  are  obtained,  the  radiation  field  (that  is, 
u  —>  co)  may  be  calculated  from  the  expression 


CJ(W2)(.+1  )JJf 


Vs(q,  cos  0) 
sin  6 


(13.92) 


A  special  case  of  the  sheath  model  discussed  above  is  when  the  inner  layer 
becomes  of  vanishing  thickness  (that  is,  ui  =  uQ).  The  four  sets  of  equations 
(13.88)  to  (13.91)  then  reduce  to  two  sets.  Of  course,  the  coupling  between 
equations  of  different  orders  still  applies,  but  the  complexity  is  not  quite  so 
great.  In  fact,  some  explicit  solutions  have  actually  been  obtained  by  Weeks.12 
Undoubtedly,  the  success  of  the  method  is  due  to  the  fact  that  the  representa¬ 
tion  of  the  angular  functions  such  as  given  by  (13.845)  is  dominated  by  the 
term  where  r  =  n,  provided  the  q  value  is  not  too  large  (i.e.,  say,  q  <  10). 

Some  far-field  radiation  patterns  for  the  coated  spheroid  are  shown  in  Fig. 
13.5a  and  5,  using  data  from  the  report  by  Weeks12  mentioned  above.  The 
parameters  are  chosen  such  that  u0  =  Ui  =  1.077,  u2  =  1.100,  ex/e  =  (%)&, 
and  q  =  5,  and  various  values  of  the  slot  location  v  =  vQ  are  indicated.  The 
corresponding  patterns  for  the  same  spheroid  (that  is,  u0  =  1.077)  with  no 
coating  are  also  shown  for  comparison.  It  is  evident  that  the  coating  has  the 
general  effect  of  increasing  the  magnitude  of  the  lobes. 

It  is  worth  mentioning  that  another  method  of  handling  the  boundary-value 
problem  of  the  sheathed  spheroid  was  pointed  out  by  Yeh.13  While  he  showed 
explicitly  results  for  a  single  dielectric  coating,  the  method  is  amenable  to  any 
number  of  confocal  dielectric  regions.  We  shall  indicate  the  approach  to  the 
model  of  Fig.  13.4. 

The  basic  idea  is  to  represent  the  angle  functions  in  two  of  the  dielectric 
regions  as  expansions  of  the  natural  angle  functions  of  the  third  region.  For 
example,  we  write 


Vn(q0,v)  =  £  L.M7.(g,«0 


(13.93) 


Ha  vs. 


Fig.  13.5  (a)  E- plane  patterns  of  prolate  spheroid  antennas  with  circumferential  slot  at  v  =  v0;  ( b )  E- plane  patterns  of  prolate  spheroid 

antennas  with  circumferential  slot  at  v  =  v0.  {After  Weeks.12) 
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where,  as  a  result  of  orthogonality, 


L’M  =  WM  /_:  (1  “  v2yiv»MVs(q,v)  dv  (13.94) 

=  Z  d&teojd&fa)  f_+;  [PrKv)]2  dv 

-  ^  £  «««<»>  2-£tt 


where  the  normalization  factor  NitS(q)  and  the  coefficients  d\ and  dlr'lx  are 
defined  and  tabulated  by  Flammer.5  In  a  similar  manner,  we  find  that 


where 


VP(qi,v)  =  Z  L^Vs(q,v) 

8 


i 

NiAq) 


Z  d&(9l)d&(9) 


2  r(r  +  1) 
2r  +  1 


(13.95) 

(13.96) 


Expressions  for  the  A  functions  which  are  analogous  to  (13.85),  (13.86), 
and  (13.87)  are  readily  seen  to  be 


^0  =  z  V,(q,v)  Z  £.'">[  •••  1  (13.97) 

s  n 

=  Z  VM,v)  Z  L.wl  •••  1  (13.98) 

8  p 

A  =  £  Fs(5,y)[Ms£/s(5,«)]  (13.99) 


where  the  square  brackets  in  (13.97)  and  (13.98)  are  the  same  as  those  in 
(13.77)  and  (13.78),  respectively.  Matching  boundary  conditions  at  the  two 
surfaces  now  leads  to  a  system  of  equations  of  the  form 


]  =  Z  L.«[  •••  ] 

n 

V 

-E  L,w[  ••• 

]  =  -Ei.w[  •••  3 

Co  n 

«1  p 

Z ••• 

V 

}  =  MaUs(q,u2) 

-Z l,m[  ••• 

Cl  p 

]  =  i  MaU:(q, m) 

(13.100) 

(13.101) 

(13.102) 

(13.103) 


where  the  square  brackets  in  (13.100)  to  (13.103)  are  identical  with  those  in 
(13.88)  to  (13.91). 

Again,  when  treating  the  single  coating  (such  that  u0  =  Ui ),  the  system  of 
four  sets  of  equations  given  above  reduces  to  two  sets.  The  formal  solution  thus 
obtained  is  identical  with  the  result  quoted  by  Yeh,13  who  suggested  that  the 
further  reduction  could  be  carried  out  by  matrix  analysis.  However,  to  obtain 
numerical  answers  by  using  Yeh’s  approach  would  require  that  the  resulting 
infinite  matrices  be  truncated  or  trimmed.  This,  in  effect,  means  that  only  a 
finite  number  of  equations  are  being  used  as  an  approximation  for  the  infinite 
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set  given  above.  The  relative  advantage  of  Yeh’s13  approach  over  that  used  by 
Weeks12  remains  to  be  investigated.  Presumably,  when  various  dielectric 
regions  are  nearly  identical  in  their  electrical  properties,  expansions  of  the 
angle  functions  in  one  region  in  terms  of  those  in  another  region  should  be 
highly  convergent.  This  should  be  the  case  even  for  electrically  large  spheroids, 
in  which  case  the  expansion  of  the  various  angle  functions  in  terms  of  Legendre 
functions  would  be  very  poorly  convergent. 


13.6  A  Note  on  the  Spheroid  Excited  by  an 
Azimuthally  Directed  Electric  Field 


The  excitation  of  the  conducting  prolate  spheroid  by  an  azimuthal  field  j&V 
on  its  surface  u  =  uQ  is  really  a  straightforward  extension  of  the  analysis  in 
Sec.  13.4.  For  example,  if  we  assume  the  spheroid  is  surrounded  by  free  space 
and  azimuthal  symmetry  prevails,  (13.33)  to  (13.35)  are  relevant.  By  direct 
analogy  with  (13.36)  to  (13.38),  we  now  write  instead 

E*  =  -  (13.104) 

P 


where  B  is  an  auxiliary  scalar  wave  function  satisfying  (13.39).  Then,  from 
(13.33)  and  (13.34),  it  follows  that 


Hu  =  - 


and 


H 


_ 1 _ 1 _ dB_ 

jnouP  [ (m2  —  L)(m2  —  v2)]^  dv 

1  1  dB 


V 


j/W2  [(1  —  v2)(u2  —  V 2)]^  du 


The  appropriate  form  of  the  solution  is 


a> 


B  =  Z  bnU„(u)Vn(v) 

n—  1,2,  ..  . 


or 


E 


1 


CO 


<t> 


l[(u 2-  1)(1  -vWn  =  tf... 


E  bnUn(u)Vn(v ) 


If  the  field  at  u  =  Uq  is  specified  to  be  E we  readily  deduce  that 


bn 


■Y 1  ,nb  n(^o) 


J*  ESVn(v)(^-^J  l  d» 


(13.105) 

(13.106) 

(13.107) 

(13.108) 

(13.109) 


13.7  Excitation  of  Spheroid  by  External  Sources 

In  some  situations,  the  source  of  the  electromagnetic  field  is  external  to  the 
spheroid.  A  case  of  particular  interest  is  when  a  spheroid  is  placed  on  the  axis 
of  a  circular  loop  of  electric  current.  To  place  the  problem  in  a  slightly  more 
general  context  we  shall  imagine  that  a  prolate  spheroid  at  u  =  u0  is  confocal 
with  a  current-carrying  shell  at  u  =  ua  where  u„  >  u0.  This  situation  is  illus- 
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Fig.  13.6  Coordinate  system  and  three 
confocal  spheroidal  regions. 


trated  in  Fig.  13.6.  It  is  assumed  again  that  azimuthal  symmetry  prevails, 
and  thus  d/d <j>  —  0.  Furthermore,  the  electric  current  in  the  shell  is  taken  to 
have  only  a  <j>  component.  Its  density  is  J^(v)  amp  per  unit  of  length  in  the  v 
direction  [for  example,  J<j>(v)hvdv  amp  for  the  interval  dv]. 

For  the  problem  as  stated,  it  is  convenient  to  divide  the  homogeneous  space, 
with  parameters  e,fi,  external  to  the  spheroid  into  two  regions  denoted  1  and  2 
as  indicated  in  Fig.  13.6.  The  nature  of  the  spheroid  itself  is  not  yet  specified. 

The  fields  may  be  derived  again  from  a  scalar  function  B  as  indicated  by 
(13.104)  to  (13.106).  However,  now  we  shall  add  a  subscript  1  or  2  when 
reference  is  being  made  to  region  1  or  2,  respectively.  It  is  evident  that  suitable 
forms  for  B\  and  B2  are 

Bx  =  £«„[/„(«)Fn(v)  (13.110) 

n 

and  B2  =  Z  [PnUn(u)  +  ynT„(u)]Vn(v)  (13.111) 

n 

where  Tn(u)  =  (u2  —  l)#i2i,»(8)(g,w)  (13.112) 

and  q  =  kl  =  (c/x)*W 


The  q  dependence  of  the  functions  Un  and  Vn  is  also  understood.  The  coeffi¬ 
cients  an,  f$n,  and  yn  are  to  be  determined  from  the  source  function  J$(v)  on  the 
shell  u  =  ua  and  the  boundary  conditions  at  u  =  Uq. 

From  Ampere’s  law,  we  may  write  immediately  that 


1  1 
jfXttl2  [(1  -  V2)(ua2 


E2q/)  u 


U 


whereas 


u=u 


HjnVn(v)  (13.113) 

n 

(13.114) 
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Using  (13.104)  and  (13.106)  in  conjunction  with  (13.110)  and  (13.111),  it  is 
evident  that 

(an  —  pn)U  n(ua)  —  ynTfn(ua)  =  jn  (13.115a) 

and  (an  -  i3n)Un(ua)  ~  ynTn(ua )  =  0  (13.1156) 

These  equations  may  be  solved  for  an  to  yield 

an  =  [^“^Un(Ua)  +  T  „(wa)  (13.116) 

where  we  have  used  the  wronskian  relation 

U'n(u)Tn(u)  -  Un(u) T'n(u)  =  (13.117) 

which  follows  immediately  from  (13.28).  Now,  as  we  indicated  before,  the 
ratio  &nlin  may  be  determined  by  the  boundary  condition  at  u  =  u0  and,  there¬ 
fore,  (13.116)  is  the  formal  solution  of  the  problem.  Explicit  expressions  for 
the  fields  in  region  1  are  obtained  by  inserting  the  expression  for  an  into 
(13.110)  with  subsequent  operations  according  to  (13.104)  to  (13.106).  For 
example,  the  electric  field  in  region  1  is  given  explicitly  by 

^  Hr  +  Tn(ua)\un(u)Vn(v)  (13.118) 

&P  n  LTn  J 

which,  in  the  far  field  (that  is,  u  — >  oo  )f  passes  over  to 

p — far 

E*  =  F{6)  —  (13.119) 

where 

F W  =  -  2~kg  ^  exp  y  f  n)  •?"  ^  Uniua)  +  Tn(ua)  F„(cos  6)  (13.120) 

in  which,  by  virtue  of  (13.113), 

jn  =  ^  f+1  J<,(v)V„(v)hvdv  (13.121) 

4V  i,n  J  —1 

If  the  current  is  confined  to  a  filamental  loop  at  v  =  va,  it  is  evident  from 
(13.121)  that 

jn  =  Vn(Va)I  (13.122) 

4  V  1  ,n 

where  I  is  the  total  current  in  the  loop. 

In  passing,  it  is  worth  mentioning  that  the  form  of  (13.120)  may  be  used  to 

derive  a  synthesis  procedure.  For  example,  if  F(6)  is  specified,  we  obtain  j„ 
from 

f  +1  F(0)  pj(*l2)n  r  ft 

J -i  sin  0  ^  n^cos  ^  d(cos  6)  =  -  jn  Un(ua)  +  Tn(ua)  N i,n  (13.123) 

mm  ^  _ 
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where  we  have  used  the  result 


+1  [F„(cos  6)]2 
-i  sin2  6 


d(c os  6)  =  N i,n 


Then  the  required  form  of  J$(y),  to  yield  the  pattern  F(0),  is  given  by 


_1 _ 1 _ 

jyud2  [(1  —  v2)(ua 2  —  v2)]^ 


ZinF„(t;) 


(13.124) 


We  mentioned  above  that  the  ratio  0n/yn  was  to  be  determined  by  the  con¬ 
ditions  imposed  on  the  spheroid  at  u  =  Uq.  For  example,  if  the  spheroid  were 
perfectly  conducting ,  the  condition  would  be  E#  =  0  at  u  —  u0.  Thus,  using 
(13.104)  and  (13.111),  it  is  evident  that 


0n  _  Tn(u0) 
y  n  Un  (^o) 


(13.125) 


where  the  q  dependence  of  the  functions  £7„  and  Tn  is  understood. 

The  next  order  of  complexity  is  to  allow  the  spheroid  to  have  a  surface  ad¬ 
mittance  defined  by 

k 

H2v  —  — y{v)Eu  at  u  =  uQ  (13.126) 

(XO) 


where  y(v)  is  a  normalized  admittance  which  is  allowed  to  be  a  function  of  v 
but  not  of  <t> .  Imposition  of  this  condition  leads  readily  to  the  relation 


* 


(13.127) 


Now,  immediately  we  see  that  if  y(v)  is  chosen  to  have  the  special  variation 
according  to 


t/o  =  constant 


(13.128) 


(13.127)  is  satisfied  if  the  term  in  braces  is  zero  for  each  value  of  n  (i.e.,  no 
mode  coupling).  For  this  case, 


0*  _  T'n(uo)  -  jqy0Tn(uo) 
Tn  U'n(uo)  —  jqyoUn(uo) 


(13.129) 


The  interesting  thing  about  this  result  is  that  /3,,/t,,  may  have  a  strong  maxi¬ 
mum  for  a  certain  value  of  n  when  yQ  is  purely  imaginary  (i.e.,  a  reactive 
surface).  The  resonance  condition  corresponds  to 

Un(uo)  —  jklijoUn(uo)\  is  a  minimum 


(13.130) 
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This  is  approximately  satisfied  if 

j  ^ Uo 2  “  1 

9  yju  o2  —  1  Ri,nl2)  (q,u0) 

_  _j_  f ffi,n(2)'(g,Mo)  ,  Mg  1 

9  L#i,»(2)(9,Wo)  ~W02  —  lj 


(13.131) 


For  example,  if  q  =  3  and  w0  =  1.077,  this  calculates  out  to  be  y0  —  j'0.26  for 
n  —  2  and  i/0  =  j’1.12  for  n  =  3.  The  corresponding  (normalized)  admittance 
variation  is  then  given  by  (13.128)  with  these  particular  values  of  2/o-  Under 
such  a  resonance  condition,  practically  all  the  power  is  being  radiated  in  one 
mode,  and  thus  the  far-field  pattern  is  closely  given  by  Vn  (cos  0)/sin  d  and  is 
quite  insensitive  to  the  location  of  the  source.  Of  course,  for  more  detailed 
information,  one  should  make  a  numerical  evaluation  of  the  complete  mode 
sum  given  by  (13.120).  The  concept  of  resonance  excitation  of  a  prolate 
spheroid  with  an  admittance  boundary  condition  is  closely  related  to  earlier 
investigations  dealing  with  strips,14  circular  cylinders,15-16  elliptic  cylinders,17 
and  spheres.18  Much  more  recently,  the  idea  has  been  expounded  by  Markov 
et  al.19,  in  the  U.S.S.R. 

Another  case  of  some  interest  is  when  the  spheroid  (whose  surface  is  u  =  u0) 
is  a  homogeneous  medium  with,  say,  electrical  properties  ec  and  /xc  which  them¬ 
selves  may  be  complex.  Denoting  the  fields  in  region  u  <  uQ  by  (3),  it  is  thus 
evident  that  the  interior  fields  are  to  be  derived  from 


2?»  = 


i[(l  -  v*)(u2  -  1)]# 
1  1 


SB 


jj  _ 

*  “  [(l  -  v2)(u2  -  »*)]»  aiT 

„  _~1 _ 1 _  dB3 

jncul2  [(w2  —  1)  (m2  —  t’2)]'-  dv 

for  a  source  current  density  J*(v)  in  the  external  shell  at  u  —  ua. 
A  suitable  representation  for  the  auxiliary  function  B3  is 

B:<  =  SpJ p(qc,u)V p(qc,v) 

P 

where  JJo^u)  —  ( u 2  —  1  )KRiJl)(a^u) 


(13.132) 


(13.133) 


(13.134) 


(13.135) 

(13.136) 


where  JP(qc,u)  =  ( u 2  —  l)HRi,Pil)  (Qc,u)  (13.136) 

VP(qc,v)  =  (1  -  v*)»Si.p(Qc,v)  (13.137) 

qc  —  (tcMc)  and  dp  is  an  undetermined  coefficient.  The  radial  function  fllfP(1) 
of  the  first  kind  is  chosen,  since  the  fields  are  to  be  finite  at  the  center  of  the 
spheroid. 

The  boundary  conditions  which  require  that  the  tangential  fields  E *  and  Hv 
be  continuous  at  u  —  u0  are  equivalent  to 

B2  =  B3  u  =  Uo 

1  dB2  _  1  dB3 
fi  du  fx  c  du 


u  =  Uo 


and 


u  =  Uq 


(13.138) 

(13.139) 
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Thus,  on  using  (13.111)  and  (13.135),  we  require  that 

o)  +  TnTn(^f,'Uo)]  T»(Q',y)  ^  ^  ^  byJ  viOc^o)  V'd(QciV')  (13.140) 

n  p 

and 

-X!  lPnU'n(q,u0)  +  TnUte^lFnCg^)  =  -  Z  V' (gt,«o)F,(w)  (13.141) 

M  n  Me  p 

where  we  have  explicitly  indicated  the  dependences  of  the  terms  on  the  left- 
hand  sides  of  these  equations.  This  system  may  be  simplified  slightly  by  ex¬ 
panding  the  VpS  in  terms  of  the  Vn’s .  Thus,  in  a  similar  fashion  to  that  used 
in  Sec.  13.5,  we  find  that 

(Pul  n  +  7 nTn)  =  ^  5p./pLp(n)  (13.142) 

P 

and  -  [0 +  Tn T'n]  =  -X  &pJpWn)  (13.143) 

M  Me  p 

where  Lp(n)  =  /"^  (1  —  »a)’"1Fn(g>v)VFp(^,v)  dt?  (13.144) 

is  the  same  quantity  as  given  by  (13.94). 

13.8  Excitation  of  Spheroid  System  by  a  Ring  Magnetic  Current 

The  development  of  the  field  expressions  for  a  spheroid  excited  by  an  azi¬ 
muthal  electric  current  of  density  is  identical  with  the  corresponding 
derivation  for  a  spheroid  excited  by  an  azimuthal  magnetic  current  of  density 
Jm<t>(v).  In  this  case,  we  need  make  only  the  following  transformations  in  the 
equations  (13.110)  to  (13.144). 

J  ^00  . *  J  rrufrip') 

E<t>  — »  Hj, 

Hv-*-Ev 
Hu  -Eu 

M  ^ 

e— >  m 

Bi  —>  Ai  (for  i  =  1,  2,  and  3) 

For  example,  in  analogy  to  (13.119)  and  (13.120),  the  far  field  of  the  spheroid 
at  u  =  u0  excited  by  a  loop  of  magnetic  current  Im  at  u  =  ua  and  v  —  ya  is 

=  F(<?)  ^  (13.145) 

where  the  pattern  is 

F(«)  =  -;r4—  X  exp  (j  l  n)kj ^  U n(ua)  +  rB(wa)"|Fn(cos  0)  (13.146) 

iu  Sill  (y  n  \  *  /  Lyn  _ 
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and  kn  is  given  by 


V  nip  a )  Im 


(13.147) 


In  this  case,  $n/%  is  directly  analogous  to  j3n/yn  if  the  above  transformations 

are  kept  in  mind.  In  particular,  if  the  spheroid  is  a  perfect  electric  conductor, 
it  is  evident  that 


§n  _  T  n  (lip) 

7n  U'n(Uo) 


(13.148) 


Then,  if  the  magnetic  current  loop  is  allowed  to  approach  the  spheroid  (that  is, 
ua  — > ►  Wo),  we  find  that  (13.146)  reduces  to 


F(fi)  = 


m  =  - 


q  sin  6 


k  sin  6 


Z/ .  7T  \  7  Fn(cos  $) 

exp\J2n)K-u^r 

T  exD  (i  -  n  \  Fn^Fn' 

»  6  P  V  2  /  Ni,nU’ 


(cos  d) 
(uo) 


(13.149) 

(13.150) 


It  is  rather  interesting  to  note  that  in  the  limiting  case,  where  va  — s ►  1, 
(13.150)  may  be  written  in  the  form 


m  = 


j(I  ds) 


E 


exp  [j(w/2)n]  <ri,„F„(cos  B) 


wkl2  (u02  —  1)  „ 


N  In 


U'n  (uo)  sin  6 


(13.151) 


where 


<Tl,n  = 


lim 

r  vn(Va)  i 

=  lim 

Si,n(q,va)  ~ 

Va — >1 

1 

N 

« 

1 

Va — *1 

La  -  va2)»] 

=  b  E  d,Un(q)(r  +  2  )(r  +  1) 

"  r  =  0,1,  *  •  • 

Here,  I  ds  is  the  equivalent  electric  dipole  moment  related  to  Im  by 


(13.152) 


jeooIm(dA)e  =  —(I  ds)  (13.153) 

where  (dA)e  ~  ttZ2[(1  —  va2)(u02  —  1)] 

is  the  area  of  the  magnetic  current  loop. 

If  we  write  the  far  field  in  the  form 


Ids 
4t  r 


ke~ikrV  {6) 


(13.154) 


we  see,  on  comparing  (13.145)  and  (13.154),  that 


exp  [j(7r/2)w]<Ti,„Fn(cos  B) 
Ni,nU'n(uo)  sin  6 


(13.155) 


This  formula  for  V (B)  is  identical  with  that  given  by  Belkina,20"  who  derived 
it  by  assuming  initially  that  the  electric  dipole  was  located  on  the  tip  of  a 
perfectly  conducting  prolate  spheroid.f  By  definition,  the  radiation  pattern  is 

fTo  establish  the  equivalence  with  Belkina’s  result,  it  is  necessary  to  change  her  gaussian 
units  to  mks,  change  her  time  factor  exp  ( -jU)  to  exp  (+jut),  and,  finally,  change  her 
notation  for  the  spheroidal  functions  to  that  used  here. 
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f  =  25  =10  =5  =2  =1.5  =1 


Fig.  13.7  A’-plane  patterns  of  an  electric  dipole  at  the  tip  (i.e.,  the  top)  of  a  metallic 
prolate  spheroid.  (After  Belkina .20“) 
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a  plot  of  |F(0)|  as  a  function  of  6  from  0  to  180°.  Using  Belkina’s  numerical 
data  for  V(6),  we  sketch  in  Fig.  13.7  the  radiation  pattern  for  a  number  of 
representative  prolate  spheroids.  The  ratio  of  major  axes  and  the  values  of  q  or 
kl  are  indicated  in  the  figure.  In  addition,  we  add  the  accompanying  table  in 
order  that  the  reader  may  see  the  related  parameters.  The  patterns  in  the 
right-hand  column  are  based  on  the  limiting  case  where  a ■— »  b  — >  r0  (i.e.,  a 
sphere) .  The  radius  of  curvature  r0  of  the  sphere  is  so  chosen  that  it  matches 
the  radius  of  curvature  (that  is,  b2/a)  at  the  tip  of  the  spheroid  used  in  the 
preceding  column.  Thus,  kr0  —  ( kb)2/ka  =  A’5/1.15.  It  is  evident  that,  at 
least  for  angles  8  <  about  100°,  there  is  some  similarity  between  the  patterns 
in  the  last  two  columns  of  Fig.  13.7.  This  is  a  consequence  of  the  dominating 
influence  of  the  local  radius  of  curvature  on  which  the  radiator  is  mounted. 
The  concept  has  been  expounded  at  length  by  V.  A.  Fock21  and  his  collabo¬ 
rators  in  the  U.S.S.R. 


13.9  The  Green’s  Function  in  Spheroidal  Coordinates 


In  various  problems  dealing  with  sources  in  the  presence  of  spheroidal 
bodies,  it  is  convenient  to  start  with  an  expansion  of  a  spherical  wave  in 
terms  of  spheroidal  wave  functions.  For  example,  the  free  space  Green’s 
function  G0(r|r')  is  defined  by 


G0(r|r') 


exp  (—  jk0  r  - 

-  r') 

4tt  r  —  r' 

(13.156) 


where  r  and  r'  are  position  vectors  from  the  origin  to  the  observer  and  source, 
respectively.  The  right-hand  side  of  (13.156)  is  an  outgoing  spherical  wave  for 
our  adopted  time  factor  exp  (jut).  Now,  Go  satisfies  the  inhomogeneous 
Helmholtz  equation 

(V2  +  AvOG0(r|r')  =  -5(r  -  r')  (13.157) 

where  5(r  —  r')  =  - . 1 . - . 5(u  —  u')5(v  —  v')8(<t>  —  4>r)  (13.158) 


is  the  three-dimensional  Dirac  function.  The  coordinates  of  the  source  point 
and  the  observer  are  (u',v' ,<f>')  and  in  the  spheroidal  coordinate  system. 

From  symmetry  considerations,  we  now  write 


OO  CO 

<?0(r|r')  =  ^  ^  Am,„Sm,n(q,v)Sm,n(q,v') 

m— 0 n=m 


X  cos  m(<t>  —  <j)')\ 


Rm,nW  (q,u)Rm,ni4)  fe «') 
Rm,nil)  (q,U')Rmfni4)  (q,u) 


u  <  u' 
u  >  u' 


(13.159) 


where  the  summations  are  over  integer  values  of  m  and  n  and  where  Am,n  is  a 
coefficient  yet  to  be  determined.  We  note  that  (13.159)  has  the  required  finite¬ 
ness  at  v  =  ±1  and  at  u  —  1.  Also,  it  has  the  required  outgoing  wave  char¬ 
acter  as  u  —»  oo . 
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Both  sides  of  (13.157)  are  now  multiplied  by  l2(u2  —  v2),  and  we  then  in¬ 
tegrate  with  respect  to  u  over  a  small  interval  about  uf.  We  then  find  that 


u  =  u'  +  0 
u  —  u'  —  0 


~\s(v  -  -  <j>') 


(13.160) 


which,  on  using  (13.159),  is  transformed  to 


•d.m,n^mln(^r>^)^m,n(^,j^  )  COS  <j)  ) 


m  n 


-jkoS(v  -  vf)8(<t>  -  4>f)  (13.161) 


By  orthogonality,  it  is  a  simple  matter  to  show  that 


d-m  ,n 


jk  o€m 

2ttW 


(13.162) 


where 


m 


1 

2 


mtn 

for  m  =  0 
for  m  =  1,  2,  3,  . 


•  ♦ 


The  desired  representation  is  thus  given  by  (13.158)  with  the  above  value  for 
the  coefficient  dm,„. 

In  some  scalar  boundary-value  problems,  such  as  acoustic  scattering22-23 
from  spheroids,  the  fields  may  be  derived  from  a  scalar  Green's  function 
G(r|r')  which  satisfies  (13.157)  but,  in  addition,  has  a  boundary  condition  oT 
the  form 


dG 

du 


(13.163) 


where  r  is  an  impedance  parameter.  It  is  understood  here  that  the  radial  co¬ 
ordinate  u'  of  the  source  is  such  that  uf  >  u0.  When  the  surface  of  the  spheroid 
is  rigid,  F  =  0,  which  is  a  special  case  of  the  general  impedance  boundary  con¬ 
dition.  The  perfectly  “soft"  spheroid  corresponds  to  setting  r  =  <» . 

It  is  an  interesting  exercise  for  the  reader  to  show  that  the  appropriate  form 
of  the  Green’s  function  which  satisfies  (13.163),  for  u  <  u'}  is 


GW)  .  -#*  V  V 


00 


00 


m 


2i7V  to  =  0  n  —  m  Rf m,n 


X  fm,n(q,Uo,u,u')  cos  m(ij>  —  4>)  (13.164) 


where 


fmtn  ) 


=  Rm.nw(q,u')[Rm.na)(q,u) 

_  Rm,n^  (fft'R o)  ^Rm,n^  {q^o)  p  (4w  \ 

Rm,n{i),(q,uQ)  -  TRmtn^(q9Uo)  m’n 


(13.165) 


The  primes  here  indicate  differentiation  with  respect  to  u0  and,  as  usual, 
q  =  k0L  The  corresponding  representation  valid  for  u  >  uf  is  obtained  by 
simply  interchanging  u  and  v!  in  (13.164)  and  (13.165).  This  fact  follows  from 
the  required  symmetry  of  the  problem. 
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The  limiting  cases  for  r  =  0  and  r  =  <»  were  given  by  Flammer,5  who, 
however,  inadvertently  omitted  the  factor  cos  m  (<t>  -  *')• 

13.10  Application  of  Scalar  Green’s  Function  to  Dipole  Scattering 

While  the  application  of  the  scalar  Green's  function  to  acoustic  scattering  is 
very  straightforward,  this  is  not  the  case  for  electromagnetic  problems.  The 
vector  nature  of  the  electromagnetic  field  is  the  source  of  considerable  diffi¬ 
culty.  Fortunately,  however,  there  are  classes  of  symmetric  electromagnetic 
problems  in  which  the  solutions  become  tractable. 


Fig.  13.8  Electric  dipole 
located  outside  perfectly 
conducting  spheroid. 


We  consider  the  example  of  an  electric  dipole  located  outside  but  on  the  axis 
of  a  perfectly  conducting  spheroid.  The  situation  is  illustrated  in  Fig.  13.8, 
where  the  surface  of  the  spheroid  is  u  =  u0  and  the  source  is  located  at  u  =  ux 
and  v  =  +1.  Because  of  the  symmetry,  the  magnetic  field  has  only  a  <f>  com¬ 
ponent.  It  is  convenient  to  write  this  as  the  sum  of  a  primary  field  H ^  and  a 
secondary  field  H Thus, 


where 


H<j>  =  H$v  +  H$8 


jp  d^e 

kQ  dp 


nr 


(13.166) 


Here  R  is  the  distance  between  the  observer  at  ( u,v )  and  the  source  at  (uhl) 
and  p  is  the  dipole  moment. 

The  key  step  is  now  to  use  the  expansion  for  the  free  space  Green's  function  as 
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given  by  (13.159)  to  enable  H p  to  be  expressed  in  terms  of  spheroidal  wave 
functions.  Then,  after  some  simplification,  we  find  that  for  u  >  u\. 


H*v  =  - 


4  p 


oo 


z 


<?l,n 


Ri.niHq,u)Ri.niHq,u)SiM>»)  (13.167) 


where 


o-i 


l(Ul 2  -  1)»  n=\  Ni,n 

—  ijm  -§±'.ni9.iv) 

,n  V™  (1  -  V*)» 

In  order  that  this  result  be  valid  for  u  <  U\>  we  merely  interchange  u  and  U\. 
The  secondary  field  is  now  so  constructed  that  the  boundary  condition 

1  d  [(w2  -  1  )»H,]  =  0  (13.168) 


rp  _ 

j2j  — 


jq(u2  —  v 2)^  du 


is  satisfied  at  u  =  u0.  After  some  consideration,  we  find  that 


Hp  = 


4p 


IW  ~  U*  Nil 


z 


TnRl , n M)  {q,Ul)Rl,n{i)  ( q,u)S1>n(q,V ) 


d 


where 


du 


[(w2  -  l)»Ri ,nw(q,u)} 


n 


d 


du 


[(m2  -  l)HRi,„w (q,u)] 


(13.169) 


u=tt| 


which  is  valid  for  u  >  Uq.  This  is  the  result  given  by  Belkina.20*1  If  we  now 
allow  the  source  to  approach  the  spheroid  (that  is,  Ui  — »  u0)  and  then  employ 
the  wronskian  condition  (13.28),  we  obtain  for  the  total  field 


H 


4> 


4 jp 


00 


where 


ql  (uq1  -  1)  n?i 

d 


^nRl.n^MSr.M 

NunU'Juo) 


U'n(u0)  =  fu  (w2  -  1  )»Ri.n«Kq,u) 


(13.170) 

(13.171) 


Uxrli| 


Using  the  asymptotic  approximation  for  Ri,n{A)(q,u),  we  find,  in  the  limit  of 
lu  — °° ,  that 

H*  =  -pe-^-V(6)  (13.172) 


where  V (6)  is,  by  definition,  the  radiation  pattern. 


13.11  Extension  to  Oblate  Spheroid 

In  all  our  discussion  up  to  this  point,  we  have  been  considering  prolate 
spheroidal  geometry.  Actually,  the  theory  of  oblate  spheroidal  wave  functions 
and  many  of  the  connecting  formulas  are  formally  equivalent  to  their  counter¬ 
parts  in  the  prolate  system.  To  demonstrate  this,  we  define  oblate  spheroidal 
coordinates  (in  terms  of  the  cartesian  coordinates)  as  follows: 

x  =  l[(u2  +  1)(1  —  v2)]rt  cos  <t> 
y  =  l[(u2  +  1)(1  —  v2)\^  sin  <j> 
z  —  luv 


(13.173) 

(13.174) 

(13.175) 
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y  F  ] 


Fig.  13.9  Oblate  spheroidal  coordinates. 


where  l  is  the  semifocal  distance.  It  is  evident  that  these  are  obtained  from 
(13.1)  to  (13.3)  by  replacing  u  and  l  with  db ju  and  =F jl,  respectively. 

For  the  oblate  coordinate  system,  which  is  sketched  in  Fig.  13.9, 

0  <  w  <  c°  and  —1  <  v  <  +1 


As  in  the  prolate  system,  u  is  a  radial  coordinate  and  v  is  an  angular  coordinate. 
Also,  as  before,  when  l  is  finite,  the  surfaces  u  =  constant  become  spherical  as 
u  — >  a> .  In  this  same  limit,  v  — >  cos  6,  where  9  is  the  actual  spherical  angle 
coordinate. 

The  metrical  coefficients  for  the  oblate  system  are 


„  =  i( 


u2  +  v 


and 


h,c  -  •  u2  + 

K  =  l[(  1  -  y2)(u2  +  1)]M 


H 


*•  - ' (t^) 


H 


Then  the  scalar  wave  equation  (13.8)  has  the  form 


dv 


{1-v2)lv  +  iu{u2  +  1)-L 


+ 


u 2  +  v 2 


a2 


C u 2  +  i)(i  —  v2)  a^: 


+  q2(u2  —  v2) 


(13.176) 


7  =  0  (13.177) 


Solutions  in  Flammer^5  notation  are 


—  *Sm,n(  JQ)V)Rm,n(  jQiJ'U') 


sin 


(13.178) 


This  may  be  obtained  formally  by  replacing  q  and  u  in  (13.10)  by  —jq  and  ju, 
respectively. 

Using  the  transformations  indicated,  nearly  all  the  formal  derivations  in  the 
preceding  sections  may  be  carried  over  to  the  corresponding  oblate  configura- 
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tion.  The  exceptions  include  the  limiting  form  of  the  prolate  spheroid  radial 
function  when  q  —  rmr/2.  In  the  oblate  geometry,  simplified  expressions  do 
not  exist  for  this  case.  However,  it  is  rather  interesting  to  note  that  certain 
simplifications,  which  occur  for  a  flattened  oblate  spheroid  (i.e.,  a  disk),  do  not 
appear  to  have  a  meaningful  physical  counterpart  in  the  prolate  system. 


13.12  Excitation  of  Oblate  Spheroid  by  Axial  Dipole 


An  important  configuration  which  may  be  treated  by  the  transformation 
technique  is  the  perfectly  conducting  oblate  spheroid  which  is  excited  by  a 
centrally  located  electric  dipole.  To  be  specific,  the  oblate  spheroid  is  defined 
by  u  =  u0  and  the  dipole  is  located  at  u  =  u%  and  v  =  +1.  Expressions  for  the 
field  of  the  dipole  may  be  obtained  directly  from  the  results  already  derived  for 
the  prolate  spheroid.  The  applicable  formula  in  this  case  is  obtained  from 

(13.169)  if  we  simply  make  the  substitutions  —jq  in  place  of  q  and  ju  in  place 
of  u.  In  the  limit  when  the  dipole  is  located  on  the  surface  of  the  spheroid, 

(13.170)  applies  if  the  same  substitutions  are  made.  In  this  case,  the  explicit 
form  for  the  far  field  is 


where,  in  analogy  to  (13.155), 


V(fi)  = 


with 


/  / 

4 j  exp  [j(x/2)n]  o-i,„F„(eos  0 ) 

q2(uo2  +  1)  n  Ni,nU'n(u0)  sm  0 
F„(cos  0)  _  „  ~ 


(13.179) 


(13.180) 


+1 


Nun  =  J_1  [Si,n(-jq,v)]2  dv 


&l,n 


Sl.n(~jq,v)  _  1 


CO 


lim  n  - 

i?—*o  \T 


V 2) 


9  Z  dTl,n(—jq)(r  +  2)(r  +  1) 

"  r=0,l.2.  .  .  . 


and 


K(u0) 


d 


=  ^[(M2+1)^1,n<4,(-i9,i«)] 


U=  'tlrQ. 


The  oblate  coefficients  drl,n(—jq)  have  been  tabulated  by  Flammer.5 

In  the  limit  of  a  vanishingly  thin  oblate  spheroid,  Uq  — ►  0  and  then  l  is 
simply  the  radius  of  the  disk.  The  pattern  function  V (6),  as  given  by  (13.180), 
is  now  written 


t//m  4 j  “  exp  (jim/2)<runSun(-jq,  cos  0) 

V(e)  -  ?  z ■  - 

*  n=  1 


d 


Nltn^-Rl,nM(-jq,jU  o) 


(13.181) 


The  magnitude  of  V (6)  is  shown  in  Fig.  13.10  on  a  polar  plot  for  q  =  1,3,  and  5. 
For  the  broadside  direction,  6  =  ?r/2,  it  turns  out  that  V  is  unity.  (This  is  a 
consequence  of  the  fact  that  the  disk  currents  do  not  radiate  in  the  plane  of  the 
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<7=1  <7=3  q~5 


Fig.  13.10  Radiation  patterns  of  electric  dipole  on  metallic  circular 
disk  (solid  curves)  and  sphere  (dashed  curves). 


disk.)  Also  shown,  for  comparison  in  Fig.  13.10,  are  the  corresponding  patterns 
for  a  radial  electric  dipole  on  the  surface  of  a  perfectly  conducting  sphere 
whose  radius  is  the  same  as  that  of  the  disk.  It  is  evident  that  the  disk  and  the 
sphere  produce  mutilations  of  the  free  space  pattern  which  bear  little  re¬ 
semblance  to  one  another.  Some  similar  patterns  were  calculated  by  Leitner 
and  Spence,24  who  also  gave  numerical  results  for  the  current  distribution  on 
the  disk. 

The  low-frequency  limit  of  the  pattern  for  the  dipole  on  the  surface  of  the 
oblate  spheroid  is  obtained  from  (13.180)  by  letting  q  — >0.  We  then  obtain 
Belkina,s20b  result,  which  is  given  by 


_ sin  6 _ 

(wo2  +  1)(1  —  Uq  arccot  u0) 


(13.182) 


which,  apart  from  a  factor,  is  the  same  as  the  dipole  in  free  space.  In  the  disk 
limit  (that  is,  u0  — *  0),  we  have  simply 


V  (6)  =  sin  6 

which  states  that  an  electrically  small  disk  has  a  negligible  effect  on  the  radia¬ 
tion  from  an  electric  dipole. 


13.13  Fields  of  a  Horizontal  Dipole  over  a  Disk 

An  interesting  oblate-spheroidal  configuration  was  considered  by 
Kocherzhevskii.25  He  was  concerned  specifically  with  the  radiation  from  a 
magnetic  dipole  which  was  located  at  the  surface  of  a  perfectly  conducting 
disk.  Such  a  radiator  is  equivalent  to  an  infinitesimally  short  slot  radiating 
from  one  side  of  a  vanishingly  thin  oblate  spheroid.  It  is  interesting  to  note 
that  attempts  to  solve  this  problem  for  the  oblate  spheroid  of  finite  thickness 
(that  is,  Wo  >  0)  have  not  been  successful.  The  difficulty  lies  in  the  inability  to 
express  the  electromagnetic  field  in  terms  of  two  scalar  functions  which  are 
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related  to  two  components  of  a  Hertz  vector  in  the  general  spheroidal  system. 
However,  when  the  spheroid  degenerates  into  a  disk,  the  currents  produce  a 
Hertz  vector  which  does  not  have  a  component  normal  to  the  disk.  This 
appears  to  be  the  reason  that  certain  vector  electromagnetic  problems  associ¬ 
ated  with  perfectly  conducting  disks  are  solvable.  Meixner,26  Flammer,27  and 
Belkina20b  have  exploited  this  fact  in  obtaining  solutions  for  dipoles  in  the 
presence  of  disks  and  apertures.  As  mentioned  above,  Kocherzhevskii’s  result 
is  a  limiting  case  when  the  dipole  (magnetic  type)  is  centrally  located  and 
directed  along  a  diameter  of  the  disk. 


Fig.  13.11  Horizontal  magnetic  dipole  over  a  per¬ 
fectly  conducting  circular  disk  of  radius  l. 


We  shall  very  briefly  outline  Belkina’s205  derivation  for  the  horizontal  mag¬ 
netic  dipole  located  on  the  axis  of  the  disk.  The  situation  is  illustrated  by 
Fig.  13.11.  The  circular  disk  is  located  at  u  —  0  with  respect  to  the  oblate 
spheroidal  coordinate  system,  which  is  chosen  to  have  its  semifocal  distance  l 
equal  to  the  radius  of  the  disk.  The  magnetic  dipole  of  moment  M  is  located 
on  the  axis  of  the  disk  at  a  distance  lu .  It  is  oriented  in  the  x  direction  (that  is, 
4>  =  0).  The  observer  at  (uyvy<j>)  is  a  distance  R  from  the  source  dipole. 

As  it  turns  out,  the  boundary  conditions  for  the  present  problem  can  all  be 
satisfied  if  it  is  assumed  that  the  resultant  magnetic  Hertz  vector  II*  has  only 
an  x  and  2  component.  The  fields  are  then  to  be  derived  from 

E  =  -je  ococurlll*  (13.183) 

and  H  =  (k02  +  grad  div)II*  (13.184) 

In  cylindrical  coordinates,  the  components  of  the  magnetic  Hertz  vector  have 
the  following  form: 

n*  =  4>(p,z)  cos  if>  II*  =  —  #(p,z)  sin  4>  and  n*  =  yf/(p,z)  cos  $ 
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where  and  \p  are  two  scalar  functions  which  do  not  depend  on  <j>.  The 
boundary  conditions 


En  =  E, 


lead  to 


p  ~ 


dz 

d$ 

dz 


= 


=  0 
1 
P 

dip 

dp 


for  z  =  0,  p  <  l 


p  <  l,  z  =  0 


Therefore,  on  the  disk,  we  must  have 


dP  Pw 


which  may  be  integrated  to  give 


=  C 


dz  p  <  l,  z 

yp  =  Cp 

where  C  is  a  constant  yet  to  be  determined. 
We  now  write 


=  0 


(13.185) 


(13.186) 


(13.187) 


$  =  (|>P  -(-  <|>8 

where  is  the  potential  due  to  the  primary  field  of  the  dipole  and  $s  is  the 
secondary  influence.  At  the  same  time,  we  note  that,  in  the  absence  of  the 
disk,  \p  =  0.  We  are  now  led  to  express  <£s  and  \p  as  expansions  in  oblate 
spheroidal  wave  functions.  In  order  to  match  boundary  conditions,  they  must 
have  the  form 


OD 

&  =  X  AnR0,nW(—jq,ju)S0,n(—jq,v)  (13.188) 

n  —  0 

CO 

yp  =  BnRi.nW(-jq,ju)Si,n(-jq,v)  (13.189) 

n  =  0 


where  An  and  Bn  are  yet  to  be  determined.  Using  (13.159),  with  a  suitable 
change  to  the  oblate  system,  we  may  express  the  primary  potential  as  follows : 


M  e-}k°R 

R 


=  -VIM  RoJiK-jqjui)R0,Al\-jq,ju)SU-jq,v) 


(13.190) 


which  is  valid  for  u  <  U\,  In  order  that  this  apply  to  u  >  u\ ,  we  merely  inter¬ 
change  u  and  in. 
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The  boundary  conditions  (13.187),  written  in  the  form, 

A  ($p  +  $.)  =  Civ  u  =  0 

and  <(/  =  Cl(  1  —  v2)H  u  =  0 


may  be  used  to  solve  for  the  coefficients  An  and  Bn.  On  the  other  hand,  the 
constant  C  is  determined  by  imposing  the  condition  that  the  radial  current  at 
the  edge  of  the  disk  should  be  zero.  This  condition  is  equivalent  to 


lim  {Ht 

8 — >0 


r=0 
u—  —  8 


i'=0 


Explicit  expressions  for  the  coefficients  as  well  as  representative  radiation 
patterns  have  been  given  by  Belkina20b  and  Kocherzhevskii.25  Their  papers 
should  be  referred  to  for  further  details.  The  extensive  and  comprehensive 
analysis  report  on  this  subject  by  Flammer27  is  also  to  be  recommended. 
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CHAPTER  14 


SLOT  ANTENNAS 

R.  T.  Compton,  Jr.  and  R.  E.  Collin 


14.1  Introduction 

In  this  chapter  we  consider  slot  antennas.  Specifically,  we  shall  study  a  slot 
in  a  ground  plane,  a  slot  on  a  cylinder,  a  slot  on  a  sphere,  and  waveguide 
slot  arrays.  The  radiation  patterns  and  some  of  the  impedance  properties  of 
these  antennas  will  he  discussed. 

Our  approach  in  this  chapter  will  be  to  assume  that  the  aperture  electric 
fields  are  known  and  to  calculate  everything  else  from  them.  This  approach, 
although  only  approximate,  gives  reasonably  good  results  for  most  engineering 
purposes.  Furthermore,  in  most  cases,  it  is  the  only  method  by  which  theoreti¬ 
cal  calculations  of  patterns  and  impedances  can  be  made  at  all.  The  configura¬ 
tion  of  most  slot  antennas  is  such  that  an  exact  theoretical  treatment  is 
impossible.  An  exception  to  this  is  the  open-ended  parallel-plate  waveguide, 
which  can  be  treated  exactly  by  the  Wiener-Hopf  method.  This  problem  will 
be  discussed  in  Chap.  15. 

Space  does  not  permit  a  discussion  of  the  properties  of  slots  on  wedges, 
elliptic  cylinders,  and  other  structures  of  a  similar  nature.  The  reader  is 
referred  to  Wait’s  book  for  a  treatment  of  some  of  them.14 


14.2  The  Slot  Antenna  in  a  Ground  Plane 


First  we  consider  a  half-wavelength  slot  in  an  infinite  ground  plane  as  shown 
in  Fig.  14.1.  A  slot  occupying  the  region  |x|  <  a,  \y\  <  5  is  cut  in  a  perfectly 
conducting  screen  of  infinite  size.  The  region  z  >  0  is  free  space,  and  the  slot 
radiates  into  this  half  space. 

Such  a  slot  can  be  excited  in  a  number  of  ways.  For  example,  a  coaxial  line 
from  the  rf  source  may  be  connected  across  the  center  of  the  slot,  as  shown  in 
Fig.  14.2.  Or  the  slot  may  be  fed  from  a  waveguide,  with  the  slot  as  an  opening 
in  one  of  the  walls.  The  slot  could  be  either  in  a  sidewall  or  across  the  end  of 
the  waveguide  as  shown  in  Fig.  14.3.  The  arrangement  in  Fig.  14.3  is  some¬ 
times  called  an  endwall  slot.  Another  possible  feeding  arrangement  is  a  cavity 
behind  the  slot  instead  of  a  waveguide.  The  cavity  itself  may  be  fed  by  a  probe 
and  a  coax  line,  as  shown  in  Fig.  14.4. 

With  any  of  these  feeding  arrangements,  the  tangential  electric  field  in  the 
aperture  will  be  assumed  to  be  given  by 


Ea  =  xE0  cos 


Try 

2b 


x 


<  a,  y  <  b 


(14.1) 
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Fig.  14.3  Endwall  slot.  Fig.  14.4  Cavity-fed  slot. 


The  tangential  electric  field  in  the  xy  plane  outside  the  aperture  is  zero,  because 
the  ground  plane  is  perfectly  conducting.  This  assumed  aperture  field  is 
reasonable,  in  view  of  the  method  of  excitation.  For  the  endwall  slot  of  Fig. 
14.3,  for  example,  the  dominant  TEi0  mode  in  the  waveguide  has  the  same 
distribution  across  the  waveguide  as  that  given  by  (14.1).  A  coax-fed  slot  and 
a  cavity-fed  slot,  if  the  cavity  is  excited  primarily  in  its  fundamental  mode, 
would  also  generate  an  aperture  distribution  that  is  maximum  at  the  center 
and  tapers  to  zero  at  the  edges. 

The  fields  in  the  region  z  >  0  resulting  from  this  aperture  distribution  are 
easily  found  by  using  (3.1)  to  (3.14)  of  Chap.  3.  With  E a(x,y)  as  the  tangential 
field  in  the  aperture,  the  transform  f t{kX)ky)  is  given  by 

f t(k„ku)  =  / °  I"  h  Ea(x,y)e*k**+W  dx  dy  (14.2) 

J  £=  —a  J  o 

and  then  the  field  at  any  point  in  space  is 

1  r  CO  f  CO 

E (x,y,z)  =  J—  I  /  f (kx,ky)  exp  (-jk*r)  dkxdky  (14.3) 

x7T  J  kx= t—co  J  ky=  — co 
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In  the  far  field,  (14.3)  simplifies  to 


E(x,y,z)  =  jh  *2 —  [<K/y  cos  (t>  -  /*  sin  <f>)  cos  6  +  6 (fx  cos  <t>  +  fy  sin  <£)]  (14.4) 


where  /*  and  /*,  are  evaluated  at  kx  =  &0  cos  <t>  sin  6  and  ky  =  sin  sin  0  and 
the  angles  0  and  <f>  are  defined  in  Fig.  14.1. 

When  these  formulas  are  applied  to  the  aperture  distribution  given  in  (14.1), 
it  is  found  that 


f  t(kx,ky)  =  x 


2Eqtt  sin  kxd  cos  kyb 
b  kz  ky 2  —  (t/2  b)2 


(14.5) 


so 

fx(ko  cos  <t>  sin  0 ,  kQ  sin  <t>  sin  0) 

—  2£>  sin  (/cQq  cos  sin  0)  cos  (/c06  sin  0  sin  0) 

6  fc0  cos  0  sin  0  (. k0  sin  <j>  sin  0)2  —  (tt/26)2 


and  thus  in  the  far  field, 


E 


4 


Ee  = 


.7  ^  ,  e~jk*r  .  J  _  sin  (fc0a  cos  <f>  sin  0) 

?/c0A0a6 - sin  4>  cos  0  — — — - 

r  k0a  cos  <t>  sm  0 

X  cos  (kQb  sin  <j>  sin  0) 

(k0b  sin  <j>  sin  0)2  —  (71-/2) 2 

*7  i  c_yi°r  .  sin  (fc0a  cos  <£  sin  0) 

— jk0E0ab - cos  4>  — ~ - —~h — —L 

r  k0a  cos  <k  sm  0 


(14.6) 


(14.7) 


(14.8) 


If  the  height  of  the  opening  is  small,  so  k0a  «  1,  and  the  opening  is  a  half¬ 
wavelength  long,  so  k0b  —  7r/2,  the  pattern  expressions  become 


V0e~**r  .  ,  . 

- sin  4>  cos  0 

v  r 


cos  I  -  sm  <f>  sm 


1  —  sin2  4>  sin2  0 


Vo  er** 

ir  r 


cos  <t> 


cos  I  ^  sm  <j>  sm 


1  —  sin2  (f>  sin2  0 


(14.9) 

(14.10) 


where  we  have  defined  Vq  —  2aE0  as  the  voltage  across  the  slot. 

In  the  <f>  —  0  (y  —  0)  plane,  E $  is  zero  and  Ee  is  constant,  so  the  pattern  in 
this  plane  is  omnidirectional.  This  result  is  a  consequence  of  the  assumption 
that  a  is  small.  In  the  <t>  =  t/2(x  =  0)  plane,  Ee  is  zero  and 


(14.11) 


which  is  shown  in  polar  form  in  Fig.  14.5. 
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y 


Fig.  14.5  Electric  field  E<f>  vs. 
6  in  =  tt/2  plane. 


This  pattern  has  the  same  dependence  on  6  as  that  of  a  half-wavelength 
electric  dipole  oriented  along  the  y  axis.  In  fact,  the  aperture  treated  here 
produces  exactly  the  same  fields  as  a  magnetic  dipole  with  magnetic  current 


— 4aj&0  cos 


y 


<  b 


(14.12) 


radiating  in  free  space,  i.e.,  with  no  ground  plane.  Thus  the  slot  is  just  the  dual 
of  an  electric  dipole.  If  we  interchange  electric  and  magnetic  quantities,  ac¬ 
cording  to  duality  theory,1  (14.11)  gives  the  formula  for  H $  for  an  electric 
dipole.  More  will  be  said  about  this  below,  in  connection  with  Babinet’s 


To  determine  the  total  power  radiated  by  this  aperture,  we  may  integrate 
the  real  part  of  the  Poynting  vector  over  a  hemisphere  of  large  radius  centered 
on  the  aperture.  In  the  far  field, 

H  =  f0-1?  X  E  (14.13) 

E  X  H*  =  E  X  (fo"1?  X  E*)  =  f0_1(E*E*)f  (14.14) 

and  thus  34  Re  (E  X  H*)  =  ^<Tl(EtEt  +  E^E%)i  (14.15) 

'“X 

Therefore  the  total  power  P  radiated  by  the  aperture  is 


F  = 


r  t/2  t  2 r 

J  0=0  J  <t>= 


fo-1  Fo2 


o  2  T2r2 


(sin2  <t>  cos2  6  +  cos2  <j>) 


X  ^  [(./2)  sin  .  Sm  »]  r,  ^  d)  d 
(1  —  sm2  <j>sm2  d)2 

1  T-2  r  W2 


LL  [  f 

TV2  J  0=0  J 


2r  COs2  [(7r/2)  sin  *  sin  e]  sin  0  <18  d* 


4>=o  (1  —  sin2  <f>  sin2  6)2 


(14.16) 


This  integral  may  be  evaluated  by  first  making  a  change  of  coordinates  to  a 
spherical  coordinate  system  having  the  y  axis  as  its  polar  axis.  In  Fig.  14.6  is 
shown  the  new  coordinate  system  with  polar  angle  $  and  azimuth  angle  ij.  For 
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Fig.  14.6  The  angles  \p  and  q. 


a  given  vector  r,  $  is  the  angle  between  r  and  the  y  axis  and  y  is  the  angle  made 
by  the  projection  of  r  in  the  xz  plane  with  the  z  axis.  It  may  be  seen  by  writing 
out  the  y  component  of  r  in  both  coordinate  systems  that 


and  hence 


sin  6  sin  $  =  cos  \f/ 


cos2  [(x/2)  cos  t p 
sin2  ^ 


sin  \j/  d,yp  dy 


(14.17) 

(14.18) 


where  we  do  not  transform  sin  6  dd  d<j>  directly  but  merely  replace  it  with 

sin  ^  d\p  dy,  the  appropriate  incremental  solid  angle  for  the  new  coordinate 
system. 

The  7]  integration  in  (14.18)  may  be  done  immediately,  and  then  the  re¬ 
maining  x//  integral  is  of  exactly  the  same  form  as  the  integral  previously  con¬ 
sidered  in  (2.46)  if  k0l  is  set  equal  to  rr/2  in  that  equation.  Hence  we  find 

p  =  (ln  _  ci  2ir)  =  2  436  (14 19) 


Since  V0  is  the  voltage  across  the  center  of  the  slot,  we  may  define  a  radiation 
conductance  Gr  as  the  conductance  that,  if  placed  across  the  voltage  V0,  would 
dissipate  the  same  power  as  that  radiated  by  the  slot,  that  is, 

'AVo 2G>  =  P  (14.20) 

or  Gr  =  2.436  7^  =  1.03  X  10^3  mhos  (14.21) 


It  may  be  remarked  that,  since  the  narrow  half-wavelength  slot  considered 
here  is  the  dual  of  the  half-wavelength  electric  dipole,  it  is  naturally  not  sur¬ 
prising  that  the  integral  needed  to  evaluate  the  radiated  power  is  the  same  as 
the  one  that  occurred  with  the  electric  dipole.  Also,  the  radiation  conductance 
of  a  slot  having  length  other  than  a  half  wavelength  may  be  calculated  in  the 
same  way  as  above,  and  the  integral  needed  will  be  the  same  as  the  one  in  (2.46) 
for  an  electric  dipole  of  arbitrary  length. 
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Babinet’s  Principle 

The  duality  between  this  slot  and  an  electric  dipole  is  related  to  a  more 
general  statement  known  as  Babinet’s  principle.2  Consider  a  source  S  that 
radiates  behind  an  infinite  electric  conducting  screen  in  which  there  is  an 
aperture  >Sa,  as  shown  in  Fig.  14.7a.  Let  the  fields  which  result  from  S  on  the 
right  side  of  the  screen  be  denoted  by  Ee,  He.  Next  consider  the  same  source  $ 
radiating  in  the  presence  of  a  perfect  magnetic  conductor,  shown  in  Fig.  14.76, 
whose  shape  and  position  are  exactly  the  same  as  those  of  the  aperture  Sa-  Let 
the  fields  which  result  to  the  right  of  the  conductor  in  this  case  be  denoted  by 
Em,  Hm.  Then  Babinet’s  principle  states  that 

Ee  +  Em  =  Et  He  +  Hm  =  H,  (14.22) 


Infinite  screen  of 
eiectric  conductor 

E«* ,  Hg, ,  £0 


Magnetic  conductor 
£/77>  H/77,  Co 


Dual  f 
of  5  I 


Electric  conductor 

JQ 


Fig.  14.7  Illustration  for  Babinet’s  principle. 


where  E,,  H,  are  the  fields  that  would  result  if  the  source  S  were  to  radiate  in 
empty  space,  with  no  conductors  present  at  all.  The  electric  screen  and  the 
magnetic  screen  are  usually  referred  to  as  complementary  structures ,  because  the 
two  structures,  if  fitted  together,  completely  fill  the  infinite  plane  with  no 
overlap.  A  proof  of  Babinet’s  principle  is  given  by  Harrington.3 

A  more  useful  statement  of  Babinet’s  principle  may  be  obtained  by  taking 
the  dual  of  the  situation  shown  in  Fig.  14.76.  Suppose  a  source  that  is  the  dual 
of  S  radiates  in  the  presence  of  an  electric  conductor  having  shape  Sa,  as  shown 
in  Fig.  14.7c,  and  the  medium  surrounding  the  source  and  the  conductor  has 
characteristic  impedance  To"1,  where  f0  is  the  characteristic  impedance  of  the 
medium  in  Fig.  14.7a  and  6.  Then  the  problem  in  Fig.  14.7c  is  the  dual  of  that 
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in  Fig.  14.76.  Let  the  fields  in  Fig.  14.7c  be  denoted  by  E^H,,.  Then,  from 
duality,  the  values  of  Ed  and  Hd  may  be  obtained  from  E„,  and  Hro  by  replacing 
Em  by  Hd  and  Hm  by  —  Ed.  Equations  (14.22)  then  become 

E*  +  Hd  =  Ei  He  -  Ed  =  Hi  (14.23) 

The  situation  shown  in  Fig.  14.7c  is  a  more  useful  complement  to  that  in  Fig. 
14.7a,  because  both  involve  electric  conductors. 


Fig.  14.8  Complementary  structures 
with  terminals. 


Babinet’s  principle  can  also  be  used  to  derive  a  relationship  between  im¬ 
pedances  of  complementary  structures.  If  the  complementary  structures  are 
so  shaped  that  voltages  and  currents  can  be  defined,  as  in  Fig.  14.8,  then  it  is 
found  that 

ZeZd  =  ^  (14.24) 


where  Ze  is  the  impedance  of  the  aperture  in  the  conducting  screen,  Zd  is  the 
impedance  of  the  complementary  antenna,  and  f0  is  the  wave  impedance  of 
free  space. 

It  is  interesting  to  note  that  the  radiation  conductance  of  the  slot  in  Fig.  14.1 
could  have  been  calculated  directly  from  Babinet’s  principle  and  the  fact  that 
the  radiation  resistance  of  a  half-wave  dipole  is  730.  Since  the  slot  and  the 
dipole  are  complementary, 


Z  aperture^  dipole 


fo: 


(14.25) 


Hence  (the  slot  and  dipole  are  assumed  resonant,  so  the  reactive  components  of 
impedance  are  zero) 


or 


1 


fo! 


3772 

4(73) 


=  486 


Faperture  4^dipole 

Y aperture  =  2.06  X  10~3  mhoS 


(14.26) 

(14.27) 


The  aperture  that  is  used  in  BabineFs  principle  would  radiate  on  both  sides  of 
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the  screen.  Since  the  slot  of  Fig.  14.1  is  understood  to  radiate  on  only  one  side 
of  the  screen,  it  will  radiate  only  one-half  as  much  power  as  the  aperture  in 
Babinet’s  principle,  and  hence 

Gr  =  — p|ture  =  1.03  X  10-3  mhos  (14.28) 

which  checks  the  result  (14.21). 


14.3 


Slots  on  Cylinders  — 


tal  Solution 


In  this  section  we  consider  small  slot  antennas  on  conducting  cylinders.  The 
circular  cylinder  is  the  simplest  geometry  involving  a  curved  surface,  and  an 
antenna  on  a  cylinder  is  the  least  difficult  problem  of  this  type  to  treat.  Fur¬ 
thermore,  the  analytical  results  can  be  reduced  to  numerical  calculations  (at 
least  for  small  cylinders)  because  the  functions  appropriate  for  this  geometry, 
the  Bessel  functions,  are  well  tabulated.  Hence,  this  type  of  antenna  is  a 
fruitful  one  to  study. 

Consider  the  cylinder  shown  in  Fig.  14.9.  The  axis  of  the  cylinder  is  the 
z  axis  of  an  xyz  coordinate  system,  and  a  cylindrical  coordinate  system  r,  $  is 
also  defined.  The  C3dinder  has  radius  a  and  is  infinitely  conducting. 


x 


Fig.  14.9  A  conducting  cylinder 
with  coordinate  system. 


(o)  [6) 

Fig.  14.10  Slots  on  a  cylinder, 
(a)  Circumferential  slot;  ( b )  axial 
slot. 


Two  types  of  slot  antennas  will  be  considered:  The  circumferential  slot  and 
the  axial  slot.  A  circumferential  slot  is  one  with  a  narrow  height  in  the  z  direc¬ 
tion  and  a  large  width  in  the  <t>  direction,  possibly  even  the  entire  circumference. 
A  circumferential  slot  is  shown  in  Fig.  14.10a.  An  axial  slot  is  one  that  is 
narrow  in  the  <j>  direction  and  long  in  the  z  direction,  as  shown  in  Fig.  14.105. 
As  with  the  slot  in  a  ground  plane,  we  assume  the  aperture  field  to  be  known 
and  then  calculate  the  fields  outside  the  cylinder. 

The  properties  of  such  slots  have  been  studied  by  quite  a  few  authors. 
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Sinclair  discussed  the  pattern  of  an  infinite  axial  slot  having  only  a  <f>  com¬ 
ponent  of  electric  field.4  He  showed  radiation  patterns  for  various  values  of 
koa  ( k0  =  2x/X0,  where  X0  is  the  free  space  wavelength)  between  0.0318  and 
0.2865  and  between  0.5  and  8.  Some  patterns  for  an  array  of  two  slots  were 
also  given.  Papas  discussed  the  far  fields  for  a  circumferential  slot  completely 
around  the  cylinder  with  a  uniform  axial  component  of  electric  field.5  He  also 
treated  the  finite  circumferential  slot  with  a  cosinusoidal  aperture  distribution.6 
Silver  and  Saunders  have  formulated  the  general  expressions  for  the  far  fields 
for  an  aperture  of  arbitrary  shape,  and  they  have  used  their  results  to  study  the 
case  of  a  rectangular  aperture  of  finite  width  in  both  the  2  and  directions  ex¬ 
cited  by  both  a  <f>  component  and  a  2  component  of  electric  field.7’8  They  apply 
their  general  results  to  the  specific  case  of  a  narrow  axial  slot  one-half  wave¬ 
length  high  having  a  cosinusoidal  distribution  of  E and  they  give  tabular 
data  from  which  patterns  of  an  axial  slot  may  be  computed  for  two  sizes  of 
cylinder,  k^a  =  0.8  and  kQa  =  2.5.  Wait  and  Kahana  have  given  extensive 
calculations  of  the  patterns,9  both  magnitude  and  phase,  for  the  case  of  a  half¬ 
wavelength  circumferential  slot  on  cylinders  with  k0a  =  2,  3,  5.  They  show 
both  the  direct  and  the  cross-polarized  component  of  the  far  field,  and  they 
give  calculations  for  several  values  of  the  polar  coordinate  (see  Fig.  14.9). 
Bailin10  has  given  extensive  calculations  of  both  components  of  the  far  field  for 
the  half-wave  circumferential  slot  and  for  the  half-wave  axial  slot  for  cylinder 
sizes  koa  =  9  and  kQa  =  12.  Wait11,12  has  given  extensive  data  on  the  half¬ 
wavelength  axial  slot  for  values  of  kQa  from  0.1  to  21,  and  Wait  and  Kates13 
have  given  results  for  the  half-wavelength  circumferential  slot  for  values  of  fcoa 
between  3  and  21.  A  large  bibliography  and  a  review  of  many  of  these  results 
have  been  given  by  Wait.14 

In  our  discussion  of  this  problem,  we  shall  follow  the  derivation  given  by 
Silver  and  Saunders.7  8  Consider  an  infinite  conducting  cylinder  of  radius  a 
with  cylindrical  and  spherical  coordinate  systems  defined  as  shown  in  Fig. 
14.11.  A  rectangular  aperture  cut  in  the  surface  of  the  cylinder  occupies  the 


Fig.  14.11  An  aperture  on  an  in¬ 
finite  cylinder. 
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region  z\  <  z  <  z2  and  —  <t>o  <  <t>  <  <#>o.  The  electric  field  in  the  aperture  is 
assumed  to  he  known  and  to  be  given  by 

E*(a,<j>,z)  =  Fl(<t>)Gl(z)  (14.29a) 

Ez(a,4>tz)  =  F2(<t>)G2(z)  (14.295) 

To  find  the  fields  in  the  region  outside  the  cylinder,  we  write  general  expressions 
for  an  arbitrary  field  in  a  cylindrical  coordinate  system  and  then  evaluate  the 
unknown  coefficients  in  the  general  expression  by  setting  the  general  expression 
equal  to  the  assumed  fields  on  the  surface  of  the  cylinder.  The  general  ex¬ 
pression  for  an  electromagnetic  field  in  cylindrical  coordinates  may  be  obtained 
from  the  wave  equation  by  the  method  of  separation  of  variables.  If  it  is 
assumed  the  fields  are  periodic  in  <£,  with  period  2tt,  an  arbitrary  field  may  be 
written 

Ea(r,<t>,z)  =  /  8a(r,t£,5)  dh  (14.30a) 

J  - QO 

Ha(r,<t>}z )  =  /  3Qa(r,4>,h)  dh  (14.305) 


where  a  stands  for  one  of  the  subscripts  r,  <£,  or  2,  and  where 


8r 


>0 


3Cr  = 


00 
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-  oo  l 

CO 


.  dHn(Ar)  noj^o, 

-jhan  — - —  b 


nHn(Ar)l 


jn<f>  1 0—jhz 


E 


n—  —  oo 

CO 


y  anHn(Ar)  +  jmobn  dIi^r)  \g-M  \e~^ 


E  [(W  -  W)anHn{kr)]e-** 


—  CO 

00 


e 


■jhz 


E 


•  go 


nk  2 


o 


anHn(Ar )  —  jhbn 


dHJjAr ) 
dr 


(14.31a) 


(14.316) 


(14.31c) 


e-jn*\e-jhz  (14.3  Id) 


CO 


3C<>  —  i  ^ 


n~  —  oo 


CO 


.  fco2 


dHn(Ar)  nh ,  „  ,  . 
a„  — r1— ^ - bnHn(Ar) 

Mow  dr  r 


£  [  (fc02  -  62)6„H  „  (Ar)  ]e~**  e"'* 


g—jwt>  l g— (I4.31e) 


(14.31/) 


n—  —  <» 


In  these  formulas,  an  and  5n  are  arbitrary  coefficients  to  be  adjusted  to  make 
the  formulas  for  E*  and  Ez  in  the  aperture  match  the  known  values  given  in 
(14.29).  Hn(z)  is  the  Hankel  function  of  the  second  kind  of  order  n  and  argu¬ 
ment  2.  (Since  only  the  Hankel  function  of  the  second  kind  is  used,  we  have 
dropped  the  superscript  2.)  The  function  A  is  given  by 

A  =  -  52  (14.32) 

where  A  is  chosen  as  that  root  for  which 

Re  (A)  >0  Im  (A)  <  0 

corresponding  to  outward  radial  propagation. 


(14.33) 
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Equations  (14.30)  to  (14.33)  are  completely  general  formulas  that  may  be 
used  to  represent  any  electromagnetic  field,  assuming  only  that  the  field  is 
propagating  outward.  The  derivation  of  these  equations  is  given,  for  example, 
in  Stratton.15  As  mentioned  above,  it  is  assumed  in  the  derivation  of  these 
formulas  that  all  fields  are  periodic  in  <j>,  so  the  separation  constant  for  <j>  is  an 
integer  n.  Actually,  it  is  not  necessary  to  make  this  assumption,  because  only 
the  range  0  <  <  2tt  is  of  interest  and  there  is  really  no  requirement  of 

periodicity.  Other  representations  of  the  fields  can  be  obtained  by  dropping 
this  assumption. 

To  determine  the  coefficients  an  and  6„  in  this  expression  we  compare  the 
tangential  electric  field  computed  from  these  formulas  at  r  =  a  with  the  as¬ 
sumed  field  on  the  surface  of  the  cylinder,  viz.,  zero  everywhere  except  in  the 
aperture,  where  it  is  given  by  (14.29).  This  aperture  field  may  be  written  as  a 
Fourier  series  in  <j>  and  a  Fourier  integral  in  z : 

E*{a,<t>,z )  =  j~2  Z  f  dh  fZ‘  Gi(£)e->h(!-u 

t:7T  ft,  =  —  a>  J  —co  J  z\ 

[*'  Fi(0)eMd&  (14.34a) 

J  0=  — 00 

100 

-CO  -  CO  -  j 

UA.a,<t>,z)  =  ^  E  e-JBM  dh  G2(l-)e-»w  dt;  f  F,(fi)e™  d$ 

*kTT  fl  ssz  —  OD  J  — OO  j  -“OO  J  — 00 

(14.346) 

Equations  (14.30a)  and  (14.31  b  c) ,  when  applied  at  r  =  a,  give 
E*(a,<t>,z)  =  Z  f  —  —  aJIJka)  +  jw^hn  — dh 

n  =  —  oo  J  —co  [_  a  C/GE  j 


(14.35a) 

°°^  r 00 

Ez(a,<t>,z)  =  Z  e~in*  /  (V  -  h2)anHn(ka)e~ih*  dh  (14.35 b) 

n  =  —  co  J  — oo 

Comparing  (14.35)  with  (14.34)  gives 

#n(Aa)  Ja„  =  Ii(h)Ci(n)  (14.36a) 

Kh2  -  h2)Hn(Aa)]an  =  h{h)C{n)  (14.366) 

where  l,(h)  =  -L  J”  G,(£)elh(  d£  (14.37 a) 

Ci{n)  =  A  F,(H)e^  d/3  (14.376) 


The  above  equations  are  easily  solved  for  a„  and  6„,  with  the  result 

n  _  h(h)C2(n) 

”  (k02  -  62)//„(Aa) 

_  -jnhh{h)C2{h)  ,  jh{h)Cx{h) 

Un 


(14.38a) 


^(*.«- 6wliAa)/.a]  + 


(14.386) 
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These  coefficients,  when  substituted  in  (14.31),  give  the  formal  solution  for 
the  electromagnetic  fields  outside  the  cylinder.  This  solution,  however,  is  too 
cumbersome  for  calculating  field  patterns.  In  the  far  field  a  simple  approxima¬ 
tion  for  the  fields  may  be  derived  by  using  the  saddle-point  method  to  evaluate 
the  integrals  in  (14.30).  The  procedure  for  doing  this  is  as  follows.  We  first 
describe  the  far  fields  in  terms  of  spherical  coordinates  R ,  0,  (f>  (shown  in  Fig. 
14.11)  by  substituting 


r  =  R  sin  $  z  =  R  cos  6 


(14.39) 


in  the  expressions  for  the  fields.  Next  we  assume  that  the  quantity  R  sin  6  is 
quite  large,  i.e.,  that  the  point  where  we  calculate  the  fields  is  at  a  great  dis¬ 
tance  from  the  antenna  and  not  too  near  the  surface  of  the  cylinder.  Then  we 
replace  the  Hankel  function  Hn(AR  sin  6)  by  its  asymptotic  form:16 

Hn(AR  sin  8)  =  (  t  J  .  Y  e~*R  •>“ >  e^+l)rl*  (14.40) 

\xA/rsm0/ 


in  (14.31).f  When  this  is  done,  and  (14.31)  is  substituted  into  (14.30),  the 
order  of  integration  and  summation  may  be  reversed  and  it  is  found  that  the 
expression  for  any  one  of  the  field  components  is  of  the  form 
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Kl(h.R,8,n)h(h)e -in  e+h  cos  »>  dh 
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r  co 

C,(»)  / 


Kt(h,R,6,n)h(h)e-*«  ““  *+h  coe  »>  dh 


(14.41) 


For  example,  for  the  field  component  E 


Ki(h,R,8,n )  = 
Ki(h,R,e,n)  = 


H  gj(2n—l)r/4 

dHn(Aa)/da 
H  nheK2n~l) T/4 


o(fc0 2 


h2)  dHn(Aa)/da 


where  all  terms  decaying  faster  than  1/R#  have  been  neglected 
The  integrals  given  in  (14.41)  are  of  the  form 


( 


CO 


GO 


F(h)eR*^  dh 


(14.42a) 

(14.426) 


(14.43) 


fin  practice  it  is  found  that  approximately  2koa  terms  are  required  for  convergence  of  the 
series  in  (14.31).  The  fact  that  the  approximation 


Hn  (x) 


2  n  4*  1 
4 


is  valid  only  for  |x|  n  does  not  impose  any  restriction,  because  for  cylinders  up  to  moderate 
size  the  series  converges  before  this  limitation  comes  into  effect.  For  very  large  cylinders,  an 
alternative  representation  is  used,  as  explained  later  on. 
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where 

and 


F(h)  =  \K,W,n)h(h) 
y  1  1  K2(h,R,d,n)h(h) 

$(h)  =  —j( A  sin  0  +  h  cos  9) 


(14.44) 

(14.45) 


The  integration  is  carried  out  along  the  real  axis  in  the  complex  h  plane,  with 
the  contour  indented  below  the  branch  point  at  h  —  —  k0  and  above  the  branch 
point  at  h  =  +  fc0  to  ensure  the  proper  behavior  of  the  integral  at  infinity.  The 

saddle-point  method  of  integration  consists  in  deforming  the  contour  of  inte- 

£ 

gration  so  that  it  passes  through  the  saddle  point,  defined  by 


(14.46) 


in  such  a  way  that  the  contour  follows  the  path  of  steepest  descent.  This  path 
may  be  determined  from  the  equation 


Im  [4 >(h)}  =  Im  [4>(A0)]  (14.47) 

which  holds  at  every  point  along  the  path.  It  is  easily  shown,  by  using  (14.45) 
in  (14.46),  that  the  saddle  point  occurs  at 


h0  =  k0  cos  6  (14.48) 

and  the  steepest  descent  path  is  as  sketched  in  Fig.  14.12. 


Im  h 


Fig.  14. 12  The  steepest  descent  path. 


With  the  sign  of  A  defined  as  in  (14.33),  it  can  be  shown  that  the  integral 
along  an  infinite  semicircle  connecting  the  original  path  and  the  steepest 
descent  path  vanishes.  Hence,  both  paths  of  integration  give  the  same  result. 
The  saddle-point  integral  is  easily  evaluated  by  taking  advantage  of  the  fact 
that  the  main  contribution  to  the  integral  occurs  in  the  vicinity  of  the  saddle- 
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point.  Also,  in  this  region  F(h)  is  slowly  varying  compared  with  the  exponen¬ 
tial  term,  so  we  may  write  approximately 

F(h)eR^(h)  dh  «  F(h0)e[R^h^Ii]  ['  e'#*"  <*•>“*  du 

J  —co  J  —  e 


F(/c0  cos  #)c  r/4)  j  e~Rui}(2k° 8in2  5)  da 


F(A~0  cos  W2)^ 


2A"n  sin2  e\H 


)tt  t 00 

L  *~T 


dr 


27rA'o\^  . 


sin  0  F(A~0  cos 


(14.49) 


When  this  result  is  used  in  (14.41)  and  the  preceding  equations  for  the  fields,  it 
is  found  that  the  significant  components  in  the  far  field  are  given  by 


—  2  €~~jk*R  y*  in+1c"y7^C2(n)/2(A:o  cos  6) 

R  *  sin  9  Hn(koa  sin  9) 

p—jkoR  J*  A  np—}n<t> 

2X,.?.  H;  (ha  sin  «)  [C'(”)f  !<*»  «<*  *> 


(14.50a) 


+ 


n  cot  6 


A'oa  sin  0 
foH#  —  — R<t> 

£qHq  =  A1# 


C2(n)h(k0  cos  0)  (14.505) 


(14.50c) 

(14.50d) 


Both  Er  and  Hr  are  negligible  compared  with  the  other  components.  These 
formulas  will  now  be  applied  to  several  specific  types  of  slots. 


14.4  The  Uniformly  Excited  Circumferential  Slot 

Consider  a  circumferential  slot  which  goes  all  the  way  around  the  cylinder. 
Suppose  the  tangential  electric  field  in  the  slot  has  only  an  axial  component 
which  is  independent  of  <j>,  that  is,  assume  that  in  (14.29) 

FiOtf  -  Gi(z)  =  0  (14.51a) 

F2(<j>)  =  1  (14.515) 

V  <r 

Gt(z)  =  ■  2  w  ~  (14.51c) 

0  Izl  >  w 


(14.51  c) 


2  >  W 


Here  V  represents  the  voltage  across  the  slot.  An  aperture  distribution  of  this 
form  might  be  excited,  for  example,  by  a  radial  transmission  line  inside  the 
cylinder,  as  shown  in  Fig.  14.13.  It  is  readily  found  that 

f  1  n  =  0 


Ca(n)  = 


hih) 


n  ^  0 


(14.52a) 


V  sin  hw 
2ir  hw 


and 


(14.525) 


574 


ANTENNA  THEORY 


Coaxia 

line 


Fig.  14.13  A  method  of 
exciting  a  uniform  cir¬ 
cumferential  slot. 


and  hence  the  far  field,  from  (14.50),  has  only  a  6  component  of  E  and  a  0 
component  of  H: 


e  jk°R  jV  sin  (k0w  cos  6) 

ttR  sin  0  Ho(koa  sin  6)  k0w  cos  6 


(14.53a) 


€o  e  jk*R  jV  sin  (k0w  cos  6) 

Mo  kR  sin  6  Ho(koa  sin  6)  k0w  cos  6 


(14.535) 


If  the  slot  dimension  is  very  small,  so  that  \kQw  cos  0|  «  1,  then  these  formulas 
simplify  to 


JV 

sin  6  Ho(k0a  sin  6) 


(14.54) 


and  similarly  for  H Equations  (14.53),  or  the  simplified  version  (14.54),  can 
easily  be  used  to  calculate  the  pattern  for  a  specific  value  of  k0a. 


14.5  The  Circumferential  Slot  of  Finite  Width 


In  this  section  a  circumferential  slot  that  extends  only  part  way  around  the 
cylinder,  as  shown  in  Fig.  14.14,  will  be  discussed.  This  model  might  be  used, 
for  example,  to  study  the  radiation  from  a  waveguide  opening  through  the  side 
of  a  rocket  body  or  aircraft  wing. 

The  electric  field  in  the  aperture  will  be  assumed  to  have  the  same  form  as 
that  of  the  dominant  TEi0  mode  in  a  rectangular  waveguide,  namely, 

Fi(4>)  =  Gx(z)  =  0  (14.55a) 


\<t>\  <  00 

|0|  >  00 


<  w 


>  w 


(14.555) 


(14.55c) 
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Fig.  14.14  The  finite  cir¬ 
cumferential  slot. 


On  substituting  these  in  (14.37),  one  finds  that 


wE0  sin  hw 
t  hw 


n  s  \  _  1  cos  n<j> o 

"  (7r/2</>o)2  -  n2  “2^T 


(14.56a) 

(14.566) 


and  hence  the  resulting  far  fields  are  given  by  (en  =  1  for  n  =  0  and  =  2 
otherwise) 


Ee  =  - 


E 


<t> 


e  jk*R  wEo  sin  (kQw  cos  6) 


00 


z 


jrt+16rt  cos  n<t>  cos  n<t> 0 


R  7r0o  cos  0  sin  0  “b  Hn(koa  sin  0)[(x/2^o)2  —  n2] 

9  ■  e~~}k*R  cot  6  wEq  sin  ( k0w  cos  0) 

J  R  koa  sin  0  -w  k0w  cos  6 


CD 


y _ 

n=l  0o[(x/20o)2 

=  -Ei 
£oH$  =  E e 


jnn  sin  n<l>  cos  n<£0 


n2]H '  (&oa  sin  0) 


(14.57a) 


(14.576) 

(14.57c) 

(14.57c?) 


Several  authors  have  used  (14.57)  for  computing  far-field  patterns  of  a  cir¬ 
cumferential  slot  whose  long  dimension  is  exactly  one  half  wavelength,  i.e.,  for 
the  case  where 


(14.58) 


Papas6  has  given  a  calculated  pattern  of  the  magnitude  of  Ee  in  the  plane 
6  =  7t/2  for  k0a  =  5.  Bailin10  has  given  extensive  data,  both  tabulated  and 
in  curves,  for  k0a  =  8  and  k0a  =  12.  He  gives  both  Ee  and  E magnitude 
and  phase,  and  his  data  can  be  used  over  the  region  of  space  defined  by 
30°  <  6  <  150°  and  0°  <  (j>  <  360°.  Wait  and  Kahana9  give  similar  data, 
both  magnitude  and  phase  of  Ee  and  E^,  for  kQa  =  2,  3,  and  5.  Finally,  Wait 
and  Kates13  have  given  curves  for  \E$\  in  the  plane  6  =  tt/2  for  values  of 
koa  =  3,  5,  8,  12,  15,  18,  21.  Tabular  data  are  also  given  in  this  paper  for  an 
array  of  two  diametrically  opposed  slots,  fed  both  in  phase  and  out  of  phase, 
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f  =  0°  0  =  0° 


M  t0o  =  2,  8  =  3  0°  {c/)  l0a  =  2,  8=5.74° 


4>  =  0°  4>  =  0° 


(«)  4^  =  3,  8  =  90°  (/)  k0o=3,  8  =  60.07° 


Fig.  14.  L5  Radiation  power  patterns  (relative  values)  as  functions  of  <f>  and  9  for  a 
finite-width  circumferential  slot  with  2 a<f>Q  =  Xo/2.  (From,  Wait  and  Kahana.9  Re¬ 
produced  by  permission  of  the  National  Research  Council  of  Canada ,  Can.  J.  Tech ., 
Figs.  2-12,  vol.  32,  pp.  87-92,  January,  1955.) 
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4>  =  0“  4>  =  0° 


(  z  )  hao  =  5,  5  =  90°  (y)  k0o  =  5,  5=66.93° 


<f>  =  0° 


270° 


U)  /f0o  =  5,  5  =  30° 
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which  could  be  used  for  determining  the  phase  of  Ee  in  the  plane  6  =  tt/2 
as  well. 

An  example  of  these  calculations  is  given  in  Fig.  14.15.  Figures  14.15a  to 
14.15d  show  \Ee\ 2  and  |2?*|2  as  functions  of  <t>,  for  several  values  of  6 ,  and  for 
koa  =  2.  Figures  14.15e  to  14.15 h  show  the  same  results  for  koa  =  3,  and 
Figs.  14.15i  to  14.15A:  for  k0a  =  5.  Note  that  in  the  6  =  x/2  plane  the  field  is 
linearly  polarized,  but  in  other  planes  it  is  elliptically  polarized. 


The  Residue  Series 


The  series  solutions  for  Ee  and  E#  given  by  (14.57)  are  not  the  only  possible 
solutions  that  can  be  found.  Before  going  on  to  another  type  of  slot,  we  shall 
consider  an  alternative  solution  for  Ee  and  E$.  The  series  given  in  (14.57),  al¬ 
though  formally  correct  for  any  size  of  cylinder,  are  found  to  converge  very 
slowly  for  large  cylinders.  It  turns  out  that  approximately  2k0a  terms  must  be 
included  in  the  summation  for  good  accuracy.  Hence  for  large  cylinders,  these 
results  are  practically  useless,  and  for  this  reason  it  is  helpful  to  have  alter¬ 
native  solutions  that  converge  more  rapidly  for  the  case  of  kQa  large. 

The  series  given  in  (14.57)  is  usually  referred  to  as  the  “harmonic  series 
solution.”  An  alternative  representation  for  the  fields  that  converges  more 
quickly  for  large  k0a  may  be  obtained  by  converting  the  harmonic  series  into 
another  form  known  as  the  residue  series .  The  procedure  for  doing  this  was 
originally  due  to  Watson,17  who  used  it  to  study  the  diffraction  of  radio  waves 
by  the  earth,  and  hence  it  is  frequently  called  the  “Watson  transformation.” 

Consider  the  harmonic  series  for  Ee  given  by  (14.57).  Assume,  to  simplify 
the  algebra,  that  the  height  of  the  slot  is  small,  kQw  <<C  1,  so 


sin  (k0w  cos  6) 
k0w  cos  6 


(14.59) 


Also,  assume  the  slot  is  a  half  wavelength  long  so  <j> 0  is  given  as  in  (14.58). 
Then 


Ee  — 


e-jhR  Vk0a 


oo 


£ 


jn+1e„  cos  n<j>  cos  (mr/2k0a) 


R  7 r2  sin  0  rf^o  [(koa)2  —  n2]Hn(k0a  sin  0) 


(14.60) 


where  V  =  2wE0  is  the  “voltage”  across  the  slot.  Let  the  summation  in  (14.60) 
be  denoted  by  M(<f>): 


M(rb)  =  V  in+l€n  COS  n<t>  cos  (n7r/2A:0a) 

n=o  [(A:0a)2  —  n2]H„(A'0a  sin  6) 

ej(n+l)rl2e~jn4>  cog  (n7r/2A:0a) 

[(A'0a)2  —  n2]Hn(koa  sin  0) 


£ 


n=  —  co 


M  ( 4> )  can  be  written  as  a  contour  integral 


,,,  ,  _  1  f  e*-+i)W2e-y.*  cos  ( vw/2k0a )  e^w 

2wj  J  Co  [(koa)2  —  v2]Hy(k0a  sin  6)  sin  vr  V 


(14.61) 


(14.62) 
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Im  v 

A 


u  plane 

Q 

- ^ . y _ * 

k  /v  7T  X . —i 

C0  * 

Fig.  14.16  The  contour  of  integration  for 
Eq.  (14.62). 

where  Co  is  the  contour  shown  in  Fig.  14.16.  The  fact  that  this  contour  integral 
is  equal  to  the  original  sum  is  easily  seen  from  the  fact  that  the  function 

ejvTir 
sin  vi r 

has  simple  poles,  all  of  residue  1,  at  v  =  0,  dbl,  dt2,  ....  The  contour  Co  is 
understood  to  go  from  —  co  to  +  co  just  below  the  real  v  axis,  cross  to  just 
above  the  real  axis  at  v  =  +  co  f  go  back  to  —  co  above  the  real  axis,  and  then 
cross  to  just  below  the  real  axis  at  —  oo .  In  this  way  it  encircles  all  poles  on 
the  real  v  axis.  Since  the  original  harmonic  series  is  convergent,  the  residues  in 
the  poles  at  v  =  dt n  become  arbitrarily  small  as  n  — >  °°  }  and  it  can  be  shown 
that  the  contribution  from  the  end  pieces  at  v  =  dt  oo  is  negligible.  Thus  the 
summation  in  (14.61)  is  equal  to  the  sum  of  the  two  contour  integrals  shown  in 
Fig.  14.16,  one  just  above  the  real  v  axis  and  one  just  below. 

An  examination  of  the  integrand  in  (14.62)  shows  that  the  integrand  also 
has  poles  in  the  complex  v  plane  at  the  values  of  v  for  which 

Hv{koa  sin  B)  =  0  (14.63) 

Denoting  these  values  as  ^ Tfi j  1  ■  1 ,  1  ■  2 ,  .  . .  ,  xt  xs  found  th.at  tfiese  poles 

lie  in  the  second  and  fourth  quadrants  of  the  v  plane,  as  shown  in  Fig.  14.17.  It 
is  easily  shown  that  if  vm  is  a  root  of 

Hy(x)  =  0 

then  —vm  is  also  a  root.  In  Fig.  14.17  the  roots  are  so  numbered  that 

v-m  =  —vm  (14.64) 

We  now  evaluate  the  integral  in  (14.62)  by  deforming  the  contour  C0  into 
the  pair  of  contours  C\  surrounding  the  poles  vm,  m  =  ±1,  =b2,  . . .  ,  as  shown 
in  Fig.  14.17. 

Thus  the  contour  Co  lying  just  below  the  real  v  axis  is  evaluated  as  the  con¬ 
tour  C\  in  the  lower  half  v  plane  by  means  of  the  residue  theorem  applied  to  the 
poles  at  v  =  vm,  m  =  1,2,....  The  contour  Co  lying  just  above  the  real  v  axis 
is  evaluated  as  the  contour  Ci  in  the  upper  half  plane  encircling  the  poles  at 
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Im  V 


Fig.  14.17  The  poles  of  the  integrand  in  Eq. 
(14.62). 


v  =  —  vm,  m  =  1,  2,  ...  .  This  deformation  of  the  contour  is  possible  because 
the  contours  C0  and  C\  may  be  joined  by  a  contour  lying  on  an  infinite  semi¬ 
circle,  and  it  can  be  shown  that  the  integral  on  this  contour  vanishes.18 
Thus,  by  making  use  of  residue  theory,  it  is  found  that 


M  /  o,  _  o,*  V'  ejVmTl2  cos  (vmir/2k0a)  cos  [vm(<t>  —  w) 

1U\<P)  r/7  v?  oif *\TT  /K  _  f*x  1 


m 


=  1  [(ha)2  —  Vn?][dH v(k0a  sin  B)/dv]v=Vm  sin  vmTr 


(14.65) 


and  hence 


VkQa 

7 r2  sin  0 


m=  1 


ejVm*i 2  cos  (ym7r/2A0a)  cos  [ym(<fr  —  tt)] 
(A0a)2  —  Vm2}[dHv(kQa  sin  6)/dv]v=zVm  sin  vmw 


(14.66) 


This  alternative  series  representation  for  EB  is  called  the  “residue  series,” 
because  of  the  way  it  was  obtained.  It  is  found  that  this  series  converges  if 
7r/2  <  <t>  <  37r/2,  i.e.,  in  the  “shadow  region”  behind  the  cylinder.  The  series 
converges  more  quickly  the  higher  the  value  of  A0a. 

To  make  use  of  the  summation  in  (14.66)  it  is  necessary  to  know  the  posi¬ 
tions  of  the  roots  at  v  =  v±m)  and  also  to  know  the  values  of 


dHv(x) 

dv 


Jv*=v±m 


Evaluating  these  numbers  is  difficult  to  do  exactly,  but  it  can  be  done  by 
approximate  means  with  adequate  accuracy  for  most  purposes.  For  the  details 
of  these  calculations,  the  reader  is  referred  to  the  works  of  Wait19  and  Sensiper.20 

Figure  14.18  shows  a  comparison  between  the  patterns  computed  from  the 
harmonic  series  and  from  the  residue  series  for  a  half-wavelength  slot.  The 
curve  shows  \E$\  in  the  shadow  region,  90°  <  <t>  <  150°  for  0  =  w/2  and 
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90°  110°  130°  150° 

Fig.  14.18  Comparison  of  patterns  obtained 
from  the  harmonic  series  and  residue  series, 
for  kQa  =  8,  15,  21,  in  the  6  =  w/2  plane. 

( From  Wait  and  Kates. n) 

koa  =  8,  15,  21.  In  addition  to  the  harmonic  series  and  the  residue  series,  still 
other  representations  for  the  fields  that  are  valid  under  various  conditions  may 
be  found.  Some  of  these  are  discussed,  for  example,  by  Sensiper.20 


14.6  Half-wave  Axial  Slot 


We  shall  now  consider  the  half-wave  axial  slot,  shown  in  Fig.  14.106.  As¬ 
sume  the  slot  is  excited  by  an  electric  held  having  only  a  <j>  component  with  a 
cosinusoidal  distribution  in  the  z  direction.  In  (14.29),  we  let 


Then  from  (14.37), 


or,  assuming  l  = 


Gi(z) 


V 

*1 

2  a  </>o 

0 

/ 

7T2 

cosT 

/ 

\ 

0 

0 

<t>  |  >  <£o 

.  I 

Z^2 
.  I 


F2(<t>)  =  Gt(z)  S  0 


r  /n  _  COS  (M/ 2) 

lW  w  -  Or /m 


Ii(k0cos6)  — 


X0  cos  [(tt/2)  cos  0] 


'  2tt2  sin2  <9 
^  ,  x  F  sin  n<^o 

C'(n)  -  2ira  “SST 
h(h)  =  C2(n)  =  0 


(14.67a) 


(14.676) 


(14.67c) 


(14.68) 


(14.69a) 

(14.696) 

(14.69c) 
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and  thus  the  fields  are  found  from  (14.50)  to  be 

Ee  =  0 


Xp  Fq  e  cos  [(?r/2)  cos  0]  enjn  cos  n<t> 

27 r3  a  R  sin  0  sin  0  H'n(k0a  sin  0) 


sin  n<f> o 
n<j>Q 


and 


If  it  is  assumed  that  the  slot  is  narrow,  so  0O  is  small,  the  factor 


(14.70a) 

(14.706) 

(14.70c) 

(14.7Gd) 


sin  n<t> o 
n<f> o 


may  be  dropped  from  the  summation.  It  is  interesting  to  note  that  in  (14.706) 
the  factor 

cos  [ (tt/2)  cos  0] 
sin  0 


is  just  the  pattern  associated  with  a  half-wave  vertical  dipole,  and  the  sum¬ 
mation,  which  indicates  the  effect  of  the  cylinder  on  the  pattern,  is  just  the 
pattern  of  an  infinite  axial  slot  on  a  cylinder.4*7  In  this  sense  it  may  be  said 
that  the  pattern  is  “factorable.” 

Equation  (14.706)  has  been  used  by  several  authors  to  calculate  patterns  for 
various  values  of  kQa.  Silver  and  Saunders8  give  some  calculated  data  (and 
also  some  experimental  data)  for  k0a  =  0.8  and  koa  =  2.5.  They  show  polar 
plots  of  \E<t>\  in  the  plane  0  =  0,  7r,  in  the  plane  <j>  =  zFtt/2,  and  in  the  plane 
0  =  ?r/2.  Baffin10  gives  extensive  tabular  data  for  both  the  magnitude  and 
phase  of  E *  over  the  range  30°  <  0  <  150°  and  0  <  0  <  360°  for  both  koa  =  8 
and  koa  =  12.  Wait11  gives  calculated  data  in  graphical  form  for  the  summa¬ 
tion  in  (14.706),  which  he  calls  M(x,4>)  (he  has  a  slightly  different  normalizing 
constant) : 


where 


Mix, 4,)  = 


ICO  ♦ 

_  y'  enjn  cos  n<f>  sm  n$0 

t2x  „=o  H'n  (x)  n<j> o 


x  =  kna  sin  6 


(14.71a) 

(14.716) 

(14.71c) 


He  gives  curves  of  both  \M(x,<j>)\  and  for  the  following  values  of  x: 

0.1, 0.32, 0.4, 0.64, 0.8,  1,  1.5,  2,  3,  4,  6,  8,  10,  12, 15,  18,  and  21.  His  curves  are 
actually  plotted  for  infinitesimal  slot  width,  i.e.,  for 


sin  7i0o 
ft  00 


(14.72) 


He  also  discusses  the  effect  this  assumption  has  on  the  accuracy  of  his  cal¬ 
culations. 

An  example  of  these  calculations  is  shown  in  Fig.  14.19.  This  figure  shows 
the  pattern  of  \E+\  vs.  0  for  kQa  =  0.8.  Figure  14.19a  shows  the  pattern  in  the 
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8=  0°  9=0° 


<t>  =  180° 


( c } 

Fig.  14.19  Radiation  pattern  of  a  narrow  half-wave  slot,  (a)  \E^\  vs.  0  for  <f>  =  0,  tt;  (6) 
I^VI  vs.  0  for  <f>  —  dr  7r/2;  (c)  |i?#|  vs.  for  0  =  tc/ 2.  {From,  Silver  and  Saunders.8) 


plane  =  0,  ir,  and  Fig.  14.196  in  the  plane  <t>  =  ±7r/2.  Figure  14.19c  shows 
\E<t>\  vs.  <f>  for  8  =  x/2. 

As  with  the  circumferential  slot,  it  is  found  that  the  series  given  in  (14.706), 
the  harmonic  series,  converges  poorly  when  the  cylinder  is  large.  An  alterna¬ 
tive  representation  can  again  be  obtained  by  means  of  the  Watson  transforma¬ 
tion.  The  details  of  this  transformation  are  similar  to  those  given  above  for  the 
circumferential  slot.  The  reader  is  referred  to  Wait21  for  a  detailed  discussion. 
The  residue  series  for  this  problem  is  found  to  be 


where 


= 


wk0R  sin  6 


H  VJCn 

e-m*  sin  0— A7o(x,0) 


M  o  (;x,<t>) 

Qm 


A  w 

■■  --Z 

X 

j  sin  vmTt 


COS  I>m  (7 r  —  <t>) 

_ 

BH'Xx) 


dv 


v—vm 


(14.73  a) 

(14.736) 

(14.73c) 
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and  x  =  kQa  sin  0.  vmy  m  =  1,  2,  3,  . . .  ,  are  the  roots  of  the  equation 

=  0 
dx 

having  positive  real  part  in  the  complex  v  plane.  Approximate  methods  of 
finding  the  values  of  vm  are  discussed  by  Sensiper20  and  Wait.21 

As  with  the  circumferential  slot,  it  is  found  that  the  residue  series  representa¬ 
tion  is  useful  for  ir/2  <  <t>  <  St/2  and  for  large  values  of  koa.  In  addition, 
other  representations  for  E *  can  be  found. 


14.7  Slots  on  Spheres 

This  section  considers  the  problem  of  an  aperture  on  a  perfectly  conducting 
sphere.  This  problem  has  been  studied  by  Mushiake  and  Webster,22  and  the 
treatment  given  here  closely  follows  their  work.  As  with  the  cylinder  problems 
in  the  preceding  section,  only  the  exterior  problem  is  discussed.  Consider  the 
sphere  shown  in  Fig.  14.20.  Assume  that  the  sphere  has  radius  a  and  the 
aperture  is  defined  by  the  region  —  a  <  6  <  6X  +  a  and  —<t>o<<j><<k. 
Furthermore,  assume  the  aperture  electric  field  is  polarized  in  the  6  direction 
and  is  given  by 

Tr  v  i7  i  —  a.  <  6  <  B\  a  ,  _  . 

Ee  =  2^  Em  cos  m<}>:  ,  . "  “  (14.74) 

m  —  0  "9o  S  9  S  90 

and  is  an  even  function  of  <t>  about  <j>  =  0  and  is  constant  as  a  function  of  6  over 
the  aperture. 

The  resulting  fields  outside  the  aperture  may  be  written  as  a  sum  of  spherical 
mode  functions  chosen  to  satisfy  the  radiation  condition  at  infinity  and  to  have 
the  proper  symmetry.  The  correct  form  is 

00 

E=lE"  (14.75a) 

m  —  0 

CO 

H  =  X  (14.756) 

m  =  0 


z 


Fig.  14.20  A  slot  on  a  sphere. 
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where  the  components  of  Em  are 


ER™ 


E  cos  m<b  Y '  B  m  n^n  ^  kQahn(koR)  m/  q\ 

"  0  n  =  m  "  koR  [k0 ah„  (jfcoO)  ]'  "  (C°S 


(14.76a) 


EtT 


En  cos  m<t>  E  U. 


n=  m 


hn(k0R)  mPnm 
hn(k0a)  sin  8 


ma  [koRhn(k0R)Y  dPnm 
”  F  [*oafc.(*oa)]/  ^ 


(14.765) 


2?*m 


rp  •  ,  j  m  hn(k0R)  dPn 

Em  sin  7tl(f>  /  ,,  -Tn  7  Tt  \  TT 

n=m  hn  (k0a)  ad 


and  the  components  of  Hm  are 


,  D  ma  [hRhn{UR)Y  mPnm 
R  [koahn(koa)Y  sin  8 


(14.76c) 


“Fmsinra$  X)  ^4n 

MO  n  =  m 


w(w  +  1)  hn(k0R) 
k0R  hn(kga) 


Pnm( cos  0) 


(14.77a) 


-Em  sin  m<t>  E  ' 


n=  m 


[fcoF/^fcoF)]'  dPnm 
k0Rhn(koa ) 

t>  TO  k0ahn(k0R)  7fiPn 


Bn 


[k0ahn(k0a)Y  sin  0 


(14.775) 


—  Em  cos  m<f)  jP 

MO  71=  TO 


i4n 


JCoF5n(/CoF)]/  TflP nm 
k0Rhn(koa)  sin  0 

_  "Dm  ^ou5n(/coF)  dPn 

[k0ahn(koa)Y  d8 


(14.77c) 


For  a  given  aperture  field,  the  coefficients  Fm  are  found  by  expanding  the  field 
in  a  Fourier  series  as  in  (14.74).  hn(k0R)  is  the  spherical  Hankel  function  of  the 
second  kind  of  order  n 

[k0Rhn(k0R)Y  =  [k0Rhn(k0R)\  (14.78) 

and  P„m( cos  8)  is  the  associated  Legendre  function  of  the  first  kind,  of  degree  n 
and  order  m.  The  coefficients  Anm  and  Bnm  are  found  from  the  ortho  gonality 
property  of  the  Legendre  functions  to  be  given  by 

4  „  2n  +  1  (n  —  m)\  r#i+«  „  .  ^  . 

An  ~  2 n(n  +  1)  (n  +  m) !  mFrJn  dd  (14.79a) 

u  2n  +  1  (n  —  m)\  r^+«  dPnm  .  .  ^  x 

“  _  2 n(n  +  1)  (n  +  m) !  ~dT  Sln  6  dd  (14‘79b) 


(14.79a) 

(14.796) 


To  cast  (14.76)  and  (14.77)  into  a  more  useful  form,  the  Hankel  functions 
may  be  replaced  by  their  asymptotic  form  to  obtain  a  formula  that  is  valid  in 
the  far  field.  The  result  is 


ERm 

E»m 


e  >k*R  2aE, 


Dm  cos  m<j> 


(14.80a) 

(14.806) 
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Etm 
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6  LOLShjn  ♦ 
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where 


(14.80c) 

(14.81a) 

(14.816) 

(14.81c) 


00 


-  Z  O') 


n  —  m 


A  m 
•  a*  n 

1 

mPnm 

B„m 

koa 

dPnm\ 

3  2a 

hn(k0a) 

sin  6 

2  a 

[kQahn(k0a)Y 

dd  ) 

(14.82) 


Fig.  14.21  A  half-wave 
equatorial  slot. 


As  an  example  of  this  type  of  problem  consider  the  case  of  a  half-wave 
aperture  located  along  the  equator  of  the  sphere,  as  shown  in  Fig.  14.21.  As¬ 
sume  the  aperture  has  a  narrow  dimension  in  the  6  direction  and  an  amplitude 
distribution  which  tapers  sinusoidally  to  zero  at  the  ends  of  the  slot: 


(14.83) 


When  this  is  expanded  in  a  Fourier  series,  as  in  (14.74),  the  result  is 
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Em 
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2  whoa2  a 

V  2  k0a 

1  ^7r aa  (koa)2  — 
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-  sm  k0l 


(1  —  cos  k0a ) 
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m  9^  koa 
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(14.84) 


27raa  a 


m 


koa 


When  these  values  for  the  coefficients  are  substituted  into  (14.80)  and  (14.81), 
the  far-field  patterns  from  such  a  slot  may  be  calculated.  The  results  of  such  a 
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— +<t> 

Feed  point 


Fig.  14.22  \E$\  vs.  <j>  in  the  9  =  t/2  plane  for  a  half-wave 

equatorial  slot  on  a  sphere,  ( From  Mushiake  and  Webster.22) 


calculation  are  shown  in  Fig.  14.22  for  spheres  with  radii  k0a  =  1,  2,  3,  and  4. 
The  patterns  show  equatorial  plane  (0  =  tt/2)  values  of  \E$\  plotted  as  a 
function  of  <f>.  It  is  clear  that  the  gain  of  the  antenna  in  the  direction  6  =  tt/2, 
<t>  —  0  increases  as  the  size  of  the  sphere  increases.  A  number  of  other  patterns 
for  slots  on  spheres  are  given  in  the  paper  by  Mushiake  and  Webster.22 

14.8  Slotted  Waveguide  Arrays 

The  preceding  sections  have  dealt  with  the  properties  of  a  single  slot  as  a 
radiator.  These  elemental  radiators  may  obviously  be  used  as  the  basic  radiat¬ 
ing  elements  in  an  array  to  obtain  much  higher  directivity  and  lower  side  lobes 
than  are  obtainable  from  a  single  slot.  In  order  to  optimize  the  array  it  is 
necessary  to  have  control  over  the  excitation  level  of  each  slot  in  the  array. 
Also,  suitable  means  of  feeding  the  slots  is  required.  Fortunately,  both  of 
these  conditions  can  be  met  by  cutting  the  slots  in  a  waveguide  wall  with  the 
array  axis  extending  along  the  length  of  the  waveguide.  A  common  form  of 
slotted  waveguide  array  is  one  consisting  of  slots  cut  in  the  broadwall  of  a 
rectangular  guide.  The  design  of  this  type  of  array  is  discussed  below. 

Figure  14.23  shows  a  longitudinal  slot  cut  in  the  broadwall  of  a  rectangular 
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Fig.  14.23  A  longitudinal  resonant  slot  in  the  broadwall 
of  a  rectangular  waveguide  and  its  equivalent  circuit. 


guide.  If  the  guide  is  excited  in  the  dominant  TEio  mode,  the  current  flowing 

on  the  upper  wall  is  proportional  to 

* 

_ .  ~  7 rx  ,8a*.  itx 

F  °C  X  cos - 7  —  Z  Sill  — 

a  7T  a 


At  the  center,  where  x  =  a/2,  the  current  is  entirely  in  the  z  direction.  Conse¬ 
quently  a  narrow  centered  longitudinal  slot  does  not  intercept  any  current 
flow  lines  and  is  not  excited.  By  offsetting  the  slot  from  the  center,  current 
flow  lines  are  intercepted,  and  the  excitation  of  the  slot  increases  with  the 
distance  it  is  offset  from  the  center.  A  detailed  analysis,  which  is  presented  in 
the  next  section,  shows  that  the  narrow  longitudinal  slot  acts  as  a  shunt  con¬ 
ductance  across  the  waveguide  at  its  resonant  frequency.  The  normalized 
conductance  is  given  by 


2.09 


sin2 


itx  i 

a 


(14.85) 


where  \g  is  the  guide  wavelength,  X0  is  the  free  space  wavelength,  and  Xi  is  the 
offset  as  shown  in  Fig.  14.23.  The  guide  width  and  height  are  a  and  5,  respec¬ 
tively.  Experimentally  it  is  found  that  the  resonant  length  of  the  slot  is  very 
nearly  X0/2. 

If  the  voltage  across  the  equivalent  transmission  line  is  V,  the  power  radiated 
by  the  slot  will  be  |F|2  g/ 2.  Hence  the  excitation  of  the  slot  is  proportional  to  g 
and,  from  (14.85),  is  seen  to  vary  with  offset  according  to  sin  (wxi/a).  Thus, 
varying  the  offset  distance  xx  is  a  convenient  and  practical  way  to  control  the 
excitation  level  of  individual  slots. 


Resonant  Array 

There  are  two  basic  types  of  slotted  waveguide  arrays:  the  resonant  array 
and  the  nonresonant  array.  The  resonant  array  is  designed  for  broadside 
operation  and  uses  a  slot  spacing  of  \/2,  while  the  nonresonant  array  can  be 
designed  to  have  the  main  lobe  at  any  angle  with  respect  to  the  normal  to  the 
broadwall  of  the  guide  but  in  the  plane  containing  the  array  axis  and  the  nor¬ 
mal  n.  We  shall  consider  the  resonant  array  first. 

To  obtain  broadside  radiation  all  the  slots  must  be  excited  in  phase.  This 
can  be  achieved  by  spacing  the  slots  one  guide  wavelength  \g  apart.  However, 
in  order  to  avoid  more  than  one  main  lobe  in  visible  space  the  spacing  must  be 
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Short 

circuit 


Fig.  14.24  The  resonant  array  and  its  equivalent  circuit. 


less  than  X0  for  a  broadside  array.  In  a  conventional  unloaded  waveguide 
Xp  >  X0,  so  spacing  the  slots  by  a  distance  \g  will  not  yield  a  satisfactory  array. 
The  difficulty  is  overcome  by  noting  that  the  surface  current  in  the  x  direction 
is  of  opposite  sign  on  adjacent  sides  of  the  centerline.  Therefore,  the  slot  ex¬ 
citation  is  reversed  in  sign  by  offsetting  it  on  the  adjacent  side  of  the  centerline. 
Consequently,  a  slot  spacing  of  \g/2  may  be  used  with  the  additional  180° 
change  in  phase  between  adjacent  slots  obtained  by  offsetting  every  other  slot 
on  the  opposite  side  of  the  centerline.  An  array  of  this  type  is  illustrated  in 
Fig.  14.24,  along  with  its  equivalent  circuit.  Since  the  slots  are  assumed  to  be 
resonant  and  spaced  Xff/2  apart,  the  equivalent  circuit  reduces  to  a  single 
equivalent  shunt  conductance 

N 

ge  =  gn  (14.86) 

71=  1 

The  guide  is  terminated  in  an  open  circuit  at  the  position  of  the  last  slot,  i.e.,  a 
short  circuit  a  distance  X0/4  from  the  last  slot. 

Let  an  be  the  desired  excitation  coefficient  for  the  nth  element  in  the  array 
(these  may  be  chosen  to  give  a  Chebyshev  or  other  form  of  array  as  discussed 
in  Chap.  5).  The  conductances  gn  are  then  given  by 

gn  =  Kan2  (14.87) 

where  the  constant  K  is  so  chosen  that  ge  =  1,  that  is, 

N 

K  I  a„2  =  1  (14.88) 

1 

in  order  for  the  array  to  be  matched  to  the  input  waveguide  for  maximum 
radiated  power.  The  slot  offset  may  be  found  from  (14.85)  once  the  gn  have 
been  specified. 
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The  resonant  broadside  array  is  a  narrow-band  antenna,  and  the  per¬ 
formance  deteriorates  rapidly  with  a  change  in  frequency  away  from  the  design 
frequency.  One  major  reason  for  the  rapid  deterioration  in  performance  with 
frequency  is  that  the  short  circuit  spaced  X0/4  from  the  last  slot  and  used  to 
simulate  an  open-circuit  termination  reflects  a  wave  with  appreciable  ampli¬ 
tude.  With  a  small  change  in  frequency  the  incident  and  reflected  waves 
rapidly  become  out  of  phase  with  distance  along  the  array  toward  the  input, 
and  this  gives  rise  to  large  phase  differences  in  the  excitation  of  individual  slots. 
Also,  the  \g/2  slot  spacing  results  in  all  of  the  partial  reflected  waves  from  each 
slot  adding  in  phase  at  each  slot  only  at  the  resonant  frequency.  It  is  this 
property  that  has  given  rise  to  the  terminology  “resonant  array.” 

Nonresonant  Array  —  Second-order  Beam  Suppression 

We  shall  now  consider  the  basic  features  of  nonresonant  arrays  designed  for 
other  than  broadside  operation.  Again  we  shall  assume  that  the  array  con¬ 
sists  of  resonant  longitudinal  broadwall  slots.  The  inclination  of  the  main  lobe 
away  from  the  normal  is  given  by  the  angle  ^  with  \p  positive  if  the  lobe 
points  in  the  forward  direction  as  shown  in  Fig.  14.25a.  The  waveguide  is  as¬ 
sumed  terminated  in  a  normalized  load  Y L  so  that  the  equivalent  circuit  of  the 
array  is  that  shown  in  Fig.  14.255. 


Fig.  14.25  The  nonresonant  array  and  its  equivalent  circuit. 


The  location  of  the  center  of  the  nth  slot  is  given  by 

r„  =  ndi  +  xnx 

where  d  is  the  slot  spacing  and  xn  is  the  offset  measured  from  the  centerline 
x  =  a/2.  If  the  excitation  of  the  nth  slot  is  a„  (not  including  the  possible  180° 
phase  change  due  to  offset  on  the  opposite  side  of  center)  the  array  factor  is  of 
the  form 

N 

f  =  H  an  exp  (jk0T  •  r„  —  j(3nd) 

1 


(14.89a) 
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if  the  slots  are  all  offset  on  one  side  and 

N 

f  =  2  exP  (jkoi-Tn  +  jmr  —  jfind)  (14.896) 

n  =  1 

if  every  other  slot  is  displaced  on  adjacent  sides  of  the  center.  In  these  expres¬ 
sions  fi  =  2v/\g.  The  unit  vector  r  equals  x  sin  6  cos  <f>  +  y  sin  6  sin  4>  +  z  cos  0, 
where  6  is  the  polar  angle  measured  from  the  z  axis  and  4>  is  the  azimuthal  angle 
measured  from  the  x  axis.  Note  that  \p  =  w/2  —  6  in  the  <t>  =  ir/2  plane. 

In  order  for  all  slots  to  radiate  in  phase  m  the  direction  (p  —  tt J 2 ,  0  —  7r  /2-* 
it  is  necessary  that 

kod  sin  $  —  fid  =  2mir  (14.90a) 

in  the  case  of  (14.89a)  and 


kod  sin  \p  —  fid  +  ir  =  2m7r  (14.906) 

for  (14.896),  where  m  is  an  integer.  From  (14.90a)  we  obtain 


wrhile  (14.906)  gives 


mApAg 

\g  sin  \p  —  X0 

(2m  —  l)XoXff 
2(X0  sm  \//  —  X0) 


(14.91a) 

(14.916) 


The  required  solution  for  d  must  be  such  that  only  one  main  lobe  occurs  in 
visible  space,  i.e.,  second-order  beams  must  not  occur.  In  order  to  visualize 
the  relations  (14.91a)  and  (14.916)  it  is  helpful  to  sketch  d  as  a  function  of  \p  for 
various  values  of  m.  Such  sketches  are  given  in  Fig.  14.26a  and  6  for  (14.91a) 
and  (14.916),  respectively.  A  special  case  arises  in  connection  with  (14.91a) 
w7hen  \f/  =  sin-1  X0/Xe.  If  m  is  chosen  equal  to  zero,  then  any  value  of  d  will 
result  in  a  main  lobe  in  the  direction  yp  =  sin-1  X0/Xff.  Physically  this  corre¬ 
sponds  to  the  same  angle  that  the  TEM  waves  making  up  the  TEi0  mode 
propagate  relative  to  the  guide  axis  and  hence  matches  the  phase  velocity  of 
the  wraveguide  mode  with  the  radiated  field  in  the  z  direction.  To  avoid  a 
second  main  lobe  it  is  clear  from  Fig.  14.26a  that  d  must  be  restricted  to  less 
than  X0Xff/(Xo  +  Xff).  For  other  angles  of  radiation  m  =  0  does  not  yield  a 
solution  for  d . 

Various  solutions  for  d  are  possible  depending  on  the  relative  value  of  X0/Xo. 
It  is  desirable  to  keep  Xff  <  2X0  so  that  the  guide  will  not  be  too  frequency- 
dispersive.  (A  highly  dispersive  guide  leads  to  large  changes  in  the  direction  of 
radiation  with  small  changes  in  frequency.)  If  \g  <  2X0,  then  the  points  A  and 
B  are  lower  than  point  C  in  Fig.  14.26a.  Also,  as  long  as  A0  <  3X0,  the  point  D 
is  lower  than  point  C.  In  this  case  a  solution  for  d  yielding  an  angle  of  radia¬ 
tion  greater  than  sin_1(^o/Xff)  will  also  result  in  another  main  lobe  at  an  angle 
less  than  sin"'1(Xo/Xff).  Thus  for  \g  <  2X0  the  value  of  d  must  be  so  chosen  that 


A0A 


Q 


2X0X 


Q 


Ao  +  \ 


<  d  < 


Ao  +  Xe 


(14.92) 
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(b) 


Fig.  14.26  (a)  d  vs.  for  Eq.  (14.91a);  (6)  d  vs.  ^  for  Eq. 

(14.916). 


and 


(14.93) 


This  will  give  a  single  main  lobe  in  any  direction  between  —  7r/2  to 
sin~1[(2X0  —  Xg)/Xg]  with  all  of  the  slots  offset  on  one  side. 

If  alternate  slots  are  offset  on  opposite  sides,  the  curves  in  Fig.  14.266  apply. 
These  curves  are  the  same  as  those  in  Fig.  14.26a  except  for  a  change  in  the 
vertical  scale.  Hence  if  we  again  choose  \g  <  2X0,  it  will  be  required  that 


and 


XpXg 

Xo  +  Xg 


<2  d  < 


3X0Xg 

Xo  +  Xg 


(14.94) 

(14.95) 


The  possible  angle  of  radiation  is  now  limited  to  the  range  —  tt/2  to 
sin-1  [(2X0  —  Xg)/3Xg]. 

It  is  not  possible  to  get  a  single  lobe  in  the  forward  direction  at  angles  greater 
than  the  angle  given  above  without  at  the  same  time  having  another  main 
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Fig.  14.27  Available  main-lobe  directions  as 
a  function  of  Xa/Ao.  (a)  Slots  offset  on  one 
side  only;  (b)  alternate  slots  offset  on  op¬ 
posite  sides;  (c)  m  =  0  solution  of  Eq. 
(14.91a),  d  <  XoAa/(Xo  +  \g),  $  equals  the 
plotted  value  as  a  function  of  \o/\g  only. 


lobe  appearing  at  some  other  angle.  This  is  obvious,  since  points  C,  C'  can 
never  be  lower  than  points  A ,  A'  in  Fig.  14.26  because  X0  —  X0  <  Xff  +  Xo.  If 
2Xq  <  \g  <  3Xq,  then  point  C  is  lower  than  point  B  but  still  higher  than  point 
D .  In  this  case  the  direction  of  the  main  lobe  is  confined  to  the  backward 
direction.  In  fact,  for  all  values  of  \g  >  2X0  the  condition  for  a  single  lobe 
forces  the  direction  of  this  lobe  to  be  in  the  backward  direction.  The  greatest 
angle  in  the  forward  direction  is  obtained  by  making  \g  close  to  X0  and  choosing 
d  according  to  (14.92).  The  range  of  available  angles  as  a  function  of  Xe/X0  is 
shown  in  Fig.  14.27. 

The  fact  that  the  direction  of  the  main  lobe  depends  on  the  relative  value  of 
Xg/Xo  for  a  given  value  of  d  is  often  made  use  of  in  scanning  the  lobe  by  changing 
the  frequency.  For  frequency  scanning  a  highly  dispersive  waveguide  is  de¬ 
sirable.  This  has  led  to  the  use  of  waveguides  bent  into  a  sinusoidal  shape  to 
increase  the  electrical  length  between  slots.23 

It  is,  of  course,  not  necessary  to  restrict  \g  to  be  greater  than  X0.  By  loading 
the  guide  with  dielectric  it  is  possible  to  have  \g  less  than  Xo,  in  which  case  some 
of  the  restrictions  on  beam  angle  given  in  the  above  analysis  may  be  lifted. 
For  a  detailed  discussion  the  paper  by  Dion  may  be  consulted.24 

If  the  slots  are  alternatively  offset  on  opposite  sides  of  the  centerline,  the 
overall  array  is  equivalent  to  two  arrays  with  a  separation  along  the  x  direction 
which  can  be  taken  as  the  average  value  of  the  slot  offset  on  one  side.  If  x0  is 
the  average  offset,  then  the  array  factor  (14.896)  may  be  written 


/ 


an6J*o<*°  sin  8  cos  <j>+nd  cos  d)—jfind  _|_  ^  ^  8*n  ®  008  co®  9)—j^nd 

/t—  1*3,5  ti  2,4, .  *  * 
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For  simplicity  we  now  assume  that  an  =  an+ 1  and  an  even  number  of  elements. 
The  array  factor  may  then  be  written  as 


/ 


N/2 

^  ^  Qn£^ond  cos  6— j0nd jkQx0  sin  6  cos  <p  gj'A*0x0  sin  8  cos  4>—jk0d  cos  d+jfid'j 

n=  2,4,  .  .  . 

2j>-i(M/2)  cos  0+j(ftf/2)  gJn  ^2^  cog  Q  __  ^  __  gin  ^  CQg 

N/2 

^j2nd(kq  cos  0— >/3) 

n=  1,2,  .  .  . 


(14.96) 


This  result  is  seen  to  be  equivalent  to  an  array  with  slots  offset  on  one  side 
only  but  with  spacing  2d  and  modified  by  the  two-element-group  factor 


sin 


fid 

~2 


koXo  sin  B  cos  <f> 


The  overall  effect  of  this  is  to  make  the  suppression  of  second-order  beams  more 
difficult.  The  problem  has  been  analyzed  in  detail  by  Gruenberg25  and  for  two- 
dimensional  arrays  also  by  Kurtz  and  Yu26  and  McCormick.27'28 

In  the  principal  plane  4>  =  tt/2  no  second-order  beams  will  occur  if  2d  is  re¬ 
stricted  by  the  same  condition  as  (14.92),  that  is, 


AnX 


0  Kg 


Xo  +  A 


<2  d  < 


2  An  A 


0*g 


0 


Xo  X 


0 


(14.97) 


This  condition  is  seen  to  be  more  restrictive  than  (14.94).  However,  it  may  be 
relaxed  to  some  extent  depending  on  the  influence  of  the  two-element-group 
factor.  In  the  principal  plane  this  factor  will  permit  2d  to  be  increased  from 
2X0X0/ (X0  +  \g)  to  the  value  3X0Xff/(Xo  +  Xe)  given  by  (14.94),  since  at  the 
smaller  value  the  two-element-group  factor  is  zero  and  increases  to  unity 
at  the  upper  value.  In  planes  other  than  the  principal  plane  the  factor 
sin  [(fcod  cos  6)/ 2  —  fid/2  —  kox 0  sin  6  cos  <j>]  will  not  suppress  the  second-order 
beam  if  2d  is  greater  than  the  maximum  value  specified  by  (14.97).  For  ex¬ 
ample,  if  2d  =  3X0Xff/(Xo  +  \g)y  we  obtain  in  phase  addition  from  the  array 
factor  at  cos  61  =  Xq/X^,  cos  Q2  =  (2X0  —  X^/SA^,  cos  Bz  =  (X0  —  Aff)/3A0,  and 
cos  64  =  —  1.  The  first  and  third  of  these  are  suppressed  in  the  principal  plane 
by  the  two-element-group  factor,  and  the  last  is  the  appearance  of  the  first 
second-order  beam  at  B  =  tt.  If  we  consider  the  plane  <j>  =  tt/4,  and  B  given  by 
the  above  expressions,  the  two-element-group  factor  has  the  values 


sin 


at  the  location  of  the  second-order  beams,  which  are  suppressed  in  the  principal 
plane.  It  is  apparent  that  these  lobes  are  not  suppressed  in  planes  other  than 
the  principal  one,  and  hence  for  arrays  with  slots  offset  on  both  sides  of  the 
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center  line  it  is  necessary  to  increase  the  restriction  on  the  spacing  d  to  that 
given  by  (14.97),  For  arrays  designed  for  very  low  side-lobe  levels  it  is  im¬ 
portant  to  pay  attention  to  the  possibility  of  second-order  beams  appearing  in 
planes  other  than  the  principal  plane  if  the  overall  design  objectives  are  to  be 
met.  It  should  also  be  kept  in  mind  that  the  element  factor  reduces  the  radia¬ 
tion  field  to  zero  in  directions  coinciding  with  the  axis  of  the  slot. 

There  are  other  ways  to  suppress  second-order  beams  arising  from  slot  offset. 
These  fall  into  two  general  categories:  (1)  the  use  of  flared  sheets  on  either  side 
of  the  waveguide  to  establish  a  new  aperture,  or  some  other  form  of  horn 
arrangement,29  and  (2)  the  use  of  centered  slots  with  the  excitation  controlled 
by  obstacles  inserted  into  the  guide  to  control  the  asymmetry  of  the  field  at  the 
position  of  the  slot.30,31 

Nonresonant  Array  Design 

We  shall  now  consider  the  problem  of  specifying  the  slot  conductances  for 
the  nonresonant  array.  Initially  we  present  a  simplified  approach  along  the 
lines  of  that  used  by  Dion,24  and  then  we  give  the  more  exact  method  which 
was  worked  out  by  Kaminow  and  Stegen.32  In  the  method  used  by  Dion  it  is 
assumed  that  a  large  number  of  slots  are  used  with  each  slot  radiating  only  a 
small  amount  of  the  incident  power.  Thus,  reflections  from  the  slots  are 
negligible  and  the  incident  wave  in  the  guide  can  be  considered  to  leak  out  at  a 
rate  determined  by  the  smoothed  conductance  distribution  along  the  guide. 
Also,  it  is  assumed  that  the  waveguide  losses  are  negligible.  The  conductance 
per  unit  length  is  first  determined  to  yield  the  required  line  source  aperture 
distribution.  The  individual  slot  conductances  are  then  chosen  to  be  the  same 
as  the  conductance  for  the  continuous  line  source  at  the  position  corresponding 
to  the  location  of  the  center  of  the  slot.  The  waveguide  is  also  assumed  termi¬ 
nated  in  a  matched  load,  so  the  input  standing-wave  ratio  is  essentially  unity 
in  view  of  the  small  reflections  produced  by  the  individual  slots  and  the  fact 
that  the  slot  spacing  does  not  equal  \g/2,  with  the  result  that  there  is  no  in- 
phase  addition  of  the  reflected  waves  (nonresonant  array  condition). 

Since  the  slot  conductance  that  can  be  conveniently  obtained  is  limited,  it  is 
necessary  to  have  a  reasonable  fraction  (10  to  40  percent)  of  the  incident  power 
available  at  the  position  of  the  last  slot  in  the  array.  Since  this  slot  will  radiate 
only  a  portion  of  the  available  power,  the  remainder  is  dissipated  in  the 
matched  load.  Consequently,  the  efficiency  of  the  array  is  less  than  unity. 
The  loss  in  efficiency  associated  with  the  nonresonant  array  is  the  penalty  paid 
for  a  broader-band  antenna  as  compared  with  the  resonant  array. 

Let  the  required  amplitude  distribution  along  the  equivalent  continuous 
array  be  ^ P(z ).  This  distribution  must  be  so  chosen  as  to  yield  the  required 
beam  width  and  side-lobe  level.  If  a  Chebyshev  array  is  desired,  then  the 
Taylor  line  source  distribution  is  used2  (see  also  Sec.  7.8).  The  direction  of  the 
main  lobe  is  determined  by  the  spacing  as  discussed  earlier.  Let  the  input 
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power  to  the  waveguide  be  unity  and  let  g(z)  be  the  shunt  conductance  per 
unit  length  at  z.  The  available  power  at  z  is  then  given  by 

V2\Va(z)\2  =  PM  =  1  -  fj  g(z)  dz  (14.98) 

where  Viz)  is  the  equivalent  voltage  so  defined  that  \V\2g/2  is  the  radiated 
power  per  unit  length.  But  the  radiated  power  per  unit  length  is  also  given  by 
V2\Va(z)\2g(z)  and  gives  an  aperture  distribution  Va(z)\g(z)./2]^t  which  must  be 
proportional  to  the  specified  distribution  \fp(zj.  Thus  we  have 


2  KPjz)  KPjz) 

9K)  \V  a{z)\2  Pa{z) 


(14.99) 


where  K  is  a  constant  to  be  determined.  At  the  end  of  the  array  where  z  =  L 
a  fraction  r  of  the  incident  power  is  available  to  be  dissipated  in  the  load. 
Hence  the  total  power  radiated  is  given  by 


so 


(14.100) 


Combining  this  with  (14.98)  and  (14.99)  now  yields 


g(z) 


KP(z) 


(1  —  r)P{z) 


1  -  K 


[ 2  P(z) 

J  o 


dz 


J  P(z)  dz  —  (1  —  r)  J  P(z) 


(14.101) 


dz 


for  the  normalized  shunt  conductance  per  unit  length.  The  conductance  of  the 
nth  discrete  slot  in  the  slotted  array  is  chosen  to  be 

gn  =  dg{nd)  (14.102) 

where  d  is  the  slot  spacing.  Curves  giving  the  normalized  slot  conductance  for 
a  Taylor  distribution  for  arrays  with  20-,  25-,  and  30-db  side-lobe  levels  and 
various  array  efficiencies  are  given  in  the  paper  by  Dion.24 

An  analysis  similar  to  the  above  may  also  be  carried  out  by  treating  each 
slot  as  a  discrete  element.  Let  the  incident  power  in  the  waveguide  be  unity 
and  let  r  be  the  fraction  delivered  to  the  matched  termination.  Let  the  power 
to  be  radiated  by  the  nth  slot  be  denoted  by  Pn.  Thus  the  power  incident  at 
slot  N  is  r  +  P;\r.  The  equivalent  voltage  at  this  slot  is  such  that  |Fat|2/2  = 
r  +  Pn}  since  the  reflected  wave  is  negligible.  The  power  radiated  is  therefore 
also  given  by  (r  +  Pn^n  and  equals  Pjv.  Hence  we  obtain 

Pn 


Qn  — 


r  +  Pn 


(14.103a) 
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The  power  incident  at  slot  N  —  1  is  r  +  PN  +  PN_U  and  the  radiated  power  is 
Pa-i,  which  also  equals  (r  +  PN  +  Pa-i)0a_ i,  so 


Qn—1 


Pa-  i 

r  +  Pn  +  P  n-i 


(14.1036) 


By  continuing  this  analysis  it  is  readily  found  that 


r 


Pn 


71  —  1 

i  -  Z  p, 

i=l 


(14.103c) 


since  r  plus  the  sum  of  all  radiated  powers  equals  unity.  This  expression  cor¬ 
responds  to  (14.17)  with  K  chosen  equal  to  unity,  that  is,  P(z)  is  normalized 
so  that 

/0  P(z)  dz  =  1  -  r 


Dion  has  built  an  array  based  on  the  above  simplified  design  procedure  with 
a  design  objective  of  side  lobes  30  db  down  and  a  beam  direction  30°  from  the 
normal  in  the  forward  direction.  A  slot  spacing  of  2X0/3  and  a  guide  wave¬ 
length  equal  to  2Xo  were  used.24  The  measured  radiation  pattern  agreed  quite 
well  with  the  theoretical  predictions.  The  side-lobe  level  remained  below 
30  db,  although  the  far-out  side  lobes  were  larger  than  those  predicted  from  the 
Taylor  distribution. 

In  general  the  machining  tolerances  on  slot  size  and  spacing  is  such  that 
some  degradation  in  performance  from  the  design  specification  will  result. 
This  is  particularly  noticeable  as  regards  side-lobe  level,  so  it  is  customary  to 
overdesign  the  array  with  regard  to  the  side-lobe  level,  e.g.,  a  50-db  side-lobe 
level  might  be  used  in  a  design  calling  ultimately  for  side  lobes  40  db  below  the 
main  lobe. 

The  above  equations  do  not  specify  any  definite  criterion  for  the  value  of  r, 
the  fraction  of  the  power  to  be  dissipated  in  the  load.  The  essential  restriction 
on  r  is  that  it  must  lead  to  values  of  gn  that  do  not  exceed  some  specified  maxi¬ 
mum  value  g max  for  two  reasons:  (1)  the  maximum  value  of  conductance  that 
can  be  obtained  is  limited  and  (2)  the  theory  neglects  reflections  from  each  slot 
and  therefore  would  not  be  applicable  if  the  conductances  were  large.  A  rea¬ 
sonable  upper  limit  for  gm&x  is  0.2.  A  slot  with  this  conductance  would  produce 
a  reflection  coefficient  of  0.1,  which  corresponds  to  1  percent  reflected  power. 
With  the  above  considerations  we  can  give  a  criterion  for  determining  r.  Let 
the  known  distribution  P(z )  be  normalized  so  that 
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From  (14.101)  we  can  write 

ffmax  ^  _ (1  v)P _ 

d  1  -  (1  -r)(‘Pdz 

J  0 

or  1  -  r  < - g-“ax  7 -  (14.104) 

Pd  +  £/max  /  Pds 


The  maximum  value  of  the  right-hand  side  occurs  when  dP/dz  +  gmQ*P/d  =  0. 
A  graphical,  numerical,  or  analytical  solution  of  this  equation  may  be  used  to 
determine  r. 

As  an  example  consider  a  triangular  distribution 


We  then  find  that 


dP 

dz 


y  max 

~d~ 


yields  z  =  L  —  d/gmax.  Thus  we  obtain 


J  _  f  <-  _  ffmax _ _  _  _ 1 _ 

dP(L  -  d/gm «)  +  Smax  [  L~d'S'n P(z)  dz  1  +  2 (d/Loa^)* 

J  0 

If  we  choose  gmax  =  0.2  and  a  10-element  array  for  which  L  =  lOd,  we  see  that 
we  should  have  1  —  r  <  %,  which  requires  about  35  percent  of  the  power  to  be 
dissipated  in  the  load.  For  an  array  of  20  elements  we  find  that  we  require 
1  —  r  <  %,  so  now  only  about  11  percent  of  the  incident  power  needs  to  be 
dissipated  in  the  termination.  In  general,  longer  arrays  can  be  made  more 
efficient. 

In  a  nonresonant  array  it  is  necessary  to  use  a  load  termination  that  has  a 
low  VSWR,  because  the  reflected  wave  will  produce  a  beam  on  the  opposite 
side  of  the  array  normal  to  the  desired  direction  of  the  main  lobe.  If  this 
spurious  beam  is  to  be  kept  below  the  side-lobe  level  specified,  the  amplitude 
of  the  reflected  wave  must  be  small.  For  example,  if  45  percent  of  the  power  is 
dissipated  in  the  termination  and  side  lobes  30  db  below  the  main  lobe  are 
specified,  then  the  VSWR  of  the  termination  must  not  exceed  1.1.  For  other 
conditions  see  the  paper  by  Dion.24 

The  design  procedure  used  by  Kaminow  and  Stegen  is  exact  in  that  it  takes 
into  account  the  reflections  from  each  slot  as  well  as  waveguide  losses.  Wave¬ 
guide  losses  are  easily  incorporated  into  the  simplified  design  procedure  given 
above  (see  Probs.  14.2  and  14.3),  so  the  main  correction  to  be  obtained  in  the 
analysis  below  is  the  effect  of  interaction  between  slots.  The  analysis  will  be 
based  on  the  equivalent  circuit  given  in  Fig.  14.25  but  with  the  gn  replaced  by 
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complex  admittances  Yn.  We  shall  let  y  =  a  +  jp  be  the  complex  propagation 
constant  for  the  waveguide.  The  following  symbols  are  also  introduced: 


Yn  = 

r„  = 


(jn  +  jbn  =  complex  admittance  of  nth  slot 

1  -  Y: 


V/  «*«•«•* 

I  n 


Yi  =  gi+M 


=  reflection  coefficient  on  the  generator  side  of  the  nth  slot 

_  admittance  looking  toward  the  load  from  the  load  side 
of  slot  n 

Y~  —  n-  _l  —  v  i  v+ _  admittance  looking  toward  the  load  from  the 

1  n  -  9n  +  ~  Yn  +  Yn  -  ^  q{  ^  „ 

power  radiated  by  nth  slot 
available  power  on  load  side  of  slot  n 
Pn  +  Pt  =  available  power  on  generator  side  of  slot  n 

Let  Vn  be  the  voltage  at  the  position  of  the  nth  slot.  The  power  radiated  by 
the  nth  slot  is  then  Yz\V n\2gn  =  Pn,  and  the  power  transmitted  toward  the  load 
will  be  lA\Vn\2gX  =  Pt-  Hence 


p 

x  n 

P+ 

n 


Qn 


P 

*-  n 
*  n 


gt 


(14.105) 


In  Sec.  14.9  it  is  shown  that  the  phase  of  the  electric  field  across  the  slot  is  the 
same  as  that  of  jVnYn.  But  the  phase  of  the  nth  slot  excitation  must  be  the 
same  as  that  associated  with  the  factor  e~^{n~N)d  relative  to  that  of  the  Nth 
slot.  Hence 

jVnYn 


<4 


jVNY 


N 


Consequently 


tan 


Qn 


i  _ i  UN  |  v,  I  1 

tan  1 - b  <  tt 

Qn  Vn 

tan-1  bn+l 


P(n  -  N)d 

V . 


2s±l  +  Pd  + 

Qn+ 1  *  n 


(14.106) 


If  V  l  is  the  voltage  at  the  load,  then 


Pl  =  H\Vl29l 


(14.107) 


Bv  using  transmission  line  theory  the  voltage  at  slot  N  is  found  to  be 


Vn  =  V  L  (cosh  yd  +  Y L  sinh  yd) 
At  slot  N  —  1  the  voltage  will  be 

V n-i  —  Vn  (cosh  yd  +  Yn  sinh  yd) 
If  we  replace  YN  by  YN  +  Y^  and  note  that 


(14.108a) 


Y+ 


N 


Y l  - b  tanh  yd 
1  +  Y  L  tanh  yd 
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and 


Vn 

Vt 


=  cosh  yd(l  +  Y L  tanh  yd) 


we  find  that  we  can  write 


Fat-i  =  Fat  (2  cosh  yd  +  Yn  sinh  yd)  —  V l 


(14.1086) 


Similarly,  we  find  in  general  that 


Fn  =  F„+i(2  cosh  yd  +  Fn+i  sinh  yd)  —  Vn+2 


(14.108c) 


The  available  power  on  the  load  side  of  slot  n  is  P^.  This  power  consists  of 
that  associated  with  forward  and  reflected  waves,  which  we  denote  by  P^j  and 
Pt,rj  respectively.  Thus 

p+  _  r>4-  r>+ 

*  n 


_  p 

A  nj  L  n,r 


and  similarly  we  can  write 


P  n+  1  —  P 


n+1,/ 


-  P 


n+1,  r 


But  we  also  have 


so 


p-  _  p-2ad  p+ 

1  n+l,f  —  6  r  nj 


Pi  =  e^P~+1J  -  |r n+i\2e~iadP~+1, 


P 


n+liT 


_  p2adpJr 
^  x  »,r 


n+1 


20 


n+l»/ 


=  (1  -  \T n+lY)e^PZ+hf  +  2|rn+1|2F7+1)/  sinh  2ad 
We  now  use  the  relation  P~+1  =  (1  —  |r„+i|2)F~+1/  to  finally  obtain 


F+  =  P- 

x  71  ±  n 


n+1 


/  „  J  2! 
i  s)2ct(t  1 

|r„+i| 

2  .  \ 

V  ^1- 

A  n+1 

2  oiixii  j 

(14.109) 


where  rn+i  =  (1  —  Fn)/(1  +  F*). 

The  design  procedure  based  on  the  above  equations  proceeds  as  follows: 


1.  Determine  the  powers  P«  to  be  radiated  by  each  slot  in  order  to  achieve  the 
desired  aperture  distribution.  The  Pn  are  proportional  to  the  square  of  the 
magnitude  of  the  slot  excitation  coefficients. 

2.  The  simplest  load  to  use  is  a  matched  termination.  A  priori  it  is  not  known 
what  fraction  of  the  incident  power  must  be  dissipated  in  the  load  in  order  to 
keep  all  of  the  conductances  gn  within  a  range  that  can  be  obtained.  Initially 
an  estimate  for  PL  may  be  made  by  taking 

N 

=  P„ 

n=  1 

and  using  (14.104)  to  calculate  r  based  on  a  smoothed  distribution  for  Pn  and 
neglecting  waveguide  losses.  Usually  for  long  arrays  (20  or  more  elements)  a 
value  of  Pi  about  10  percent  of  the  input  or  total  radiated  power  is  suitable.  If 
the  calculated  values  of  the  conductances  turn  out  to  be  too  large,  it  will  be 
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necessary  to  repeat  the  calculations  with  a  larger  value  of  PL.  The  input 
VSWR  automatically  turns  out  to  be  small  because  the  reflections  from  in¬ 
dividual  slots  are  small  and  do  not  add  up  in  phase  for  a  nonresonant  array. 

3.  With  P l  known  and  if  a  matched  termination  is  used,  V l  —  ^2PL.  From 
(14.109)  we  obtain  Pj  =  P  Le2ad  for  a  load  placed  a  distance  d  beyond  the  last 
slot.  From  (14.105)  gN  —  Pn/Pn,  since  g%  =  1.  The  voltage  Vn  is  given  by 
(14.108a),  where  the  phase  of  V l  may  be  taken  as  zero.  The  susceptance  is 
found  from  (14.106),  i.e., 

tan-1  —  =  0d  + 

gN  VN 


The  susceptance  b n  can  be  chosen  equal  to  zero,  since  only  the  relative  phasing 
between  slots  is  important. 

4.  Next  calculate  the  parameters  for  slot  N  —  1.  The  conductance  is 
given  by  (14.105)  with  Pn-i  specified,  P^_i  calculated  from  (14.109)  with 
Pn  —  P n  +  Pn )  and  g^-i  determined  from 


9n- i  +  JK-i  = 


Yx  +  tanh  yd 
1  +  Yx  tanh  yd 


where  =  F at  +  F£.  The  voltage  Vn- i  is  found  from  (14.108c)  in  terms  of 
quantities  already  evaluated.  The  susceptance  &at_i  is  then  determined  by 
(14.106). 

5.  The  steps  in  (4)  are  repeated  for  each  additional  slot  in  sequence.  When 
the  calculations  are  completed,  the  slot  conductances  and  susceptances  are 
known,  and  this  determines  the  slot  lengths  and  offsets.  Admittance  data  for  a 
variety  of  slot  displacements,  frequency,  etc.  are  given  in  the  “Antenna  Engi¬ 
neering  Handbook”  and  will  not  be  repeated  here.33 


The  discussion  above  has  concentrated  on  waveguide  arrays  using  longitu¬ 
dinal  slots  in  the  broad  wall  of  a  rectangular  guide  in  order  to  illustrate  the 
essential  features  of  the  design.  A  variety  of  other  slot  arrangements  are 
possible,  including  inclined  slots  cut  in  the  broad  wall  or  sidewall  of  the  guide. 
For  a  discussion  of  these  other  types  of  arrays  as  well  as  for  further  details  on 
the  longitudinal  slot  arrays  the  reader  is  referred  to  the  books  by  Jasik,33 
Silver,29  Hansen,23  and  Watson34  (see  also  Refs.  26,  27,  and  35  to  44). 

A  simplifying  feature  associated  with  the  longitudinal  slot,  arrays  is  the 
negligible  mutual  impedance  between  adjacent  slots  because  of  their  end-to- 
end  disposition.  For  other  slot  arrangements  it  is  necessary  to  take  into  ac¬ 
count  mutual  impedance  effects.45-49  The  design  data  are  best  obtained  by 
measuring  the  incremental  admittance  added  to  the  total  input  admittance  by 
each  additional  slot  as  it  is  added  to  the  array.48  The  experimental  data  are 
quite  limited,  although  some  useful  results  are  available  in  the  references  cited. 
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14.9  Impedance  of  Slots  in  Rectangular  Waveguides 

Introduction 

Figure  14.28  illustrates  a  typical  slot  in  the  broadwall  of  a  rectangular  guide. 
For  the  purpose  of  discussion  a  coordinate  system  y0,  z0  is  introduced  for 
describing  the  field  in  the  slot.  Although  we  have  pictured  the  slot  in  the 
broadwall,  the  discussion  to  follow  applies  equally  well  to  a  slot  cut  in  the 
sidewall  of  a  guide.  The  slot  is  of  length  l  and  width  w  and  is  cut  in  a  wall  of 
thickness  t .  The  slot  is  excited  by  having  the  dominant  TEj0  mode  incident 
upon  it  in  the  waveguide. 


Fig.  14.28  A  slot  in  the  broadwall  of  a  rectangular 
waveguide. 


An  exact  theory  of  the  impedance  properties  of  a  slot  as  described  above  is 
not  available.  Various  approximate  theories  that  have  been  developed  give 
useful  results  and  insight  into  the  general  impedance  properties  of  a  slot,  but 
they  do  not  yield  numerical  results  for  conductance  and  susceptance  param¬ 
eters  accurate  to  better  than  a  few  percent.  We  shall  review  these  theories  in 
the  following  sections  but  make  no  attempt  to  carry  out  detailed  and  extensive 
analysis. 

The  slot  may  be  conveniently  viewed  as  a  short  section  of  waveguide  which 
couples  the  interior  of  the  guide  to  the  exterior  free  space  region.  For  ease  in 
construction  the  slot  is  usually  made  with  rounded  ends,  but  we  shall  consider 
it  to  have  square  ends  for  the  purpose  of  examining  the  nature  of  the  field  in 
the  slot. 

The  dominant  mode  in  the  slot,  viewed  as  a  waveguide,  is  the  TEio  mode, 
and  it  has  an  electric  field  given  by 

E  =  E0y0  sin  e-tfM. 

where  ft  =  ( ft 2  —  tt/1 2)^.  The  aperture  electric  field  associated  with  this 
mode  is  sinusoidal  over  both  the  inner  aperture  at  z0  =  0  and  the  outer  aper¬ 
ture  at  z0  =  t,  but  it  differs  in  phase  at  the  two  apertures  (unless  ft  =  0).  The 
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next  mode  closest  to  propagating  is  the  TE2o  mode  with  an  electric  field 
given  by 

E  =  Eofo  sin  ^ 

where  r2o  =  (47 r2/!2  —  fc02)^-  For  a  typical  slot  l  =  X0/2,  so  r2o  =  The 

width  w  is  usually  approximately  equal  to  the  thickness  t.  For  X-band  guide 
t  —  0.05  in.  and  X0  is  around  1.25  in.,  so  as  an  estimate  for  typical  values  of 
r20^  we  have  r20*  —  V3  7r/12.5  =  0.43.  Thus  this  mode  is  not  greatly  attenuated 
in  the  distance  corresponding  to  the  slot  thickness  t  and  will  strongly  couple  the 
electric  field  of  the  TE2o  slot  mode  between  the  inner  and  outer  apertures. 

The  other  TE30,  TE40,  TEn,  and  TMn  slot  modes  have  propagation  con— 
stants  r30,  r40,  and  Tn  such  that,  as  an  estimate  based  on  the  above-assumed 
dimensions,  r30£  =  0.7,  F40£  =  0.96,  Tutf  =  w.  From  these  estimates  it  is  ap¬ 
parent  that  the  first  few  TEno  modes  excited  in  the  slot  by  the  incident 
waveguide  mode  will  couple  effectively  to  the  outside  region  but  that  all 
TEnm,  m  >  0,  and  TMBm  modes  produce  only  weak  coupling  between  the 
interior  and  exterior  regions. 

As  a  first  approximation  it  is  commonly  assumed  that  only  the  TE10  mode  is 
excited  with  significant  amplitude  in  the  slot.  With  this  assumption  the  slot 
aperture  field  is  known  to  within  a  constant  and  the  field  in  the  waveguide  is 
easily  evaluated  to  within  a  constant  amplitude  factor.  The  exterior  radiated 
field  is  difficult  to  calculate  because  the  slot  radiates  in  the  presence  of  a  rec¬ 
tangular  guide.  The  problem  usually  considered  is  the  one  with  an  infinite 
plane  baffle  (conducting  plane)  placed  parallel  to  and  coincident  with  the 
waveguide  wall  on  which  the  slot  is  located.  The  field  radiated  by  the  slot 
into  this  half  space  is  readily  found.  Experimentally  it  is  found  that  the  slot  is 
resonant  for  a  length  l  very  nearly  equal  to  X0/2.  By  assuming  a  resonant  con¬ 
dition,  the  amplitude  of  the  field  in  the  slot  aperture  can  be  fixed  by  requiring 
conservation  of  incident,  reflected,  and  radiated  power.  This  leads  directly  to 
a  value  for  the  slot  conductance  or  resistance  and  forms  the  basis  of  Stevenson’s 
theory  of  slots  in  waveguides.4,8 

Stevenson’s  theory  requires  a  knowledge  of  the  total  radiated  power,  which 
can  be  expressed  in  the  form 

Pr  =  y2V*Gr 

where  V  =  wEo  is  the  equivalent  voltage  across  the  center  of  the  slot  and  Gr  is 
the  radiation  conductance  of  the  slot.  The  radiation  conductance  for  a  slot 
radiating  into  a  half  space  is  related  to  the  radiation  resistance  of  a  half-wave 
dipole  antenna  by  duality  (Babinet’s  principle).  The  evaluation  of  Gr  is  given 
.  in  Sec.  14.2,  and  its  value  is  given  by  Gr  =  1.03  X  10“3  mhos.  In  practice  the 
infinite  baffle  is  not  normally  used,  and  consequently  the  actual  value  of  Gr  is 
not  that  given  above.  As  an  indication  of  the  error  involved  we  show  in  Fig. 
14.29  the  radiation  conductance  of  an  axial  slot  on  a  circular  cylinder  of  radius 
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Fig.  14.29  Radiation  conductance  (Jr  for  axial  slots  on  a 
circular  and  elliptical  cylinder.  (Based  on  figs.  10  and  36  of  Wait. 14 ) 


a  and  that  of  a  centered  axial  slot  of  an  elliptical  cylinder  with  foci  separation 
of  2a.  These  curves  are  based  on  figures  10  and  36  of  Wait.14  For  small  values 
of  k0a  the  limiting  value  of  Gr  is  0.517  mmhos,  while  for  large  values  of  kQa  it 
approaches  1.03  mmhos.  The  small  koa  value  corresponds  to  the  conductance 
of  a  slot  radiating  into  free  space,  while  the  large  koa  value  is  the  conductance 
of  a  slot  radiating  into  a  half  space.  A  notable  feature  is  that  Gr  is  within  10 
percent  of  the  large  koa  limiting  value  for  koa  >  2.5.  To  the  extent  that  a  rec¬ 
tangular  guide  can  be  approximated  by  an  elliptical  guide  it  thus  seems  a 
reasonable  approximation  to  take  Gr  =  1.03  mmhos  for  centered  or  nearly 
centered  axial  slots  in  the  broadwall  of  a  rectangular  guide. 

For  slots  near  a  corner,  slots  cut  in  the  narrow  wall,  or  inclined  slots  near  a 
corner,  Gr  could  be  expected  to  differ  significantly  from  the  value  1.03  mmhos. 
For  example,  an  axial  slot  very  near  a  corner  of  a  rectangular  guide  would  be 
expected  to  behave  similarly  to  a  corner  slot  radiating  into  three-quarter  space 
for  which  the  radiation  conductance  Gr  =  %  X  0.517  =  0.69  mmhos.  Con¬ 
sequently,  as  the  axial  slot  is  offset  toward  a  corner  the  radiation  conductance 
would  be  expected  to  decrease  significantly.  Wait  has  made  calculations  on  the 
radiation  conductance  of  slots  located  on  a  thin  ribbon  and  on  a  right-angled 
wedge.50  For  the  slot  on  a  right-angled  wedge  the  conductance  has  a  value  of 
0.69  mmhos  when  the  slot  is  at  the  corner,  increases  to  a  maximum  value  of 
1.1  mmhos  for  a  slot  a  distance  X0/4  from  the  corner,  becomes  equal  to  the 
infinite-baffle  value  of  1.03  mmhos  for  a  slot  offset  of  about  O.4X0,  and  then 
oscillates  with  decreasing  amplitude  about  this  value  as  the  slot  is  moved 
farther  awav  from  the  corner. 

Transverse  slots  would  be  expected  to  have  a  radiation  conductance  more 
nearly  equal  to  the  half-space  value  1.03  mmhos,  because  a  slot  radiates  zero 
field  along  its  axis  and  the  lack  of  an  infinite  baffle  would  not  produce  as  much 
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of  a  perturbation.  Of  course,  there  are  situations  when  the  guide  is  located  in  a 
large  conducting  cylinder  such  as  a  missile  or  aircraft  or  is  one  of  several  guides 
in  an  array  for  which  the  environment  may  approximate  very  closely  that  of 
an  infinite  baffle. 

The  susceptance  or  reactance  of  a  slot  is  proportional  to  the  time-average 
difference  in  the  reactive  magnetic  and  electric  energy  stored  in  the  evanescent 
waveguide  modes  and  the  near-zone  radiated  field,  i.e.,  proportional  to 
Wm  —  We.  When  Wm  =  We,  the  slot  is  resonant.  For  slots  not  too  close  to  a 
waveguide  corner  the  near-zone  radiated  field  is  not  critically  dependent  on 
slot  position  or  orientation,  so  the  radiation  susceptance  jBr  is  relatively  in¬ 
sensitive  to  slot  location.  However,  the  amplitudes  of  the  higher-order  wave¬ 
guide  modes  which  are  excited  do  depend  quite  strongly  on  slot  position  and 
orientation,  and  as  a  result  the  resonant  length  varies  with  slot  location  and 
orientation.  This  effect  is  borne  out  experimentally. 

In  the  next  section  we  shall  present  Stevenson’s  theory  for  slot  conductance, 
and  in  the  following  section  we  shall  outline  the  variational  approach  used  by 
Oliner  to  evaluate  the  slot  impedance.51"53  Felsen  has  also  examined  the 
equivalent  circuit  of  a  waveguide-fed  slot.54  His  approach  is  based  on  treating 
the  half  space  into  which  the  slot  radiates  as  a  system  of  spherical  transmission 
lines  similar  to  the  scheme  utilized  in  Sec.  4.9  to  treat  the  scattering  properties 
of  an  antenna.55  As  an  approximation  two  spherical  transmission  lines  are 
used ;  they  correspond  to  the  dominant  spherical  modes  excited  by  a  magnetic 
dipole  and  an  electric  dipole.  The  latter  correspond  to  symmetrical  slot  excita¬ 
tion  by  the  TEio  slot  mode  and  antisymmetrical  slot  excitation  by  the  TE20 
slot  mode.  An  equivalent  circuit  is  then  derived  for  this  four-port  network 
(two  waveguide  ports  and  two  spherical  transmission  line  ports),  but  the 
evaluation  of  the  network  parameters  is  based  on  Oliner’s  variational  formula¬ 
tion.  By  choosing  incident  dominant  modes  in  the  waveguide  appropriately, 
it  is  possible  to  ensure  that  the  field  excited  in  the  slot  is  either  symmetrical  or 
antisymmetrical,  and  this  permits  the  problem  to  be  reduced  to  two  simpler 
two-port  network  problems  corresponding  to  open-circuit  and  short-circuit 
bisections  of  the  four-port  network.  The  general  form  of  equivalent  circuit 
used  by  Felsen  is  shown  in  Fig.  14.30. 

Conductance  of  Slots  in  Rectangular  Waveguides 

With  reference  to  Fig.  14.31  let  a  slot  be  located  in  a  waveguide  between 
reference  planes  at  z\  and  z2>  The  field  in  the  slot  will  be  assumed  to  be  given  by 

*  .  TTXq 

E  =  Eo y0  Sin  — 

Let  the  incident  field  be  a  dominant  TE10  mode  from  the  region  z  <  Z\,  Be¬ 
cause  of  the  slot,  an  infinite  number  of  waveguide  modes  are  excited.  The  field 
in  the  guide  in  the  two  regions  z  <  Z\  and  z  >  z2  can  be  expanded  in  terms  of 
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Fig.  14.30  Equivalent  circuit  of  waveguide  slot  coupling  to  two 
spherical  modes  in  a  half  space. 


*2 


Fig.  14.31  A  slot  in  a  rectangular  waveguide. 


the  normal  modes  for  the  waveguide  in  the  form  (the  notation  and  procedure 
being  used  here  are  described  in  greater  detail  elsewhere56) 


E  =  C&  +  TCrET  +  E'  CnE; 

n 

VI 

=  rciE  t  +  E'  Dn  e; 

n 

2  >  Z2 

(14.110a) 

h  =  CiH+  +  rcjir  +  E' 

n 

Z  <  Zi 

=  TCiHt  +  E'  ^nH; 

IV 

to 

(14.1106) 

n 


where  the  prime  on  the  summation  means  exclusion  of  the  dominant  mode,  F  is 
the  reflection  coefficient,  T  is  the  transmission  coefficient,  and  the  C  J s  and  Dn’ s 
are  unknown  amplitude  constants.  It  is  assumed  that  the  guide  is  terminated 
in  a  matched  load  at  some  point  2  >  z2,  so  no  incident  wave  on  the  slot  exists 
in  the  region  2  >  z2.  The  field  multiplied  by  C%  is  the  incident  mode,  while  the 
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remaining  terms  give  the  modes  excited  by  the  slot.  The  normal  mode  func¬ 
tions  are  of  the  form 

E i  =  [ en(x,y )  =h  ezn(x,y)]e^z  (14.111a) 

=  [±hn(x,y)  +  hzn(x,y)]e^"z 

=  [±.Yn z  X  e„  +  hzn]e^z  (14.1116) 

where  e*  and  h„  denote  the  x  and  y  components,  Yn  is  the  mode  wave  ad¬ 
mittance,  yn  is  the  propagation  constant,  and  n  is  a  general  summation  index 
signifying  a  summation  over  the  complete  set  of  E  and  H  modes.  The  modes 
are  orthogonal,  so  that 

js0  e»  X  hm«z  dS  =  0  n  ^  m  (14.112a) 

and  are  assumed  normalized  such  that 

j Soen  X  hn-z  dS  =  l  (14.1126) 

where  the  integration  is  over  the  guide  cross  section  SQ. 

The  Loren tz  reciprocity  theorem  given  in  Chap.  1  may  be  applied  to  the 
total  field  in  the  waveguide  and  one  of  the  normal  modes  to  yield  (n  is  a  unit 
outward  normal) 

^sEX  Ht-n  dS  =  fa  Et  X  H-n  dS  (14.113) 

where  S  is  a  closed  surface  consisting  of  the  perfectly  conducting  interior  wave¬ 
guide  surface,  the  aperture  surface  Sa  of  the  slot,  and  cross  section  surfaces  S0 
&tz  =  zi  and  z2.  On  the  waveguide  walls  n  X  E  and  n  X  vanish,  while  on 
Sa  we  have  n  X  E»  =  0  but 

n  X  E  =  n  X  yoE0  sin  ~ 

On  the  surface  So  the  total  waveguide  field  is  given  by  (14.110a)  and  (14.1106). 
If  the  orthogonality  and  normalization  properties  of  the  modes  as  given  by 
(14.112)  are  used,  it  is  readily  found  that  (14.113)  yields 

Gn  =  Y  js  yo-Ht  sin  ~~y~  dS  (14.114a) 

In  a  similar  way,  by  using  the  mode  E~,  H~  in  (14.113),  we  get 

Dn  =  Y  Is  X  y°,H»  sin  X  dS  (14.1146) 

The  quantity  n  X  yo£o  sin  (ttx0/1)  is  the  equivalent  magnetic  current  in  the 
slot  aperture  and  is  directed  along  the  slot,  since  n  =  z0,  so  z0  X  Yo  =  —x0. 
The  expansion  formulas  (14.114)  show  that  only  those  modes  having  a  tan¬ 
gential  magnetic  field  along  the  slot  are  excited.  For  an  axial  slot  only  TE 


608 


ANTENNA  THEORY 


modes  are  excited,  and  since  and  H~  have  an  axial  magnetic  field  with  the 
same  sign,  Cn  =  Dn  and  the  slot  behaves  like  a  shunt  element.  (The  trans¬ 
verse  electric  field  is  continuous  across  the  plane  of  the  slot.)  For  a  transverse 
slot,  Cn  —  —Dn  and  the  slot  acts  like  a  series  element.  (The  transverse  mag¬ 
netic  field  is  now  continuous  across  the  plane  of  the  slot.) 

The  reflection  coefficient  T  is  clearly  given  by 

r  =  ~%t  Is  sin  T° ds  (14.115a) 

and  the  transmission  coefficient  T  is  found  to  be  given  by 

T  =  1  -  f  Xo-Hf  sin  ^dS  (14.1156) 

“V  1  J  Sq  (/ 

Exercise  14.1  Carry  out  the  details  leading  to  the  results  (14.114)  and  (14.115)  for 
Cn  and  Dn  and  to  the  expressions  for  F  and  T. 

If  a  resonant  slot  is  assumed,  then  the  radiated  power  equals  l/%Gr\E$w\2  from 
the  definition  of  Gr.  The  incident  power  minus  the  reflected  power  in  the  wave¬ 
guide  is  J/£|Ci|2(l  —  |r|2)  and  must  equal  the  radiated  power  plus  the  power 
transmitted  past  the  slot.  Thus  we  have 

|Ci|2(l  -  |r|2)  -  Gt\Eqw\2  +  |FCi|2  (14.116) 

This  equation  determines  E0  in  terms  of  the  arbitrary  amplitude  C\  of  the 
incident  mode.  The  power  in  a  waveguide  mode  is  given  by  one-half  of  the 
amplitude  squared  because  of  the  mode  normalization  (14.1125)  which  is  em¬ 
ployed  here.  When  the  slot  acts  like  a  shunt  normalized  conductance  g  in  the 
guide,  the  reflected  power  it  would  produce  is  given  by  %[g/( 2  +  ^)]2|Cx2|  and 
the  power  absorbed  in  g}  which  equals  the  radiated  power,  is  given  by 

=  y2\E0w\*  Gr  (14.117) 

Exercise  14.2  For  a  normalized  shunt  conductance  g  across  a  transmission  line 
terminated  in  a  matched  load  show  that  the  power  absorbed  in  g  is  given  by  (14.1 17). 

For  a  series  slot  with  normalized  resistance  r  the  formula  corresponding  to 
(14.117)  is 

(2T7)Vil2r  =  |£>|2Gr  (14.118) 

These  latter  two  relations  permit  the  normalized  values  of  slot  conductance  or 
resistance  to  be  found  provided  an  assumption  is  made  as  regards  the  value  of 
the  radiation  conductance  Gr. 
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Broadwall  Longitudinal  Shunt  Slot 

Figure  14.32  illustrates  a  longitudinal  slot  in  the  broadwall  of  a  rectangular 
guide.  The  slot  is  offset  by  an  amount  xh  is  of  length  X0/2,  and  is  assumed  to 
be  resonant.  The  width  w  is  assumed  to  be  very  small. 


M  (d) 

Fig.  14.32  Slots  in  a  waveguide  and  their  equivalent 
circuit  at  resonance,  (a)-(c)  Broadwall  slots;  (d)  sidewall  slot. 


The  fields  for  the  normalized  TEi0  mode  are 


(14.119a) 


(14.1196) 

(14.119c) 


where  fi2  —  k02  —  (x /a)2.  From  (14.115)  we  find  that  T  =  1  +  T,  so  the  slot 
acts  as  a  shunt  conductance  g  at  resonance.  Also  from  (14.115a)  we  obtain 


r  =  - 


EqW  r  V4  jir/ab 


2 Cx  i— X 0/4  a\  2 
JEqW  k0a/  ab 

~C[ 


H 


COS 


Xi  )e 


27T2  , 

■3$z  cos  -  fa 


>o 


7T 


7  i  ^  •  7T.IT  X  X0 

sm  —  cos  jr  — 

a  2  \g 


jE0w 

C\ 


K  (14.120) 


where  K  is  defined  by  this  equation.  From  the  equivalent  circuit  we  get 
r  =  —0/(1  +  g),  so  T  is  real  and  negative.  It  is,  therefore,  apparent  that 
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wEq  =  —j\T\Ci/Kj  which  shows  that  the  slot  field  is  90°  out  of  phase  with  the 
equivalent  voltage  in  the  waveguide,  the  latter  being  proportional  to  (1  +  T)Ci. 
This  is  the  phase  relationship  which  was  used  in  Sec.  14.8.  If  the  slot  is  offset 
on  the  other  side  of  the  centerline,  wEQ  changes  sign. 

The  conservation  of  power  relation  (14.116)  gives 


2A2Gr  =  —2A2K  +  2AK 

2  K  =  2  K/yjGr 

Gr  +  2  K2  y[Gr(  1  +  2  K2/Gr) 


where  A  =  jwEo/Ci.  From  (14.117)  we  also  obtain 


2  V<7  2(1/ Vg) 

V^r( 2  +  g)  y[Gr(  1  +  2/g) 


jNg/Z) 

yjGr(  1  +  2g/4) 


(14.121) 


(14.122) 


By  comparing  (14.121)  and  (14.122),  we  see  that  there  are  two  possible  solu¬ 
tions  for  <7,  namely,  g  =  Gr/K 2  and  g  =  kK2/Gr.  Only  the  second  solution  is 
physically  acceptable,  since  g  must  vanish  when  K  equals  zero.  From  (14.120) 
it  is  now  readily  found  that 


480  \„a 


73.137T  Xq6 


flW  »  n  7 rXj  n 

sin2  —  cos2 


a 


ttXo 

2\d 


(14.123) 


where  we  have  chosen  Gr  =  2  X  73.13/fo2  =  1.03  mmhos. 

In  a  similar  manner  the  resonant  conductance  or  resistance  of  the  other  slot 
configurations  given  in  Fig.  14.32  can  be  evaluated.  The  final  results  are 
given  below. 


Offset  Transverse  Broadwall  Slot 


r 


Centered  Broadwall  Slot 


where 


0.131 

F ! 
F2 

I 

V} 


X-3 


o 


\gab 


Fi(0)  sin  6  +  g  Ft(0)  cos  Q 


cos  (tt|/2)  cos  (wtj/2) 

-  zh  - 


i 


Xn  „  Xn 
cos  6  =F  ~~  sm  0 


X 


Q 


2  a 


Centered  Inclined  Sidewall  Slot 


9 


]  sin  6  cos 

[(7rX0/2Xff)  sin  0]1 

1  " 

(X0/X„)  sin  6 P  j 

(14.124) 


(14.125) 


2 


(14.126) 
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14.10  Variational  Method  for  Slot  Impedance 

In  this  section  we  shall  formulate  the  variational  method  for  evaluating  the 
impedance  of  a  radiating  slot  located  in  a  rectangular  guide  in  which  only  the 
dominant  TEi0  mode  can  propagate.  The  procedure  used  is  similar  to  that  dis¬ 
cussed  in  Refs.  51  to  53. 

In  order  to  formulate  the  variational  expressions  for  slot  impedance  we 
require  the  Green’s  dyadic  giving  the  magnetic  field  radiated  by  a  unit  mag¬ 
netic  current  source.  Note  that  an  aperture  electric  field  Ea  can  be  regarded  as 

an  equivalent  magnetic  current  -n  X  Efl)  where  n  points  into  the  region  of 
interest. 

With  reference  to  Fig.  14.28  let  Gl  be  so  defined  that 

H(r)  =  Js  G'(r|r')  •  Jms(r')  dS'  (14.127) 

is  the  magnetic  field  radiated  into  the  waveguide  by  the  magnetic  current  Jm5. 

If  Jms  =  a5(.r  —  x')5(y  —  y')5(z  —  z '),  we  get  H(r)  =  Gl*a.  But  this  field  is 
also  given  by  the  expansion  (14.1105),  so  we  can  write 

Z  CnH;  2  < 

H  =  <  n 

E  £>nHt  z  >  z' 

.  n 

where,  from  (14.114), 

Cn  =  y2K(x\yf  ^ 

Dn  =  yH-(z',y',z')-Z 

Thus  we  have 


y2ZH;(r)H+n(r')-a 

n 

XA  X/  H+(r)H“(r') -a 

n 


z  <  zr 
z  >  zf 


Since  a  is  arbitrary,  we  see  that  the  required  Green’s  dyadic  for  the  interior  of 
the  waveguide  is  given  by 


'HlWfr')  2<2' 

n 

lA  Z  Ht(r)H-(r')  2  >  2' 


(14.128) 


For  the  exterior  region  we  shall  assume  that  an  infinite  perfectly  conducting 
baffle  is  placed  in  the  aperture  plane  outside  the  region  occupied  by  the  slot. 
Thus  we  require  the  half-space  Green’s  dyadic  Ge  for  the  exterior  region. 
By  definition 
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gives  the  magnetic  field  in  the  external  region.  But  by  image  theory  we  have 

H  =  jg  G  •  (2Jm«)  dS' 


where  G  is  the  free  space  dyadic  for  the  magnetic  field,  and  hence  Ge  =  2G.  In. 
terms  of  the  magnetic  vector  potential  we  can  write,  from  (1.616), 


where,  by  (1.62a), 


H  =  — J  a>Am  + 
V2Am  +  k0*Am  = 


W*Am 

jooy.  o€o 


By  comparing  (1.606)  and  (1.58)  and  using  the  analogy  with  (2.35)  giving  the 
electric  field  Green's  dyadic,  we  see  that 

(VV\  e~jkoR 

1  +  ~h*)  4ttR  (14.129) 

For  a  slot  in  a  rectangular  guide  as  shown  in  Fig.  14.28  let  the  incident 
dominant  mode  fields  be 

Einc  =  VtY19tir*  +  VtYt***  (14.130a) 

Hino  =  it  (hi  +  hje-*  +  It  (-hi  +  hA)e*  (14.1306) 


where  the  dominant  mode  functions  are  given  by  (14.119).  The  fields  propor¬ 
tional  to  it  and  Vt  are  incident  from  2  <  z\>  while  those  proportional  to  it  and 
Vt  come  from  the  region  z  >  z2.  The  presence  of  the  slot  will  give  rise  to  the 
following  additional  scattered  dominant  mode  fields: 


VUY ieic^*  z  <  zi 

V 28Y z  >  z2 

llu(- hi  +  hzl)ejiiz  z  <  zl 
{/^  (hi  +  hzi)e-^z  z  >  zi 


(14.131  a) 
(14.1316) 


In  view  of  the  mode  definitions  and  normalization  employed  [see  (14.111)], 
the  voltage  and  current  amplitudes  satisfy  the  relations 


(14.132) 


where  the  mode  admittance  Y 1  =  0/fcofo-  positive  sense  of  current  flow 
has  been  chosen  toward  the  slot  on  both  sides  of  the  slot. 

It  is  readily  verified  from  the  above  relations  that  the  total  dominant  mode 
magnetic  field  may  be  expressed  in  the  form 

Hi  =  hi(/i  cos  f$z  —  jV\Y  1  sin  j3z) 

+  hzi(ITTi  cos  0z  —  jh  sin  j 3z)  z  <  Zi  (14.133a) 

Hi  =  —  hi(/2  cos  I3z  +  jV2Yi  sin  (3z) 

+  hzl(V2Y  1  cos  13 z  +  jl2  sin  (3z) 


z  >  z2 


(14.1336) 
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where  the  total  current  and  voltage  amplitudes  are  given  by  Fi  =  Vt  +  Vt  +  Fls, 

v2  =  vt  +  Vt  +  vz,  h  =  It -It-  In,  and  h  =  It  -  it  ~  IZ- 

Let  the  aperture  electric  field  at  the  interior  aperture  surface  of  the  slot  be 
Ea\  The  scattered  magnetic  field  is  then  given  by 

H„  =  fg  G*'(r|r')  -y0  X  W)  dS'  (14.134) 

It  will  be  convenient  to  split  G{  into  a  resistive  part  and  a  reactive  part.  The 
resistive  part  comes  only  from  the  dominant-mode  terms.  The  Green’s  dyadic 
satisfies  the  reciprocity  relation 

Gi(r|r/)  =  Gi’(r'|r) 

and  the  symmetry  relation 

GKr'lr)  =  Gi^rlrO 

where  the  subscript  t  denotes  the  transposed  dyadic.  If  we  use  the  above  rela¬ 
tions,  we  can  write  the  dominant-mode  term  of  the  Green’s  dyadic  as  the  sum 
of  a  symmetrical  and  antisymmetrical  dyadic.  By  using  the  definition  (14.128), 
the  reader  can  readily  verify  that  the  dominant-mode  term  can  be  expressed  as 

-K[Ki(r)3Ci(r')  +  3C2(r)3C2(r')]  +  | sg(z  -  z,)[«*(r)3Ci(r/)  _  jc^C^r')] 

(14.135) 

where  the  new  modal  functions  are  given  by 

3Ci(r)  =  hi  cos  fiz  —  jhzi  sin  fiz  (14.136a) 

3C2(r)  =  hj  sin  pz  +  jhzi  cos  pz  (14.1366) 

and  sg(z  —  zf)  =  —  1  for  z  <  z’  and  equals  +1  for  z  >  zf .  The  relationship 
between  the  new  and  old  modal  functions  are  as  follows: 


3Ci  =  K  (H+  -  Hr) 

3C2  =  |  (H+  +  Hr)  (14.137) 

H+  =  ®Ci  —  J3C2 
Hr  =  -  (3Ci  +  i3C2) 

Since  hzi  is  pure  imaginary,  both  3Ci  and  3C2  are  real.  Thus  the  first  term  in 
(14.135)  is  real  and  symmetric  and  the  second  term  is  imaginary  and  anti¬ 
symmetric.  The  first  term  is  the  resistive  part  of  the  Green’s  dyadic.67  We 
now  let 

jGr  —  Gl  +  J4(KiXi  +  3C23C2)  (14.138) 

which  defines  the  reactive  part  of  the  Green’s  dyadic. 
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By  using  (14.128),  we  find  that  the  scattered  dominant  mode 
field  is 

magnetic 

Hu  =  yK7(r)  fs  H t(r')  -y0  X  E0«(r')  dS'  z  <  z. 

(14.139a) 

Hr.  =  HH;  (r)  f8  Hr(r')-yo  X  E^r')  dS'  z  >  z2 

(14.1396) 

and  hence 

Iu  =  M  fs  Bt(r')  • y„  X  Ea‘(r')  dS' 

(14.140a) 

IT.  =  y2js  Hr(r')  -y0  X  Ea*(r')  dS’ 

(14.1406) 

where  the  integration  is  over  the  slot  aperture.  Also  from  (14.134)  and  by 
using  (14.135)  and  (14.138)  we  can  write 

-y23 Ci(r)  fs  5Ci(r')*y0  X  EJ dS' -V2K2(t)  fg  3C2(r')-yo  X  EJdS' 

+j  JGr^Yo  X  E0‘  dS' 

for  the  total  scattered  magnetic  field.  If  we  now  eliminate  3Ci  and  3C2  by  using 
(14.137),  introduce  and  I2s  from  (14.140),  and  include  the  incident  magnetic 
field  also,  we  find  that  the  total  magnetic  field  in  the  guide  can  be  expressed  in 
the  form 

3^hi(/i  cos  fiz  —  jV\Y\  sin  fiz  —  /2  cos  fiz  —  jV2Yi  sin  (3z) 

+  }^hzi(ViYi  cos  /3z  —  jlx  sin  fiz  +  V2Yi  cos  fiz  +  jl2  sin  fiz) 

+  i/gGiei-yoXE0*dS' 

=  lA(h  -  h)Ki  -  |  Y1(V1  +  F2)3C2  +  j  fs  G^-yo  X  E.*  dS’  (14.141) 

because  ~lA  j s  (3CX3C2  +  la&i)  •  y0  X  E J  dS'  =  H/^Hr  + 

as  is  readily  shown  by  using  (14.137).  The  last  form  in  (14.141)  is  obtained  by 
expressing  Hf  in  terms  of  3Ci  and  JC2. 

For  a  guide  with  an  infinitely  thin  wall  the  external  aperture  field 
E ae  =  Ea*  =  Ea  and  the  external  magnetic  field  is  given  by 

fs  Ge-(-y0)  X  E adS' 

By  imposing  the  continuity  condition  for  the  magnetic  field  in  the  aperture, 
we  obtain 

V2(I i  -  A)3Ci  -  |  Y1(V i  +  F2)3C2  =  ~fs  UG +  &)  -fo  X  E0  dS'  (14.142) 

which  is  the  basic  integral  equation  for  the  aperture  field.  This  relation  is  also 
the  starting  point  for  the  variational  formulas  given  by  Oliner. 
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If  we  have  a  longitudinal  slot  which  acts  as  a  shunt  element,  we  can  choose 

1  !  =  V2  =  V ,  and  then  h  =  I2  =  I  from  symmetry  considerations.  Thus 
we  get 

j'FiF3C2  =  f8  GGF  +  Gc)  -y0  X  E0  dS'  (14.143) 

Before  proceeding  further,  we  must  obtain  an  expression  for  the  total  current  I. 
For  z  — >  oo  the  total  dominant  mode  field  is  given  by  (14.1336).  By  comparing 
with  (14.141),  we  see  that  the  dominant-mode  reactive  part  of  the  Green’s 
dyadic,  as  given  by  the  second  term  in  (14.135),  must  yield  the  result 

|  fs  (3C23Ci  -  5Ci3C2)-yo  X  Ea  dS1  =  V2I^+  -  V2I^a Hf 

•  • 

=  ^  YiV 2^2  (14.144) 

Note  that  the  first  two  terms  on  the  right  cancel  the  terms  multiplied  by  h  and 
Vi  in  (14.141)  and  the  last  two  terms  are  equal  to  one-half  of  the  field  given  by 
(14.1336).  When  we  equate  the  coefficients  multiplying  the  cos  ($z  and  sin  I3z 
terms  on  both  sides  of  (14.144),  we  obtain  the  following  fundamental  results, 
which  were  first  given  by  Marcuvitz  and  Schwinger.57 

1 1  +  h  =  j  fs  3C2-y0X  E0  dS'  (14.145a) 

(Vl  +  F2)F,  =  fg  K,.y0  X  Ea  dS'  (14.1456) 

For  a  shunt  slot  we  have  I\  —  I2  —  /,  and  thus 

27  =  j  fs  3C2-y0  X  Ea  dS'  (14.146) 

If  we  divide  both  sides  of  (14.143)  by 

(/g  3C2-y0  X  Ea  dS'Y 

introduce  the  current  I  from  (14.146),  and  also  scalar-multiply  the  numerator 
by  y0  X  Ea  and  integrate  over  the  aperture,  we  obtain 

V  f .  (  yo  X  Ea  •  (JGr*  +  Ge)  •  yo  X  Ea  dS'  dS 

~ f=R+jX  =  -im - r7 - ^ -  (14.147) 

21  Yl(JgXi-f0XE.dS) 

This  is  the  required  variational  expression  for  the  impedance  of  a  longitudinal 
i.e.,  a  shunt,  slot.  A  first-order  approximation  to  the  aperture  field  Ea  will 
yield  a  second-order  approximation  for  the  impedance  R  +  jX.  The  way  in 
which  (14.147)  is  employed  in  practice  is  the  same  as  for  the  calculation  of  an¬ 
tenna  impedance  by  variational  methods  as  described  in  Sec.  2.9. 


616 


ANTENNA  THEORY 


For  the  case  of  a  series  slot  we  choose  V\  =  —V2=  V  and  by  symmetry 
h  =  —h  =  L  By  using  (14.142)  and  (14.145)  it  is  readily  found  that 


I 

2V 


G+jB  =  —  Y1 


Is) 

yo  x  e, 

i’UGr*  +  Ge) -y0  X  E„  dS'  dS 

1 

( 1 

rg  5Ci-y0  X  E„  dS^ 

I2 

(14.148) 


is  a  variational  expression  for  the  impedance  of  a  series  slot. 

When  the  slot  thickness  cannot  be  neglected,  EJ  ^  Eae.  The  slot  field  may 
be  expressed  in  terms  of  the  waveguide  modes  in  the  slot;  i.e.,  let 


.  nnriJo 

am  sm  — t — • 


sin 


rnwyo 

l 


z0  =  0 

Zo  =  0 


then  by  transmission  line  theory 

Eae  =  y0  (am  Cosh  r  mt  +  j  ^  bm  sinh  Tmt)  sin 

m  \  Tm  J  l 

H ae  =  x0  ^2  ( am  sinh  Tmt  +  bm  cosh  PmA  sin  ni^° 


and  is  the  tangential  aperture  fields  at  z0  =  t.  In  the  above  we  have  assumed 
that  the  aperture  fields  are  predominantly  TEm0  modes,  since  they  are  the  only 
modes  which  strongly  couple  the  interior  and  exterior  regions  as  discussed  at 
the  beginning  of  Sec.  14.9.  The  basic  integral  equation  (14.142)  must  now  be 
replaced  by  the  following: 

y^(Ji  —  /2)3Ci  —  Fi(Fi  +  F2)JC2  +  j  J^Gr^Yo  X  E  al  dS'  =  Hal  (14.149a) 

-  fs  G'-yo  X  Eae  dS’  =  Ha  (14.14%) 

The  above  variational  expressions  for  slot  impedance  have  not,  by  any 
means,  been  fully  exploited.  A  number  of  calculations  have  been  made  by  the 
group  at  Brooklyn  Polytechnic  Institute,  but  the  details  and  results  are  too 
lengthy  for  inclusion  here.  (See  Ref.  53  for  a  summary  of  the  main  results 
obtained.) 


PROBLEMS 


14.1  Carry  out  the  details  leading  to  the  residue  series  for  E $  given  by  (14.73). 

14.2  Consider  the  simplified  nonresonant  array  design  procedure  given  in  Sec.  14.8, 
but  assume  that  the  waveguide  is  lossy  with  an  attenuation  of  a  nepers/m.  Show  that 
in  place  of  (14.101)  the  normalized  conductance  is  given  by 


(1  —  re2aL)P(z)e2az 
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Hint:  The  rate  of  loss  of  available  power  is  given  by 


dPa 

dz 


2  aPa 


which  may  be  written  as 


d_ 

dz 


The  solution  of  this  equation  is  Pae2az  =  1 


Pag  dz,  where  the  available  power  at 


2  =  0  is  unity.  At  z  =  L  the  available  power  for  the  termination  is  r.  Also  Pag  —  KP, 
where  K  may  be  found  from  the  condition  Pa(L)  —  t.  By  replacing  Pag  in  the  integral 
for  Pa  by  KP  and  using  this  in  the  expression  for  g,  the  desired  result  is  obtained. 

14.3  Show  that  for  discrete  elements  in  a  lossy  waveguide  the  results  corresponding 
to  (14.103)  for  the  slot  conductances  gn  are 


pie2ad(i-n )  _j_  re2(N~n+l)ad 


e2a(n-l)d  pn 
n  —  l 

1  -  Y  f>ie2“i(i~1) 
1  =  1 


where  the  incident  power  at  the  first  slot  is  unity  and  r  is  the  power  dissipated  in  the 
termination  a  distance  d  beyond  the  last  slot. 

14.4  Design  a  five-element  longitudinal  slot  array  with  a  beam  angle  of  30°  in  the 
forward  direction.  A  Chebyshev  aperture  distribution  with  20-db  side  lobes  is  called 
for.  The  frequency  of  operation  is  9,600  MHz.  Specify  the  waveguide  width,  slot 
spacing,  and  slot  susceptance.  Assume  a  matched  termination  which  dissipates  an 
amount  of  power  equal  to  25  percent  of  the  radiated  power.  Use  the  design  procedure 
based  on  (14.105)  to  (14.109),  but  assume  zero  waveguide  loss,  i.e.,  a  =  0.  What  is  the 
input  VSWR  to  the  array  and  the  efficiency? 

14.5  Determine  the  slot  conductance  required  to  yield  a  triangular  aperture  distribu¬ 
tion  for  a  10-element  array.  Use  the  simplified  design  procedure  based  on  (14.103). 
Specify  the  fraction  r  of  the  power  to  be  dissipated  in  the  load  in  order  that  the  largest 

conductance  does  not  exceed  0.3.  Choose  the  \^P~n  proportional  to  the  numbers  in  the 
sequence,  1,2, 3, 4.5, 5, 4, 3, 2,1. 

14.6  Fill  in  the  details  leading  to  Eqs.  (14.133),  (14.135),  and  (14.141). 

14.7  Show  that  a  variation  5Ea  in  Ea  produces  no  first-order  change  in  R  jX  as 
given  by  (14.147),  and  thus  verify  that  this  is  a  variational  or  stationary  expression  for 
the  impedance.  Hint:  In  the  proof  you  will  need  to  use  the  property 

jGnHxlt')  +  G*(r|r')  =  jW(  r'|r)  +  G*‘(r'|r) 
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CHAPTER  15 


OPEN  WAVEGUIDES  AND  SMALL  HORNS 

R.  T.  Compton,  Jr.  and  R.  E.  Collin 


15.1  Introduction 

Open  waveguides  and  small  horns  are  often  used  for  antennas  when  a  simple 
structure  having  modest  gain  is  required.  In  particular,  waveguide  radiators 
and  small  horns  are  extensively  used  as  primary  antennas  to  illuminate  re¬ 
flectors  and  lenses.  A  small  horn  is  essentially  a  waveguide  with  one  end  flared 
to  increase  the  aperture  area  and  hence  the  gain.  The  flaring  also  provides  a 
smoother  transition  between  the  guide  and  free  space  and  consequently  a 
better  match.  Horns  and  waveguides  are  relatively  broad-band  antennas  and 
are  preferred  from  this  point  of  view  over  dipole  radiators  excited  by  slotted 
coaxial  line  feeds. 

The  radiation  from  open  waveguides  may  be  calculated  exactly  by  the 
Wiener-Hopf  method  provided  certain  realistic  assumptions  such  as  (1)  semi- 
infinitely  long  guide,  (2)  infinitely  thin  waveguide  walls,  (3)  cross  sections  that 
coincide  with  a  single  constant-coordinate  curve,  e.g.,  circular  guide,  and  (4) 
infinite  conductivity,  are  made.  Condition  (4)  can  be  relaxed  by  using  a 
surface  impedance  to  account  for  finite  conductivity,  but  the  additional  com¬ 
plications  in  the  analysis  probably  do  not  warrant  this  refinement. 

Exact  solutions  for  radiation  from  horns  are  not  available,  so  the  usual 
approach  is  based  on  an  assumed  aperture  field.  In  the  next  section  we  derive 
the  exact  solution  for  radiation  from  a  parallel-plate  guide  in  order  to  illus¬ 
trate  the  significant  features  of  the  Wiener-Hopf  technique.  This  is  followed 
by  a  presentation  of  the  results  which  have  been  obtained  for  circular  guides. 
The  remaining  sections  deal  with  radiation  from  horns. 


15.2  Radiation  from  a  Parallel-plate  Guide 

Perpendicular  Polarization 

The  problem  of  radiation  from  a  parallel-plate  waveguide  was  solved  by 
Heins  in  1948  and  independently  in  Russia  in  the  same  year  by  Vajnshtejn.1*2 
An  account  of  the  theory,  as  well  as  a  detailed  discussion  of  the  Wiener-Hopf 
method  along  with  many  other  applications,  may  be  found  in  Noble’s  book.3 

Figure  15.1  illustrates  a  parallel-plate  waveguide  consisting  of  perfectly  con¬ 
ducting,  infinitely  thin  plates  extending  from  —  <  y  <  oo ,  —  oo  <£<0, 
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kz 


z  =  -a 

Fig.  15.1  A  parallel-plate  waveguide  with  open  end. 


along  z  =  =ta.  We  assume  that  a  dominant  TEM  mode  is  incident  from  the 
region  x  <  0  with  fields  given  by 

Ez  =  (15.1a) 

Hy  =  Ae :-*•*  (15.16) 


Since  the  guide  is  uniform  along  y  and  the  incident  field  is  independent  of  y, 
the  scattered  field  will  also  be  independent  of  y.  Thus  the  scattered  field  has 
only  a  y  component  of  magnetic  field  from  which  the  remaining  electric  field 
components  may  be  found  by  means  of  the  relations 

jo,taEx  =  (15.2a) 

oz 


jueoEz  = 


^  y 

dx 


(15.26) 


The  induced  currents  on  the  plates  flow  in  the  x  direction  only  and  are  inde¬ 
pendent  of  y.  The  current  J  (x)  must  satisfy  the  edge  condition,  which  requires 
that  it  vanish  as  z**  as  the  edge  is  approached.  This  edge  condition  will  be 
required  in  the  analysis  in  order  to  obtain  a  unique  solution. 

An  integral  equation  for  determining  the  current  is  readily  set  up  and  is  of 
the  Wiener-Hopf  type.  We  shall  follow  a  somewhat  modified  procedure  and 
construct  the  solution  in  the  form  of  a  Fourier  transform.  Both  approaches 
lead  to  essentially  the  same  factorization  problem  which  is  the  key  feature  of 
the  Wiener-Hopf  method. 

We  shall  let  ^(£,2)  be  the  total  magnetic  field,  which  is  a  solution  of 


dhp 

dx 2 


d2$ 

dz2 


+  /cV  =  0 


(15.3) 


where  k  =  k'  —  jk";  that  is,  we  assume  a  medium  with  small  loss.  At  the  end 
of  the  analysis  we  shall  put  k  equal  to  &o-  The  boundary  conditions  for  ^  are: 


zfca,  —  00  <  x  <  0  since  Ex  vanishes  on  the  plates. 


d\// 

dz 


continuous  at  2  =  zba,  all  x. 
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3.  The  current  J(x)  =  J-(x)  =  \f/(xyaJ)  —  \p(x,a+)  is  identically  zero  for 
x  >  0  and  is  of  order  x^  as  x  —>  0  from  the  region  x  <  0. 

4.  \p(x,z)  is  an  even  function  of  z  because  of  the  symmetry  and  the  sym¬ 
metrical  excitation. 

5.  \p(x ,z)  must  satisfy  the  radiation  condition. 

A  general  solution  for  \p  that  satisfies  conditions  2,  4,  and  5  is  readily  seen  to 
be  given  by  the  Fourier  transform 

/co 

e~jwxf(w)  cos  \z  dw  —a  <  ^T<  a  (15.4a) 

\p(x,z)  =  j  -je~i^e-juz-a)  sin  \a  /  (w)  dw  z>a  (15.46) 

J  — ■  QQ 

where  X  =  -\j k 2  —  w2.  If  we  can  find  the  unknown  function  f(w),  we  shall  be 
able  to  determine  \p. 

For  any  finite  value  of  z  greater  than  a  we  know  that  \p  is  of  order  e~fc"|z|  as 
\x\—>  oo .  Therefore,  e~jUz~a)  sin  \af(w)  is  analytic  in  the  strip  —  kn  <  v  <  k " 
where  w  =  u  +  jv.  For  — oo  <x<0,  —  a  <  z  <  a,  the  field  is  an  incident 
TEM  mode,  a  reflected  TEM  mode,  plus  higher-order  TM  modes,  and  thus  is 
of  the  form 

co 

ip  =  Ae~jkx  —  F A  ejkx  +  An  cos  e7nX  (15.5) 

n=  1  a 

where  T  is  the  reflection  coefficient  and  yn  =  [(tit /a)2  —  k 2]^.  We  shall  assume 
that  7r /a  >  k  so  only  the  TEM  mode  propagates. 

The  incident  field  can  be  represented  by 

1  r  A  e~iwx 

X Pi  =  Ae->kx  =  /  — — j  dw  (15.6) 

2wj  J  c  w  —  k 

where  C  is  the  contour  shown  in  Fig.  15.2.  For  x  >  0  we  can  close  C  in  the 
lower  half  plane  (lhp) ;  and  since  the  pole  is  not  enclosed,  we  get  zero  for  the 
value  of  the  integral.  For  x  <  0  we  can  close  C  in  the  upper  half  plane  (uhp), 
and  by  the  residue  theorem  we  obtain  the  incident  field. 


U 


Fig.  15.2  Contour  C  for  evaluating  mag¬ 
netic  field. 
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For  —a  <  z  <  a,  all  x ,  the  scattered  field  \(/s  —  \p  —  ^  is  of  order  as 

a; I  — >  .  Therefore,  for  —a  <  z  <  a,  all  x,  we  can  write 


r 00 

\ps  =  I  e  3WXf  (w)  cos  \z  dw  —  ^ 

J  — CO 


/, 


/(w)  cos  X2 


A 


2  ltj(w 


-  fc)J 


dw 


and  because  of  the  asymptotic  behavior  of  we  have  that 


f(w)  cos  \z 


A 


2irj{w  —  k) 


is  analytic  in  the  strip  —k"<v<  k 

The  total  field  for  —a<z<a  arises  from  the  inversion  of  f(w)  cos  \z ,  so 
this  function  must  have  poles  at  w  —  w  —  jyn ,  n  =  1,  2,  3,  ...  in  order  to 
give  the  form  (15.5).  These  poles,  with  the  exception  of  the  pole  at  w  =  k,  lie 
in  the  uhp  and  are  enclosed  when  the  contour  is  closed  in  the  uhp,  which  can  be 
done  for  x  <  0.  To  obtain  the  incident  wave  the  contour  C  is  located  in  the 
strip  —k"<v<  k"  except  for  the  encirclement  of  the  pole  at  w  =  k  as  shown 
in  Fig.  15.2. 

We  may  obtain  further  conditions  onf(w)  from  the  boundary  conditions  1 
and  3.  Condition  1  yields 

Jc  X  sin  \af(w)e~3WX  dw  =  0  x  <  0 


Since  we  can  close  C  in  the  uhp  for  x  <  0,  we  must  have  X  sin  Xa  f(w)  analytic  in 
the  upper  half  plane  in  order  for  the  integral  to  vanish.  Note  that  X  sin  Xa  =  0 
for  w  =  zLkyjyn,  so  that  the  postulated  poles  of  f(w)  are  canceled  by  X  sin  Xa  in 
the  uhp.  The  integral 

Jc  X  sin  \af(w)e~*wx  dw  = 


and  since  by  the  edge  condition  Ex  is  of  order  as  x  — >  0  from  x  >  0,  the 
final-value  theorem  shows  that  X  sin  \af(w)  is  of  order  as  \w\  — >  00. 

The  current  J\  flowing  on  the  inside  of  the  plate  at  z  =  a,  x  <  0,  is  given  by 

J\  =  jc  e~jwxf(w)  cos  \adw  x  <  0  (15-7) 

Since  x  <  0,  we  can  close  C  in  the  uhp  and  must  obtain  a  form  similar  to  (15.5). 
Hence  f(w)  cos  Xa  has  poles  at  w  =  dhfco,  jin  and  no  other  singularities  in  the 
upper  half  plane.  The  current  J2  flowing  on  the  outside  of  the  plate  at  z  =  a 
is  given  by 

=  Jc  je~jwxf(w )  sin  ^adw  x  <  0  (15.8) 

Since  C  can  be  closed  in  the  uhp  and  we  must  obtain  a  nonzero  value  for  J2,  the 
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function  f(w)  sin  Xa  will  have  a  branch  cut  singularity  in  the  uhp.  The  total 
current  is  given  by 

J(x)  =  J_(x)  =  Ji  +  J2  =  Jc  e~iwxe*af(w)  dw  (15.9) 

and  vanishes  for  x  >  0.  Hence  since  we  can  close  C  in  the  lhp  for  x  >  0,  we 
must  have/(w)eiXa  analytic  in  the  lhp  below  C.  By  the  edge  condition,  /_  is  of 
order  x^  as  x  — >0  from  x  <  0,  and  consequently  f(w)ejXa  is  of  order  w~ #  as 

\w\  — >  oo  . 

We  now  have  the  following  conditions  to  be  satisfied  by  f(w): 


e^af(w)  =  0w~&  as  \w\  — »  co  in  lhp. 

X  sin  \af(w)  analytic  in  uhp  above  C. 
j{w)efKa  analytic  in  lhp  below  C. 
f(w)  has  simple  poles  at  w  =  dzko,  jyn . 


1. 

2. 

3. 

4. 

» 

5.  X  sin  \af(w)  - 
since  X  — >  jw  as  w 


0w~^  as 

■*  oo  .) 


w 


00 


(This  condition  includes  condition  1, 


To  give  decaying  waves  at  infinity,  ^ k 2  —  w2  —  X  =  —j*\jw2  —  A;2,  that  is, 
the  branch  with  negative  imaginary  part  is  chosen  (or  positive  real  part  when  X 
is  real). 

From  (3)  we  can  write  e^f  (w)  =  L_(w),  where  L_  is  an  unknown  function 
that  is  analytic  in  the  lhp  and  has  poles  at  w  =  ±k,jyn  and  is  of  order  w~ ^  as  w 
goes  to  infinity.  From  (2)  we  now  get  X  sin  Xa  e~*aL-(w)  =  L+(w),  where  L+  is 
a  function  analytic  in  the  upper  half  plane.  We  can  express  X  sin  Xa  as  an  in¬ 
finite  product  in  the  form 


sin  Xa 
Xa 


Xa\  ,  , 

_  JgXa/n*- 

nwj 


Now  assume  also  that  we  can  factor  e~*a  into  the  form  S+(w)S-(w).  Then 


Z/4-  1 


g  g  GO 

X2a  n  (1  —  Xa/ft7r)eXa/nx 

n  =  —  00 


(15.10) 


For  L_  to  satisfy  the  prescribed  conditions  it  is  necessary  to  choose  L+  such 
that  it  cancels  the  factor  S+  and  the  zeros  of  X  sin  Xa  in  the  lower  half  plane  and 
in  addition  gives  algebraic  growth  according  to  L_  =  0w~ ^  as  \w\  — >  00 . 
Thus  we  let 


L+  =  S+  (l  +  ~~)eMn*I (w) 

1  \  Mr/ 

where  I (w)  is  to  be  chosen  to  give  L_  the  correct  algebraic  behavior  at  infinity. 
Note  that  I  must  be  an  integral  function  in  the  lhp  to  give  L .  this  property. 
The  constant  to  be  associated  with  /  is  fixed  by  the  requirement  that  the  inci- 
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dent  wave  arising  from  the  residue  at  w  =  k  must  equal  A.  For  later  conve¬ 
nience  we  shall  choose  of  the  following  form 


_ I(w) _ 

00 

S„(w)(w2  —  k 2)  XT  (1  —  w/jyn)ewalnv3 

n  —  1 


(15.11) 


which  is  permissible,  since  we  have  not  specified  I  as  yet.  Note  that  yn  — >  mr/a 
asn-*>  oo  f  and  so  we  can  choose  ewa!jnv  as  convergence  factors  in  the  infinite- 
product  term. 

Let  =  S+jSL.  Then  In  e~*a  =  In  S+  +  In  SL  =  — jXa  =  j(w 2  —  k 2) 
a(k2  —  The  function  w2  —  k2  is  analytic  everywhere,  so  we  shall  factor 

(k2  —  w2)~^  into  the  form  <?+  +  Let  =  g(w)  so  that 

q -  =  —  w2)“*4  —  g(w) 


We  can  express  g(w)  in  the  form 

=  1 
irj 


g(y>) 


c  °° 

:  P  I  - 

f  J  —co  ( F  — 


(f  —  w)yjk2  —  f2 


(The  general  factorization  procedure  is  described  in  Sec.  10.5  and  also  in 
Sec.  1.3  of  Noble's  book.3)  The  integral  can  be  evaluated  to  give 


g(™) 


1 


7 rV 


In 


w 


+  V 


w 


k2 


w 


k2 


w 


+  ^ ' 


k2 


We  now  obtain 


q-  = 


1 


2  Vfc 


w 


2w*sjw2  —  /c2 


In 


— w  +  —  &2 


+  V^: 


k2 


and  thus  In  =  j-\Jw2  —  k2 


2  ir 


J7T 


—  In 


+ 


k2 


w 


+  V^: 


/c2 


or 


—  exp  (  —  -yjw- 


k2 1 j  exp  ( -jV^ 


_  a  in=w  +  V^ 


k2 


2ir 


w 


+  v 


w 


k2 


As  w  — >  co  in  the  lower  half  plane,  is  asymptotic  to 

2w 


exp 


Note  that 


/ .  a 


In 


fc 


In 


+ 


k2 


w 


+  V 


w 


k2 


In 


V^2  —  k2 


(15.12) 


w 


+  V 


w 


k2 


+  In  (—1)  and  In  (—1)  =  wj 


so  that 


S. 


exp  j^w2  —  k2  In 


1 

j$ 

1 

$ 

-  fc2\ 

w  +  V^2  “ 

-  k2) 

also.  If  we  replace  ^w2  —  k2  by  —  ^w2  —  k2,  S~  does  not  change  value,  which 
must  be  the  case  since  S_  is  analytic  in  the  lhp. 
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The  term 


1 


1  + 


jcA  .  . 

*1 _  Ig— jwalnir 

w 


differs  from 


YL  ( 1  +  ^^\e~jwalnr 

l  \  nir  / 


jwa 


i r 


where  T  (z)  is  the  gamma  function  and  y  =  0.57722  is  Euler's  constant,  by  only 
a  constant  when  w  — »  co  .  Therefore,  its  asymptotic  value  can  be  found  by 
using  the  result 


F  (z)  — >  c*  Zz  z_^’1 

Apart  from  a  constant,  we  thus  find  that 


as 


00 


T  ,  x  I(w)weiywalT  , 

L_(w)  ~  eUwal*)  ln  0 


^2gO‘toa/T>  ln  {2w(k) 


as  w 


oo 


For  L_  to  be  of  order  w  ^  we  must  choose  I (w)  as  follows: 

I(w)  —  (J^~Ky—^)waJir^Uwa}r)  Iln  (2tc/fc)—  In  jwa/r] 
—  (Jg}(l—y)‘wa/Tgwal2g{—jwalTr)  ln  (kal2ir) 

where  C  is  a  constant.  We  now  have 


(15.13) 


L_  =  e»*f(w) 


C  exp 

vi  x  wa  .  wa  .wa ,  ka~ 

J{i  y)  +  0  7  in  _ 

T  Z  1 T  Z7T_ 

00 

(w2  -  l;r)  n  | 

V 

|e-y(»./nx)  eXp  | 

(YV»- -  f  “  In  ”  -  *■) 

(  ^  w  +  V^2  —  A'2/ 

(15.14) 


From  (15.7)  we  see  that  Ji(x)  =  -L  -L  _(w)ejXa  cos  Xa  The  residue 

at  w  =  A  gives  the  incident  wave,  while  that  at  w  =  —  A  gives  the  reflected 
wave.  Hence  the  reflection  coefficient  is  given  by 

lim  L_(w)(w  +  A)  Y1  ..  ,  . 

p  __  to — ►  —  k  ___  e-J(1”7)fc»a/T6-M/2 

lim  L_(w)(w  —  k)  ~~  e3(\-y)hahcehaf2 

w — *k 


00 


eo*oo/T)  ln  (t«o/2x)  JJ  (1  4-  jko/yn)e~Mn 

1 


00 


gi—jkoalv)  In  (fcoa/2ir)  II  (1  —  jko/yn)eMnT 

1 

g~“ koag(i2&oa/x)[ — l-f-y-f  In  (&o«/2t)1  J  J  Tn  T~  J  Ap  ^ — jZk^ain 


i  jA 


(15.15) 
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where  we  have  put  k  —  fc0.  Since  all  yn  are  real,  we  find  that 


e 


-kqa 


Phase  T  = 


2  k0a  ^ 


7  —  1  +  In 


OD  p— 


+  2/^1 


n  =  l  L 


tan 


k 


o 


Tn 


k0a 

nw 


(15.16a) 

(15.166) 


The  series  converges  rapidly,  since  tan"1  (ko/yn)  rapidly  approaches  k0a/nw  for 
large  n. 

To  obtain  the  radiation  pattern  we  use  (15.2)  together  with  (15.46)  to  obtain 


E 


=  jJo  f 

ko  J  —co 


CO 


e  jkxx  jkz{z  a>/(^2.)(  —  xkz  sin  kza  +  zkx  sin  k2a)  dkx  (15.17) 


upon  putting  w  =  kX)  A  =  kz.  The  asymptotic  form  of  this  integral  is  given  by 
(3.15/),  so  the  radiation  field  is 


E 


if  0  2  Ttj 


k0  Y  k0r 


e-ttor  /Cq  cos  0  [  __  cos  0  sin  ( k$a  cos  0) 


+  z/c0  sin  0  sin  ( kQa  cos  0)]  f(k0  sin  0)  (15.18) 


This  result  gives  Er  =  0  and 


Ee  = 


2irj 

ifo\/^y  e“jfe°r  cos  0  sin  (/c0u  cos  0)  f(kQ  sin  0) 


(15.19) 


for  the  far-zone  field.  Note  that  0  is  the  angle  measured  from  the  z  axis.  Apart 
from  irrelevant  constants,  which  we  replace  by  K ,  the  radiation  pattern  is 
given  by 

\Ee\  =  Kko  cos  0  sin  ( koa  cos  0)  \f(k0  sin  0)[ 


By  using  (15.14)  we  find  that 


\f(ko  sin  0)| 


(Jg(koal2)  sin  d 


ko2  cos2  0 


co 


TT  [1  +  (W  sin2  e/yS)} 


n  —  1 


If  we  note  the  following  infinite  product  expansion 


sin  V^o2  —  u)2 


o' 


w 


—  II  (  1  +  —  )e->wa!nit 

a  n~- co  \  7 »/ 


CO 


=  n  i  + 


w 


n  =  1 


Yn 


we  readily  see  that  \f(k0  sin  0)1  can  be  written  in  closed  form.  Thus  the 
normalized  radiation  pattern  is  given  by 


—  gU-0a/2)(sin  0—  1) 


sin  (fc0a  cos  0) 
koa  cos  0 


(15.20) 


Note  that  this  expression  is  valid  only  for  2 a  <  X0. 
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It  is  instructive  to  compare  (15.20)  with  the  pattern  obtained  by  assuming  a 
constant-aperture  field  E0 z  over  the  region  —  a  <  z  <  a  and  zero  for  \z\  >  a. 
By  using  (3.15c)  and  (3.15/),  we  obtain 


sin  (A’ou  cos  6) 
kod  cos  6 


(15.21) 


for  the  far-zone  radiation  field.  If  Kirch  ho  ff\s  formula  (3.486)  or  the  two- 
dimensional  form  of  (3.25)  as  given  in  Prob.  3.9  is  used  an  extra  factor, 
y2(l  +  sin  0 ),  is  obtained. 


Fig.  15.3  Comparison  of  exact  and  approximate  radiation  patterns 
from  a  parallel-plate  waveguide  for  excitation  by  a  TEM  mode, 
2  a  =  0.8Xo. 


The  two  normalized  patterns  are  plotted  in  Fig.  15.3  and  are  seen  to  be  in 
remarkably  good  agreement  for  0  <  6  <  w/2.  This  example  shows  that  the 
aperture  field  method  of  calculating  the  radiation  pattern  gives  good  results, 
for  apertures  of  the  order  of  a  wavelength  in  size,  even  though  only  a  rough 
estimate  of  the  actual  aperture  field  is  known.  Note  that  the  aperture  field 
method  as  given  in  Sec.  3.4  is  based  on  the  use  of  field  equivalence  methods 
and  gives  the  field  only  in  the  half  space  x  >  0.  However,  KirchhofFs  formula 
can  be  applied  to  the  surface  consisting  of  the  aperture  —a  <  z  <  a  and  the 
waveguide  walls  at  z  =  zfca  and  thus  gives  an  approximation  to  the  field  every¬ 
where  outside  the  guide  (see  Prob.  15.1). 


Parallel  Polarization 


If  the  incident  field  is  chosen  as  a  TEi0  mode  with  Ey  proportional  to 
cos  (wz/2a)  and  a  is  so  chosen  that  only  the  TEi0  mode  propagates,  that  is, 
2 a  <  1.5X0,  a  similar  analysis  shows  that  the  exact  normalized  radiation  pattern 
is  given  by1'3 


i  -  e-(^/2)a-.in  M/1 +8infl\M 

cos  (kQa  cos  6) 

1  V  2  ) 

_1  —  (4a/X0)2  cos2  d_ 

H 


(15.22) 
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If  we  use  (3.15c)  and  (3.15/)  and  assume  an  aperture  field 


Ey 

-  ! 

ii  7 TZ 

E o cos  — 

2a 

2 

.0 

z 

<  a 


>  a 


we  find  that  the  far-zone  normalized  electric  field  pattern  is  given  by 


E 


v 


sin  8  cos  ( kQa  cos  8) 
1  —  (4a/X0)2  cos2  8 


(15.23) 


The  exact  and  approximate  patterns  are  shown  in  Fig.  15.4.  Again  the  agree¬ 
ment  is  seen  to  be  quite  good. 


As  an  alternative  to  (15.23)  we  can  evaluate  the  radiation  field  from  an  as¬ 
sumed  electric  and  magnetic  field  aperture  distribution.  If  we  choose  the  in¬ 
cident  TEio  mode  fields  for  the  aperture  field,  that  is, 


Ev  —  E0  cos 


tz 

2a 


/3E  o  tz 
ktfo  C°S  2a 


where  (3  =  (/c02  —  7r2/4 a2)^,  the  far-zone  electric  field  may  be  found  by  using 

the  results  of  Prob.  3.9.  It  is  readily  found  that  the  normalized  field  pattern 
is  given  by 


(3  +  fa  sin  8  cos  ( k0a  cos  8) 

13  +  k0  1  —  (4a/X0)2  cos2  8 


(15.24) 


The  radiation  pattern  according  to  this  expression  is  also  shown  in  Fig.  15.4. 
This  pattern  deviates  from  the  exact  pattern  in  a  way  opposite  to  that  in  which 

the  pattern  given  by  (15.23)  does.  However,  it  is  also  a  good  approximation  to 
the  exact  result. 
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15.3  Radiation  from  Circular  Waveguides 


The  theoretical  evaluation  of  the  radiation  patterns  from  circular  and  rec¬ 
tangular  waveguides  has  been  carried  out  by  Chu4  by  using  the  aperture  field 
method.  The  results,  although  only  approximate,  do  agree  reasonably  well 
with  measured  patterns  given  by  South  worth  and  King  for  circular  guides  and 
conical  horns5  and  the  measured  patterns  given  by  Barrow  and  Greene  for 
rectangular  guides.6  A  summary  of  Chu’s  work  is  given  in  Silver’s  book,  so  it 
will  not  be  reproduced  here.7 

The  exact  calculation  of  the  radiation  from  a  circular  waveguide  has  been 
carried  out  by  Vajnshtejn.8’9  (These  papers  are  reproduced  in  the  report 
EM-63  listed  in  Ref.  2.)  A  related  problem,  the  diffraction  of  a  plane  wave  by 
a  circular  guide,  has  been  solved  by  Pearson.10  A  similar  acoustic  problem,  i.e., 
sound  radiation  from  a  circular  guide,  has  been  solved  by  Levine  and 
Schwinger11  and  also  by  Vajnshtejn.12  The  radiation  of  electromagnetic  waves 
from  circular  waveguides  was  also  analyzed  exactly  with  the  Wiener-Hopf 
method  by  Schwinger  and  coworkers  at  the  Massachusetts  Institute  of  Tech¬ 
nology  Radiation  Laboratory  during  World  War  II.  An  excellent  summary  of 
this  work  along  with  all  relevant  formulas  and  calculated  radiation  patterns 
for  circular  waveguides  excited  by  the  TE0i  and  TM0i  modes  is  given  by 
Marcuvitz  in  the  “Waveguide  Handbook.”13  Marcuvitz  also  gives  radiation 
patterns  for  the  parallel-plate  waveguide  and  the  aperture  equivalent  circuit 
for  evaluating  the  reflection  coefficient  in  all  cases.  Since  these  results  are 
readily  available,  we  shall  not  give  a  detailed  treatment. 

Chu’s  method  uses  the  general  formulas  (3.44)  applied  to  the  surface  con¬ 
sisting  of  the  open  waveguide  aperture  and  the  outer  surface  of  the  guide  plus 
the  surface  of  a  sphere  of  infinite  radius.  The  surface  at  infinity  does  not  con¬ 
tribute,  and  on  the  outer  waveguide  surface  it  is  assumed  that  the  tangential 
fields  are  zero.  Thus  only  the  fields  on  the  waveguide  aperture  contribute,  and 
the  formulas  (3.44)  reduce  to  (3.25).  The  aperture  field  is  chosen  as  that  of  the 
incident  mode.  A  straightforward  calculation  then  shows  that  for  the  TEu 
mode  the  radiated  electric  field  is  given  by 


§ii 

k 


cos  Q 


o 


+  cos  6 


J i  (koa  sin  0) 
sin  0 

Ji(Pn)Ji(koa  sin  0) 
1  —  \(kna  sin  6)  /n!i 


where  =  [k02  —  (pn/a)2]^,  J[{x)  =  dJi(x)/dx,  p'n  is  the  first  root  of  J[(x)  =  0, 
that  is,  pn  =  1.841,  and  a  is  the  guide  radius.  The  angle  0  is  measured  from  the 
guide  axis.  From  these  expressions  the  half-power  E-  and  //-plane  beam  widths 
for  a  <  Xo  are  found  to  be  given  very  closely  by 


@E  - 

=  14.7°- 

d 

(15.26a) 

©//  = 

=  18.6°  - 
a 

(15.266) 
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The  directivity  is  given  approximately  by 

D  - 10  5  4  (i5-27) 

Figure  15.5  shows  the  radiation  pattern  from  a  circular  guide  excited  by  the 
TEn  mode.  The  solid  curves  give  the  exact  results  presented  by  Vajnshtejn,9 
and  the  broken  curve  gives  Chu's  approximate  results  as  obtained  by  the 
aperture  field  method.  The  two  patterns  agree  quite  well,  especially  in  the  E 
plane  (note  that  koa  is  not  quite  the  same  for  both).  Even  the  back  lobe  is 
surprisingly  well  predicted  by  the  aperture  field  method. 


Fig.  15.5  Comparison  of  exact  and  approximate  radiation 
patterns  for  a  circular  guide  excited  by  the  TEU  mode. 


Circular  guides  excited  by  the  axially  symmetric  modes,  such  as  the  TE0i  and 
TMoi  modes,  are  not  of  much  practical  interest  because  they  produce  a  null  in 
the  radiation  pattern  along  the  axis  or  forward  direction.  Typical  patterns 
are  given  by  Marcuvitz.13 

15.4  Horn  Antennas 

In  this  section,  we  discuss  the  radiation  patterns  of  four  types  of  horns:  the 
//-plane  sectoral  horn,  the  E-plane  sectoral  horn,  the  pyramidal  horn,  and  the 
conical  horn.  Figure  15.6  shows  these  types  of  horns. 
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(c)  (c/) 


Fig.  15.6  Four  types  of  horns,  (a)  //-plane  sectoral;  ( b )  i£-plane 
sectoral;  (c)  pyramidal;  (d)  conical. 

H-plane  Sectoral  Horn 

A  sectoral  horn  is  a  horn  whose  walls  are  flared  in  one  dimension  but  not  in 
the  other.  An  expanded  view  of  an  //-plane  sectoral  horn  is  shown  in  Fig.  15.7. 
The  horn  is  fed  by  a  rectangular  waveguide  carrying  the  fundamental  TEi0 
mode  with  the  E  and  H  vectors  oriented  as  shown.  The  horn  is  flared  in  the 
plane  containing  the  H  field,  and  this  is  the  reason  for  its  name.  To  find  the  far- 
field  pattern  of  this  antenna,  an  approximate  expression  for  the  fields  in  the 
aperture  will  be  found,  and  then  the  formulas  (3.25)  will  be  used  to  find 
the  far  fields. 


Fig.  15.7  //-plane  sectoral  horn. 


To  find  the  aperture  fields,  we  first  consider  the  sectoral  portion  of  the  an¬ 
tenna  by  itself.  A  cylindrical  coordinate  system  p,  <f>y  x  that  can  be  used  to 
describe  the  region  inside  the  horn  is  shown  in  Fig.  15.8.  Let  the  angular  width 
of  the  horn  be  <£0  and  the  height  be  b,  as  shown. 

To  determine  the  aperture  fields,  we  first  consider  a  sectoral  horn  which 
extends  to  infinity  in  the  p  direction.  Inside  such  a  horn,  Maxwell's  equations 
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y 

Fig.  15.8  Coordinates  for  the  sectoral  iiT-plane  horn. 


may  be  solved  in  cylindrical  coordinates,  subject  to  the  boundary  conditions 
that  E<t>  =  Ep  =  0  on  the  top  and  bottom  surfaces  and  Ex  =  Ep  =  0  on  the 
sidewalls.  It  is  found,  in  the  same  way  as  for  a  rectangular  waveguide,  that 
this  geometry  wTill  support  an  infinite  number  of  modes.  The  modes  can  be 
divided  into  TE  modes,  having  no  radial  component  of  electric  field,  and  TM 
modes,  having  no  radial  component  of  magnetic  field.  For  the  case  wThen  the 
sectoral  horn  is  excited  by  a  rectangular  waveguide  supporting  the  dominant 
TEio  mode,  as  showTn  in  Fig.  15.7,  an  examination  of  the  various  modes  in  the 
sectoral  horn  showTs  that  the  modes  that  are  excited  by  this  feeding  arrange¬ 
ment  are  the  TEo™  modes  having  field  components  EXy  Hpy  and  H For  these 
modes  the  fields  are  given  by14 

Ex  =  A  cos  ^  Hym(k0p)  (15.28 a) 


(15.286) 


(15.28c) 


where  H'Vm(x)  =  dHVfn(x)/dxy  vm  =  rmr/<t>oy  m  is  an  integer  indicating  the  order 
of  the  mode,  and  HVfn  is  the  Hankel  function  of  the  second  kind. 

For  each  mode,  we  can  define  a  propagation  constant  associated  with  the 
radial  propagation.  As  with  a  rectangular  waveguide,  it  is  found  that  each 
mode  can  propagate  freely  as  long  as  the  width  of  the  horn  is  greater  than  a 
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certain  minimum  size  associated  with  that  mode.  In  other  words,  for  a  given 
flare  angle  0O,  there  is  a  certain  radius  p  below  which  the  horn  becomes  cutoff 
and  the  mode  highly  attenuated.  Although  the  transition  between  the  cutoff 
case  and  the  non-cutoff  case  is  not  as  distinct  as  with  a  rectangular  waveguide, 
the  cutoff  phenomenon  still  exists.  The  higher  the  order  m  of  the  mode,  the 
larger  the  minimum  radius  p  must  be  to  support  the  mode. 

Since  the  sectoral  horn  will  be  driven  by  a  rectangular  waveguide  with  the 
TEio  mode,  it  turns  out  that  the  minimum  dimension  of  the  horn,  po0 o,  is  just 
sufficient  to  support  the  m  =  1  sectoral  horn  mode,  but  not  sufficient  for  the 
m  =  2  mode.14  Thus  as  a  first  approximation,  we  can  assume  that  the  field 
inside  the  sectoral  horn  is  given  by  the  first  mode  alone: 

E,  =  A  cos  ^  Hn  (fc0p) 

00 

=  -jA  r  sin  ^  //„,  (M 
^oso9oP  0o 

H,  =  -jAf o-1  cos  ^  H',t  (fc0p) 

00 

To  solve  for  the  radiation  fields  which  result  from  a  finite  sectoral  horn,  we 
shall  assume  that  the  fields  in  the  aperture  of  the  finite  horn  are  the  same  as 
would  exist  at  the  same  place  in  an  infinite  horn.  We  shall  then  use  these  as¬ 
sumed  aperture  fields  to  compute  the  far-field  radiation  pattern.  Thus,  we  are 
making  two  important  approximations  in  this  method.  We  are  neglecting  the 
effect  of  currents  on  the  outside  walls  of  the  horn,  and  we  are  neglecting  the 
effect  of  higher-order  modes  in  the  aperture. 


(15.29a) 

(15.296) 

(15.29c) 


Fig.  15.9  Relation  between  a  constant-phase  front  and  the  aperture  plane. 


Consider  the  fields  given  by  (15.29a-c).  Inside  the  sectoral  horn,  the  sur¬ 
faces  of  constant  phase  are  the  surfaces  p  =  constant.  Thus  a  constant-phase 
front  has  the  appearance  shown  in  Fig.  15.9a.  The  front  aperture  surface  of 
the  antenna  does  not  fall  on  a  surface  of  constant  phase.  Hence,  the  phase  of 
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the  field  in  the  aperture  is  not  constant  but  varies  across  the  aperture.  If  we 
approximate  the  Hankel  function  by  its  asymptotic  form 


HVl(k0p)  = 


(15.30) 


we  see  that  the  phase  propagation  of  the  mode  is  described  by  the  factor 

g— ;fc0p 


By  using  the  y  coordinate  to  describe  position  along  the  face  of  the  aperture,  as 
shown  in  Fig.  15.96,  it  may  be  seen  that  the  phase  at  point  y  lags  the  phase  at 

y  =  0  by  an  angle  &o(Vpi2  —  y2  —  pi).  If  we  assume  that  the  horn  aperture  is 
not  too  large,  we  may  approximate  this  relation  by 

A(y)  =  phase  at  point  y  relative  to  y  =  0  =  —  fco(\Pi2  +  y2  —  Pi)  ~  —  ~~A~ 

2pi 

(15.31) 

Also,  we  shall  assume  the  amplitude  of  the  electric  field  across  the  aperture  is 
not  affected  appreciably  by  the  fact  that  the  aperture  is  not  exactly  on  a  wave 
front.  Hence  we  assume  the  aperture  electric  field  is  given  by 

Ex(x}y)  =  A  cos  —  e~jk°y2l2px  (15.32) 

CL 

We  shall  also  assume  that  kopi  is  large  enough  that  H $  can  be  approximated  by 

(15.33) 

In  other  words,  we  regard  the  mouth  of  the  sectoral  horn  as  having  approxi¬ 
mately  a  plane  wave  field  distribution  with  a  quadratic  phase  error.  Note  that 
(15.33)  is  valid  whenever  w/a  «  k0,  which  we  assume  to  be  the  case. 

The  far-field  radiation  pattern  resulting  from  this  aperture  is  easily  found  by 
using  (3.24)  and  (3.25).  We  regard  the  aperture  for  our  sectoral  horn  as  lying 
in  the  xy  plane,  in  the  region  \x\  <  6/2,  \y\  <  a/2,  as  shown  in  Fig.  15.10.  The 
angle  <j>  used  here  is  not  the  same  as  that  used  earlier  to  describe  the  field  in  the 


Fig.  15.10  Aperture  plane  of  horn. 
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horn.  For  the  assumed  aperture  fields,  (3.24)  gives  f0 gv  —  /*,  and  thus  (3.25) 
yields  the  following  result  for  the  radiated  electric  field: 


E  =  jk0 


e 


jk^r 


47r  r 


(1  +  cos  6)  (0  cos  <£  —  <j>  sin 


(15.34) 


where 


t  _  A  sin  [(kob/2)  cos  sin  6]  T 

J  X  7  I  •  ^ 

ko  cos  <t>  sm  0 


I 


wpi 


k 


0 


exp  j 


.  (k0  sin  (j>  sin  6  +  ir/a)2  pi 


2  k 


0 


+ 


exp  j 


.  (ko  sin  cj>  sin  6  —  ir/a)2  pi 


2k 


o 


C(t2)  -jS(h)  -  C{h)  +jS(ti) 


C{k)  -jS(U)  -  C(h)  +jS(t: ,)] 


The  U  are  given  by 


&oPi  sin  <p  sin  6  + 


7rpi 
oti  — 

a 


with  i  =  1,  2,  3,  4  in  turn  and  cti  =  —  1,  i  —  1,  2;  oti  —  1,  i  =  3,  4;  and  the 
<7(0,  >S(0  are  the  Fresnel  integrals 


c(I)  =  /; 


COS 

sin 


eft 


This  result  is  essentially  equivalent  to  that  derived  by  Chu4  and  Barrow  and 
Chu.14 

Typical  computed  patterns  have  been  given  by  Chu  and  Barrow15  and  are 
shown  in  Fig.  15.11.  The  top  row  of  patterns  shows  the  effect  of  horn  length  on 
the  beam  width,  all  of  these  being  for  a  horn  with  a  flare  angle  <£o  =  30°.  The 
patterns  are  shown  for  horn  lengths 


6  <  r  <  50 

Ao 

It  may  be  seen  that  increasing  the  horn  length  decreases  the  beam  width  up  to 
a  point,  beyond  which  there  is  little  sharpening.  The  bottom  row  shows  the 
effect  of  varying  the  flare  angle  for  a  horn  of  constant  length,  in  this  case 
Pi/X0  =12.  It  is  seen  that  as  <f> 0  increases,  the  beam  width  at  first  decreases 
and  then  increases  again.  Thus  for  a  given  length  there  is  an  optimum  flare 
angle  giving  minimum  beam  width.  The  reason  for  this  type  of  behavior  may 
be  appreciated  by  considering  the  behavior  of  the  field  distribution  in  the 
aperture  of  the  horn.  In  general,  we  would  expect  that  the  wider  the  aperture, 
the  narrower  the  beam.  The  fact  that  the  behavior  differs  from  this  for  wide 
flare  angles  is  due  to  the  fact  that  the  phase  is  not  constant  across  the  aperture, 
but  has  the  quadratic  dependence 

0— i&0J/a/2pi 
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*o  =  30° 


/>iAo  ~  ^2 


Fig.  15.11  Typical  radiation  patterns  for  the  H- plane  sectoral  horn.  Upper  series  for  a 
constant  flare  angle  of  30°;  lower  series  for  a  constant  slant  length  of  12X0  and  variable 
flare  angle.  ( From  Chu  and  Barrow. lb) 


For  small  flare  angles,  the  phase  front  illustrated  in  Fig.  15.9  will  not  differ 
much  from  the  aperture  plane  itself,  so  the  phase  will  be  almost  constant  across 
the  aperture.  This  is  the  reason  that,  for  small  values  of  <£0,  the  beam  width 
decreases  and  the  gain  increases  as  <j>o  is  increased.  However,  for  large  values 
of  the  phase  front  is  significantly  different  from  the  aperture  plane,  so  there 
is  a  marked  phase  variation  across  the  aperture.  In  this  case  the  field  at  the 
sides  of  the  horn  will  be  out  of  phase  with  the  field  in  the  center,  so  that  the 
contribution  to  the  far  field  tends  to  cancel  that  from  the  center.  Hence  any 
further  increase  in  </>$  tends  to  decrease  the  gain  of  the  antenna. 

Other  useful  information  has  also  been  given  by  Barrow  and  Chu15  and  is 
shown  here  in  Fig.  15.12.  This  figure  shows  the  beam  width  of  the  pattern 
versus  the  flare  angle  ^  of  the  horn  for  several  values  of  horn  length  px.  Also 
shown  is  the  asymptotic  curve  for  an  infinite  length  horn.  Based  on  these 
curves,  Barrow  and  Chu  have  drawn  the  following  main  conclusions: 

1.  For  a  constant  flare  angle,  the  beam  width  decreases  with  an  increase  of 
the  length. 

2.  For  a  constant  flare  angle,  there  is  a  corresponding  length  beyond  which 
the  beam  angle  does  not  decrease  appreciably  with  further  increase  in  length. 

3.  For  a  constant  length,  there  is  always  an  optimum  flare  angle  for  which  the 
beam  angle  is  a  minimum. 
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Fig.  15.12  Beam  angle  versus  flare  angle  for  //-plane  sectoral 
horn.  (From  Barrow  and  Chu.u) 


4.  The  optimum  flare  angle  decreases  with  increasing  length,  as  does  the 
corresponding  minimum  beam  angle. 

5.  For  a  constant  aperture,  the  beam  angle  decreases  with  decreasing  flare 
angle  and  is  a  minimum  for  zero  flare  angle. 

These  general  conclusions,  which  are  based  on  theoretical  study,  have  been 
well  corroborated  by  experimental  data  on  sectoral  horns.  For  some  repre¬ 
sentative  experimental  data,  the  reader  is  referred  to  the  papers  by  Barrow 
and  Lewis16  and  Rhodes.17 

The  directivity  of  an  H- plane  sectoral  horn  has  been  computed  by  Schel- 
kunoff.18  The  directivity  is  given  by 

D  =  {{C(u)  -  C(v)f  +  [£[(«)  -  S(p)]2}  (15.35) 

Ao o, 

where  M  =  yl(^?  +  vfe)  V  = 

Based  upon  this  equation,  the  gain  of  the  horn  is  found  to  depend  on  the  horn 
dimensions  as  shown  in  Fig.  15.13.  These  curves  illustrate  clearly  that,  for  a 
given  horn  length,  there  is  an  optimum  aperture  width  giving  maximum  gain, 
and  they  have  been  widely  used  in  the  design  of  H -plane  horns. f 

fAlthough  these  curves  are  based  strictly  on  simplified  theoretical  calculations,  they  have 
been  found  to  be  quite  accurate  in  practice.  For  some  comments  related  to  this,  see  the 
paper  by  Jakes.20 
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Finally,  for  a  comprehensive  discussion  of  all  design  aspects  for  sectoral 
horns,  we  refer  the  reader  to  the  article  by  Chu  and  Barrow.15  It  should  be 
noted  that  the  limitation  on  maximum  flare  angle  for  a  given  horn  length, 
because  of  the  aperture  phase  error  introduced,  may  be  removed  by  using  a 
lens  in  the  aperture.  A  discussion  of  lens-corrected  horns  is  given  in  Sec.  15.5. 


E-plane  Sectoral  Horn 


The  E-plane  horn  is  different  from  the  E-plane  horn  only  in  that  the  aperture 
distribution  has  the  quadratic  phase  variation  associated  with  the  uniformly 
illuminated  axis  rather  than  the  sinusoidally  illuminated  axis.  Figure  15.14 
shows  an  expanded  view  of  an  E-plane  sectoral  horn. 

Inside  the  sectoral  horn,  we  may  solve  Maxwell’s  equations  subject  to  the 
boundary  conditions  that  Ev  —  Ep  =  0  on  the  top  and  bottom  flared  walls  and 
Ep  =  E*  =  0  on  the  front  and  back  walls.  As  before,  we  find  that  the  modes 

are  divided  into  TE  and  TM  types,  and  the  modes  that  are  excited  by  the 

rectangular  waveguide  are  the  TEn0  modes  having  components  E*,  Hv,  Hp, 
given  by 

E*  —  B  cos  y'jHiijnp)  (15.36a) 

Hv  =  —  B  t— — -  cos  ( —  y\H o(y np)  (15.365) 

Jo)iiQ  \  a  ) 

Hp  =  —B  sin  2/ W7„p)  (15.36c) 

j03(jLQap  \  a  J 


where 


The  transmission  properties  of  the  TEn0  mode  depend  mainly  on  the  dimension 
a.  For  a  given  n,  when  a  is  large  enough,  yn  becomes  real  and  the  nth  mode 
propagates.  For  small  a,  yn  and  hence  the  argument  of  the  Hankel  function 
become  imaginary,  and  the  mode  is  cut  off. 

Since  the  E-plane  sectoral  horn  will  be  normally  fed  by  a  TEi0  waveguide  as 
shown  in  Fig.  15.14,  the  usual  case  is  that  the  dimension  a  is  large  enough  to 
support  the  lowest-order  mode,  n  =  1,  but  not  large  enough  to  support  any 
higher-order  modes.  Hence  we  can  approximate  the  field  in  the  horn  by  the 
first-order  mode;  thus 

~j  ffiOip)  (15.37a) 

Hy  =  —B  A-  cos  (— )  Ho  (tip)  (15.376) 

jcofio  \  a  ) 

Hp=  -B  sin  ( Hi  (tip)  (15.37c) 

jwpQap  \  a  / 


where 
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For  the  finite  horn,  we  assume  the  aperture  distribution  to  be  given  by 
(15.37)  evaluated  in  the  aperture.  Aside  from  unimportant  constants,  this 
gives  for  Ex  in  the  aperture 

Em  =  B  cos  —  e-’k°xV2p'  (15.38) 

a 

This  is  almost  the  same  as  for  an  H -plane  horn,  except  now  the  quadratic  phase 
term  is  associated  with  the  x  axis,  the  axis  in  which  the  amplitude  distribution 
is  uniform,  instead  of  the  y  axis,  where  the  amplitude  is  sinusoidal. 

The  far-field  pattern  is  easily  calculated  by  using  (3.24)  and  (3.25).  The 
integration  will  again  involve  the  use  of  Fresnel  integrals  because  of  the  qua¬ 
dratic  phase  term.  The  results  are  given  in  Prob.  15.4. 

When  patterns  for  the  far  field  are  computed  for  the  A'-plane  horn,  it  is 
found  that  the  dependence  of  the  pattern  on  the  parameters  is  similar  to  that 
of  the  f/-plane  horn.  The  main  difference  between  the  two  cases  is  that  with 
the  2£~plane  horn  the  side  lobes  in  the  plane  of  the  horn  are  considerably  higher. 
This  is  due,  of  course,  to  the  fact  that  the  aperture  distribution  in  this  plane  is 
uniform  for  the  i>-plane  horn.  The  sinusoidal  distribution  for  the  fZ-plane 
horn  makes  the  side  lobes  for  that  horn  much  lower.  It  also  lowers  the  gain 
and  increases  the  beam  width  slightly,  however. 


-  35° 


P  »A0  =  6  8  10  12  15  20  30  50 


P\/^Q  - 


<^0“  20°  25°  30°  35°  40°  45°  50°  55° 

Fig.  15.15  Typical  radiation  patterns  for  an  j£-plane  sectoral  horn.  Upper  series  for  a 
constant  flare  angle  of  35°;  lower  series  for  a  fixed  slant  length  of  15X0  and  variable  flare 
angle.  {From  Chu  and  Barrow.16) 
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Figure  15.15  shows  calculated  patterns  for  E-plane  horns.  The  top  row 
shows  the  patterns  for  a  constant  flare  angle  <j>0  =  35°  as  a  function  of  the 
length  of  the  horn,  and  the  bottom  row  shows  the  effect  of  varying  the  flare 
angle  for  a  horn  of  length  pi/X0  =  15.  It  is  seen  that,  although  the  general 
trends  observed  with  the  //-plane  horn  also  occur  here,  the  patterns  for  this 
case  are  much  more  irregular  because  of  the  presence  of  the  high  secondary 
lobes. 

The  directivity  of  an  E-plane  horn  has  been  computed  by  Schelkunoff,  and 
the  result  is21 


Figure  15.16  shows  the  directivity  of  an  E-plane  horn  as  a  function  of  the 
length  of  the  horn  and  the  aperture  dimensions.  As  with  the  //-plane  horn,  it  is 
seen  that  as  the  aperture  size  is  increased,  the  gain  increases  up  to  a  point, 
reaches  a  maximum,  and  then  drops.  This  phenomenon  is  again  due  to  the 
quadratic  phase  variation  across  the  aperture. 


Fig.  15.16  Directivity  of  2?-plane  sectoral  horns  with  aperture  height  b  and 
width  a.  ( Based  on  fig.  16.4  of  Schelkunoff  and  Frits.19) 


Design  data  for  the  E-plane  sectoral  horn  have  also  been  given  in  the  article 
by  Chu  and  Barrow.15 
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Pyramidal  Horns 

A  pyramidal  horn  is  one  that  is  flared  in  both  the  E  and  H  planes,  as  shown 
in  Fig.  15.17.  The  flare  angles  for  the  .E-plane  flare  and  the  E-plane  flare  are 
independent  and  can  be  separately  adjusted.  The  E-  and  E-plane  sectoral 
horns  have  a  sharp  beam  in  one  plane  but  a  wide  beam  width  in  the  other  plane. 
For  applications  where  it  is  necessary  to  have  directivity  in  both  planes,  the 
pyramidal  horn  can  be  used.  Because  the  horn  is  flared  along  both  axes,  the 
beam  is  sharp  in  both  planes. 


Fig.  15.17  The  pyramidal  horn. 


The  usual  procedure  for  treating  the  pyramidal  horn  is  to  combine  the 
results  that  were  obtained  for  the  E-plane  sectoral  horn  and  the  E-plane 
sectoral  horn.  The  geometry  of  a  pyramidal  horn  is  such  that  the  walls  of  the 
horn  do  not  fit  the  coordinate  surfaces  of  any  separable  coordinate  system. 
Hence  it  is  not  possible  to  solve  explicitly  for  the  modes  associated  with  this 
geometry.  Instead,  the  usual  practice  is  to  assume  that  the  aperture  distribu¬ 
tion  in  the  E  plane  is  the  same  as  that  of  an  E-plane  sectoral  horn,  and  the 
aperture  distribution  in  the  E  plane  is  the  same  as  that  of  an  E-plane  sectoral 
horn.  If  the  procedure  described  earlier  is  used  to  calculate  the  pattern,  one 
naturally  finds  that  the  E-plane  pattern  is  the  same  as  that  of  an  E-plane 
sectoral  horn  and  the  E-plane  pattern  is  the  same  as  that  of  an  E-plane  horn. 
Thus  the  E-plane  parameters  for  a  pyramidal  horn  may  be  chosen  by  using  the 
E-plane  sectoral  horn  data  and  the  E-plane  parameters  may  be  chosen  by 
using  E-plane  sectoral  horn  data.  Although  it  would  be  nice  to  have  a  more 
precise  mathematical  formulation  for  the  pyramidal  horn,  in  practice  it  does 
not  seem  to  matter  much,  because  the  above  procedure  appears  to  give  good 
results. 

Conical  Horns 

A  conical  horn  is  a  horn  with  a  circular  cross  section,  as  shown  in  Fig.  15.6d. 
It  is  essentially  the  same  in  performance  as  a  pyramidal  horn.  A  conical  horn 
is  normally  used  when  the  feed  is  a  circular  waveguide,  whereas  a  pyramidal 
horn  is  used  when  the  feed  is  a  rectangular  waveguide. 
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Unlike  a  pyramidal  horn,  the  normal  modes  associated  with  the  conical  horn 
can  be  found  by  associating  a  spherical  coordinate  system  with  the  horn.  If 
one  chooses  the  axis  of  the  conical  section  as  the  polar  axis  of  a  spherical  co¬ 
ordinate  system,  then  the  cone  surface  is  a  surface  of  constant  polar  angle,  and 
hence  the  modes  can  be  solved  for.  Because  of  the  nature  of  the  functions  in¬ 
volved  (spherical  Bessel  functions  and  Legendre  polynomials)  the  analysis  is 


0.6  0.8  1.0  2  4  6  8  10  20  30 

Diameter  of  horn  aperture  in  wavelengths 


Fig.  15.18  The  directivity  of  a  conical  horn  as  a  function  of  axial  length  and  aperture 
diameter  dm  in  wavelengths.  ( From  King.23) 
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somewhat  involved  and  will  not  be  given  here.  The  reader  is  referred  to  the 
article  by  Schorr  and  Beck  for  the  details  of  the  analysis.22 

A  conical  horn  behaves  in  essentially  the  same  way  as  a  pyramidal  horn,  and 
its  performance  is  easily  understood  from  the  discussion  given  above  for  the 
sectoral  and  pyramidal  horns.  Thus,  as  the  aperture  size  increases,  the  gain  at 
first  increases  and  then  decreases  as  the  quadratic  phase  variation  begins  to 
become  significant.  Figure  15.18  shows  the  gain  of  a  conical  horn  as  a  function 
of  horn  diameter  and  length.  Excellent  design  data  for  conical  horns  have  been 
given  by  King,23  and  the  reader  is  referred  to  his  article  for  a  number  of  useful 
design  curves  and  performance  data. 


15.5  Lens-corrected  Homs 

Large-aperture  horns  must  be  very  long,  since  the  maximum  flare  angle  is 
limited  by  the  amount  of  quadratic  phase  error  in  the  aperture  field  that  can  be 
tolerated  before  the  directivity  falls  off.  This  results  in  undesirably  large  and 
unwieldy  structures.  Much  larger  flare  angles,  and  hence  a  shorter  horn  length 
for  a  given  aperture  area,  can  be  used  if  a  lens  is  mounted  in  the  horn  aperture 
to  correct  the  phase  distribution  of  the  aperture  field.  The  design  of  such  phase- 
correction  lenses  follows  the  general  procedures  discussed  in  Chap.  18.  We 
shall  examine  only  the  lens-corrected  //-plane  horn  in  detail,  but  the  same 
principles  can  be  applied  to  the  E-plane,  pyramidal,  and  conical  horns.  The 
lens-corrected  //-plane  sectoral  horn  has  been  investigated  by  Cummins24*25 
and  Jones,  Morita,  and  Cohn.26  The  material  presented  here  is  based  on 
Cummins*  work.24 

Figure  15.19  shows  a  lens-corrected  //-plane  sectoral  hom.  The  front  surface 
of  the  lens  is  plane,  and  the  back  surface  is  hyperbolic.  If  the  field  in  the  horn 
is  assumed  to  be  an  expanding  cylindrical  wave  described  by  the  Hankel  func- 
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tion  of  the  second  kind,  the  lens  contour  may  be  determined  by  imposing  the 
condition  that  all  ray  paths  from  the  vertex  0  to  the  front  lens  surface  must  be 
equal.  From  the  figure  it  is  easily  seen  that  the  back  surface  of  the  lens  is  then 
determined  by  the  condition 


or 


P  =  f  +  n(OP  —  /)  =  (1  —  n)f  +  np  cos  <£ 

=  (w  -  1)/ 

n  cos  <t>  —  1 


(15.40) 


where  n  =  yfc  is  the  index  of  refraction.  The  equation  for  the  lens  contour  is 
that  of  a  hyperbola  in  polar  coordinates. 

The  performance  of  a  lens-corrected  horn  is  less  than  ideal  unless  the  surfaces 
of  the  lens  are  matched  to  reduce  reflections.  Reflections  from  the  two  surfaces 
result  in  interference  effects  which  cause  a  periodic-like  variation  in  both  the 
amplitude  and  phase  of  the  aperture  field.  In  addition,  multiple  reflections 
from  the  lens  and  the  horn  walls  appear  to  be  very  significant  in  increasing  the 
side-lobe  level.  Techniques  for  matching  the  lens  surfaces  will  be  described 
later.  For  now  we  shall  assume  that  the  lens  is  matched  for  the  purpose  of 
obtaining  the  effect  of  the  lens  on  the  aperture  field  taper. 


i  / 


The  power  incident  on  the  lens  in  a  wedge  of  angular  width  d<t>  is  refracted  in¬ 
to  a  strip  of  width  dy  as  shown  in  Fig.  15.20.  If  the  incident  power  angular 
distribution  is  P(<£),  then  the  power  distribution  P(y)  along  the  aperture 
surface  is  given  by 


p  d<t> 
dy 


The  incident  power  varies  as  EJ  or  p  1  cos2  Or^/^o),  as  reference  to  (15.29a) 
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shows.  Hence  the  normalized  aperture  field  distribution  is  proportional  to 


EM 

EM 


n  cos 

V(n  —  cos  0)(n  —  1) 


cos 


7T0 

00 


(15.41) 


upon  evaluating  the  derivative  by  using  (15.40).  To  evaluate  Ex(y)  it  is  neces¬ 
sary  to  express  0  as  a  function  of  y.  The  resultant  expression  is  too  complicated 
for  the  purpose  of  evaluating  the  radiation  field.  Cummins  overcame  this  diffi¬ 
culty  by  expanding  (15.41)  into  a  Fourier  series  of  the  form 


Fig.  15.21  Normalized  aperture  field  distribu¬ 
tion  in  an  //-plane  horn  with  a  matched  lens. 
{From  Cummins**) 
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Fig.  15.22  Theoretical  radiation  patterns  from  40  and 
60°  H-plane  horns  with  matched  lenses.  ( From  Cummins.24) 


where  a  denotes  the  aperture  width.  The  results  of  these  computations  are 
shown  in  Fig.  15.21  for  40  and  60°  horns  and  three  different  indices  of  refrac¬ 
tion.  Note  particularly  that  a  high  index  of  refraction  results  in  a  smaller- 
amplitude  taper  and  is  therefore  preferable. 

Using  the  amplitude  distributions  given  in  Fig.  15.21,  Cummins  calculated 
the  theoretical  radiation  patterns  in  the  H  plane  with  the  formula 


m  -  r 


a/2  Ex(y)  gin  6 
-«/2  EZ(Q) 


These  theoretical  patterns  are  shown  in  Fig.  15.22  for  a  horn  with  a  matched 
lens  with  n  =  1.6.  Cummins  gives  patterns  for  n  =  1.3  and  2.5  also.24 .  In  Fig. 
15.23  we  show  the  measured  patterns  for  a  lens-corrected  60°  horn  with  and 

'a 

without  lens  surface  matching.  Note  that  for  an  unmatched  lens  the  side  lobes 
are  as  much  as  12  db  higher.  Similar  results  were  also  obtained  by  Jones, 
Morita,  and  Cohn.26  Cummins  has  also  measured  the  pattern  for  a  60°  horn 
with  an  unmatched  lens  but  with  the  inside  narrow  walls  of  the  horn  lined  with 
absorbent  material.  This  pattern  was  essentially  as  good  as  the  one  for  a 
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Fig.  15.23  Experimental  pattern  of  a  60°  lens-corrected  horn, 
a  =  6  in.,  /  =  35  GHz.  {From  Cummins.2*) 

matched  lens.  The  results  of  this  measurement  indicate  that  it  is  the  multiple 
reflections  between  the  lens  and  the  horn  walls  that  cause  the  pattern  to 
deteriorate. 

Surface  Matching  of  Lenses 

The  reflections  from  the  surface  of  a  dielectric  lens  may  be  reduced  to  a  very 
small  value  by  the  use  of  impedance-matching  techniques  adapted  from  trans¬ 
mission  line  theory.  One  method  of  matching  the  wave  impedance  of  the  lens 
to  that  of  free  space  is  to  locate  a  row  of  metallic  obstacles,  such  as  round  disks, 
at  an  appropriate  distance  from  the  surface  and  inside  the  lens.  The  metallic 
obstacles  act  as  a  shunt  susceptance,  and  by  choosing  the  parameters  correctly, 
the  surface  reflections  are  canceled.27,28  A  more  convenient  technique  is  to 
construct  an  equivalent  quarter-wave  matching  layer  by  cutting  slots  of 
appropriate  depth  and  thickness  in  the  surface  of  the  lens.27'29  The  properties 
of  slotted  dielectric  interfaces  have  been  examined  in  detail  by  Collin  and 
Brown29  and  Collin.30 

Consider  the  lens  shown  in  Fig.  15.24a  on  which  a  layer  of  solid  dielectric 
with  dielectric  constant  Ke  has  been  placed.  The  lens  has  a  dielectric  constant  k . 
Let  a  plane  wave  which  is  perpendicularly  polarized  be  incident  at  the  point  P 
at  an  angle  0*  relative  to  the  interface  normal.  The  wave  impedance  of  the 
incoming  wave  is31 

Z0  =  f0  sec  di 
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Fig.  15.24  A  lens  matched  with  a  quarter- wave  trans¬ 
former.  (a)  Solid  layer;  ( b )  slotted  layer. 


The  wave  impedances  for  this  plane  wave  in  the  two  dielectric  media  are 
respectively 


Zi  =  U*e  -  sin2  Oir*  Z2  =  f0(*  -  sin2  $*)-* 


The  wavelength  in  the  medium  with  dielectric  constant  Ke,  in  the  direction 
perpendicular  to  the  interface,  is31 


—  sin2  $i 


A  quarter-wave  transformer  that  will  match  the  lens  to  free  space  without  re¬ 
flection  is  obtained  if  Ke  is  so  chosen  that  ZiZ2  =  ZQ 2  and  the  depth  d  of  the 
layer  equals  Xfl/4.  Here  it  is  assumed  that  the  radius  of  curvature  of  the  lens  is 
large  compared  with  the  free-space  wavelength  X0,  so  that  each  portion  of  the 
surface  may  be  regarded  locally  as  part  of  an  infinite  flat  sheet.  This  assump¬ 
tion  is  usually  quite  good  in  practice.  From  the  above  requirements  we  find 
that  the  dielectric  constant  Ke  is  given  by 


Ke  =  sin2  Bi  +  cos  di^K  —  sin2  0* 


and  the  depth  d  is  given  by 


4  4^Ke  _  sin2  Bi 


(15.42) 

(15.43) 


From  (15.42)  it  is  apparent  that  #ce  must  be  a  function  of  the  angle  of  incidence 
Bi,  and  practically  this  means  that  a  uniform  homogeneous  dielectric  layer 
cannot  be  used. 

If  slots  of  thickness  2 1  and  spacing  D  as  shown  in  Fig.  15.246  are  cut  in  the 
lens  surface,  the  effect  is  to  reduce  the  effective  dielectric  constant.  By  a 
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Fig.  15.25  Corrections  to  static  dielectric  constants  given  by  (15.44)  for 
k  =  2.56,  Dyjfc  =  0.75X0.  (a)  Perpendicular  polarization  with  electric  field 
parallel  to  slots;  ( b )  parallel  polarization  with  electric  field  perpendicular  to 
slots.  (From  Cummins.2*) 


proper  choice  of  the  ratio  2 t/D,  any  value  of  kc  between  unity  and  k  can  be  ob¬ 
tained.  Hence  this  is  a  practical  way  to  provide  a  varying  dielectric  constant 
in  a  matching  layer  for  the  case  when  the  angle  of  incidence  of  the  incoming 
wave  varies  from  point  to  point  along  the  lens  surface.  If  D  is  very  small  com- 
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pared  to  Xo,  the  effective  dielectric  constant  ne  is  given  by  the  static  values 

Keo  =  1  +  — — perpendicular  polarization  (15.44a) 


D 


1 


1  - 


(k  -  1)2 1 
kD 


parallel  polarization 


(15.445) 


To  reduce  the  number  of  slots  which  must  be  cut  it  is  desirable  to  use  large 
values  of  the  spacing  D.  However,  the  spacing  D  must  satisfy  the  relation 

D  <  r_iX°.  ~  (15-45) 

V k  +  sm  Bi 


to  avoid  exciting  higher-order  grating  modes  in  the  lens.  For  a  value  of  D  ap¬ 
proaching  the  upper  limit  the  effective  dielectric  constant  Ke  is  a  few  percent 
larger  than  the  static  values  given  by  (15.44)  and  also  depends  on  the  angle  Bi. 
Cummins  has  calculated  the  difference  Ke  —  Ke o  for  values  of  k  equal  to  1.96, 
2.56,  and  3.24,  and  4,  with  D  =  0.75  Xo/V*  (see  His  calculations  are 

based  on  the  formulas  given  by  Collin.30  The  results  for  k  —  2.56  are  shown  in 
Fig.  15.25. 

A  spacing  D  =  0.75  X0/V«  satisfies  the  condition  (15.45)  for  angles  of  in¬ 
cidence  up  to  31°  only.  In  the  60°  lens-corrected  horn  the  maximum  angle  of 
incidence  is  64°,  so  (15.45)  is  violated.  However,  this  spacing  was  still  used  in 
the  design  of  the  matching  layer  and  no  serious  degradation  in  performance 
was  found,  as  the  radiation  pattern  given  in  Fig.  15.23  shows.  Thus  it  is  safe 
to  assume  that  even  though  the  condition  for  a  higher  mode  of  propagation  is 
violated  near  the  outer  edge  of  the  lens,  such  a  mode  is,  at  most,  only  very 
weakly  excited. 

From  the  above  results  we  can  conclude  that  //-plane  horns  with  flare  angles 
up  to  at  least  60°  perform  very  well  if  a  matched  lens  is  used  to  correct  the 
aperture  field  phase  distribution.  An  uncompensated  //-plane  horn  is  limited 
to  a  maximum  flare  angle  of  around  14°  for  an  aperture  width  of  about  18X0  if 
optimum  directivity  is  to  be  obtained  (see  Fig.  15.13).  Such  a  horn  would  be 
about  four  times  as  long  as  the  60°  lens-corrected  horn  described  above,  which 
had  an  aperture  width  of  17.7X0. 


PROBLEMS 


15.1  Apply  the  results  of  Prob.  3.9  and  assume  aperture  fields  Ea  =  EqZ,  H«  = 
—  f<rlEoy  to  show  that  the  resultant  radiation  pattern  differs  from  (15.21)  by  a  factor 
(1  +  sin  B)/ 2.  Repeat  by  using  KirehhofFs  formula  (3.486)  applied  to  the  surface  con¬ 
sisting  of  the  aperture  —a<z<a  and  the  waveguide  walls.  Since  this  is  a  two- 
dimensional  problem,  use  the  asymptotic  form  of  —  ( j/4)Ht?(koR )  for  Go.  Assume 
E  =  Eq z  on  the  aperture  and  zero  elsewhere,  and  note  that 


dE0 

dn 


and 


dGo  _  dGo 
dn  dx' 
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KirchhofPs  method  gives  the  result  (15.21)  multiplied  by  the  factor  (1  +  sin  0)/2  for 
Et,  and  this  points  out  one  of  its  shortcomings,  since  the  far-zone  field  must  have  a  zero 
radial  component. 

15.2  Derive  the  expression  (15.25)  for  the  far-zone  field  radiated  by  a  TEU  mode  in  a 
circular  guide. 

15.3  Complete  the  steps  leading  to  the  result  (15-34). 

15.4  For  the  Z£-plane  sectoral  horn  assume  an  aperture  electric  field  Ex  given  by 
(15.38)  and  an  aperture  magnetic  field  II y  =  f0 ClEx.  Thus  show  that  the  far-zone 
radiation  field  is  given  by  (15.34)  but  with 


2Bwa  cos  (kyd/2) 
7 r2  —  kv2a 2 


e* t C(h)  -  jS(h)  -  C(h)  +  jS(h)} 


where  kx  =  ko  cos  <j>  sin  6,  ky  =  ko  sin  <f>  sin  6 ,  and 


a 


(  —  l)l&o  -  —  kxpi 


for  i  =  1,2 
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Analytic  signal,  110-111 
for  polychromatic  wave,  109-111 
Anisotropic  media,  constitutive  rela¬ 
tions  for,  4,  5 
Antenna : 
receiving,  93-94 

coherence  matrix  for,  113 
cross  section  of,  100-103 
for  polarized  waves,  103-109 
directional  properties  of,  98-100 
loop,  474-478 

mutual  coherence  matrix  for,  116 
noise  in,  119-123 

for  partially  polarized  waves,  103- 
109 

reciprocity  for,  94-98 
scattering  properties  of,  123-133 
Stokes*  parameters  for,  107 
scattering  from,  123-133 
minimum  scattering,  131-133 
scattering  matrix  for,  126-127 
Antenna  effective  length,  105 
of  cylindrical  dipole,  378,  379 
of  loop,  477,  478 
Antenna  Q,  definition  of,  237 
Aperture,  focused,  86-89 
field  of,  87-89 
Aperture  antenna : 
definition  of,  61 
directivity  of,  78,  79 
equivalent  array,  246-248 
far-zone  radiation  field  for,  65-68 
and  field  equivalence  principle,  69-71 
and  Fourier  transforms,  62-69 
radiation  from,  61-79 
(See  also  Pattern  synthesis) 

Array : 

of  arrays,  172,  173 
binomial,  175,  176 
Chebyshev,  186-194,  260,  261 
circular,  163-172 


Array : 

circular:  array  factor  for,  163-165 
continuous,  165-168 
of  dipoles,  384-387 

(See  also  Cylindrical  antenna) 
directive,  171,  172 
omnidirectional,  168-171 
synthesis  of,  248-250 

(See  also  Pattern  synthesis) 
of  dipoles,  379-384 
directivity  of,  143-145 
element  factor  for,  140,  141 
and  equivalence  with  aperture,  246- 
248 

excitation  of,  176-184 
factor  (see  Array  factor) 
factorization  for,  140-142 
gain  of,  143-145 
idling  current  on,  179 
impedance  matrix  for,  176,  177 
mutual  radiation  resistance  for,  183 
nonuniform,  207-210 
density  tapering  for,  207 
deterministic,  212-219 
statistical,  219-225 
dynamic  programming  method  for, 
211-212 

missing  elements  in,  effect  of,  225- 
227 

synthesis  of,  265-270 

(See  also  Pattern  synthesis) 
optimization  of  performance  indices 
for,  194-201 

and  traveling- wave  theorems,  196- 
198 

pattern  multiplication  for,  173 
pattern  synthesis  for,  184-193 
Dolph-Chebyshev  method,  186-194 
SchelkunofFs  method,  185-186 
(See  also  Pattern  synthesis) 
radiation  from,  139-142 
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Array: 

random  errors  in,  227-233 
effect  on  directivity,  233 
effect  on  side  lobes,  231,  232 
rectangular,  pattern  synthesis  for, 
238-244 

with  tapered  current  distribution, 
158-163 

and  SchelkunofFs  polynomial,  158- 
160 

and  Z  transforms,  160-163 
terminal  quantities  for  parameters  of, 
181-184 
types  of,  172 

with  uniform  current  distribution, 
145-147 

directivity  of,  151-157 
pattern  of,  147-151 
(See  also  Cylindrical  antenna;  Loop 
antenna ;  Pattern  synthesis ; 

Waveguide  slot  array) 

Array  factor,  140 
for  binomial  array,  175,  176 
for  triangular  current  distribution, 
174,  175 

for  uniform  current  distribution,  145- 
151 

Babinet’s  principle,  565-567 
Berstein  polynomial  ( see  Pattern  syn¬ 
thesis) 

Biconical  antenna: 
admittance  of,  490,  491 
asymmetric,  506-508 
dielectric-coated,  510-513 
with  single  cone,  508-510 
with  dielectric  loading,  502,  503 
in  conducting  media,  503,  505 
in  plasma,  506 

and  dipole  in  conical  sheath,  513-519 
formal  solution  for,  488-491 
in  inhomogeneous  dissipative  media, 
499-502 

limiting  cases  of:  spherical  antenna, 
491,  492 

admittance  of,  492 
thin  wire,  492-494 

variational  solution  for  impedance  of, 
494-499 


Binomial  array,  175,  176 
Boundary  conditions: 
at  conductor  edge,  18,  19 
for  cylindrical  antenna,  353 
for  imperfect  conductor,  18 
at  infinity,  20,  21,  309-311 
for  interface  between  two  media,  16, 

17 

for  perfect  conductor,  17 
Brightness  of  radio  source,  116 

Chebyshev  array,  186-194,  260-261 
Chebyshev  polynomial,  187,  260 
Circular  array,  163-172 
of  cylindrical  antennas,  384-387 
driven,  387-392 

phase  sequence  currents  for,  384 

synthesis  of,  248-250 

(See  also  Array;  Cylindrical  antenna; 

Pattern  synthesis) 

Coherence  matrix: 
for  antenna,  113 
mutual:  for  antenna,  116 

for  partially  polarized  waves,  115 
for  partially  polarized  waves,  112 
Constitutive  parameters,  properties  of, 

8-10 

Continuity  equation,  3,  306 
Current  element: 

radiation  from,  29-32 
radiation  resistance  of,  36 
Cylindrical  antenna : 
admittance  of,  360-366 
boundary  conditions  for,  353 
center-loaded:  charge  on,  374-378 
current  on,  374-378 
charge  distribution  on,  360-362 
circular  array  of,  384-387 
current  on,  338-392 
driven,  387-392 
impedance  of,  389-392 
phase  sequence  currents  for,  384 
radiation  field  of,  389-392 
collinear  array  of,  409,  410 
curtain  array  of,  392-402 
admittance  for,  397-399 
currents  on,  395,  396 
radiation  field  for,  399-402 
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Cylindrical  antenna: 
current  distribution  on,  360-362 
dipole:  arrays  of,  417-419 
field  from,  418,  419 
conductance  of,  ‘417 
coupled  to  open-wire  line,  410-417 
integral  equation  for  current  on, 
413-416 

vector  potential  for,  412,  413 
directivity  of,  378,  379 
effective  length  of,  378,  379 
integral  equation  for  current  on,  356- 
360 

log-periodic  array  of,  407-409 
near  zone  fields  for,  367-371 
parallel  array  of,  379-384 
parasitic  array  of,  402-406 
admittance  of  driven  elements  for, 
404,  405 

current  on,  403,  404 
horizontal  field  from,  404,  406 
radiation  field  of,  371-374 
scattering  from,  near  zone  field,  379- 
381 

staggered  array  of,  409,  410 
vector  potential  for,  352-356 
(See  also  Dipole  antenna;  Linear 
antenna) 

Diffraction : 
formulas  for,  79-85 
and  Kirehhoff’s  formula  for,  85,  86 
Dipole  antenna: 

finite  length:  admittance  of,  441 
charge  on,  441,  449,  450 
cross  section  of,  backscattering, 

451,  452 

current  on,  441,  449,  450 
radiation  field  of,  441,  447,  448 
horizontal,  above  disk,  554-557 
long:  driven  by  coaxial  line,  421- 
430 

Green’s  function  for,  423,  424 
integral  equation  for  electric  field 
of,  425 

thin,  input  admittance  of,  427,  428 
Wiener-Hopf  solution  for,  432-438 


Dipole  antenna: 
transient  behavior  of,  453-455 
(See  also  Cylindrical  antenna;  Linear 
antenna) 

Dirac  delta  function,  1 
Directivity: 
of  antenna,  33 
of  aperture,  78,  79 
of  current  element,  34 
of  uniform  array,  151-157 
Dispersion  relation  for  plane  waves,  12 

Effective  length  of  antenna  (see 
Antenna  effective  length) 
Element  factor  for  array,  140,  141 
EMF  method  for  antenna  impedance, 
48-51 

Energy,  electromagnetic:  and  antenna 
impedance,  35 
in  dispersive  media,  8 
time  average,  6-8 
velocity  of,  14-16 
Errors,  random,  in  arrays,  227-233 
(See  also  Array) 

Field  equivalence  principle,  69-71 
Love’s,  70 
modification  of,  70 
Filled  array,  209 

Gain  of  antenna,  34 
Green’s  function: 
for  dipole  antenna,  423,  424 
dyadic :  for  electric  field  in  free  space, 
42,  43 

for  slot  in  waveguide,  611-613 
for  vector  potential,  41 
scalar:  for  Helmholtz’  equation,  42 
in  spheroidal  coordinates,  548-550 
for  wave  equation,  309-311 
Group  velocity,  13,  14 

Hallen’s  integral  equation  for  linear 
antenna,  311,  312 


664 


INDEX 


Hansen-Woodyard  condition,  156,  157 
Helmholtz*  equation,  11 
Horn  antenna: 
conical,  644-646 
Emplane  sectoral,  641-643 
directivity  of,  643 
pattern  of,  642,  643 
H-plane  sectoral,  633-641 
directivity  of,  639,  640 
lens  corrected,  646-653 
aperture  field  for,  647,  648 
pattern  of,  649,  650 
pattern  of,  637,  638 
radiation  field  of,  636,  637 
pyramidal,  644 

Idling  current  on  array,  179 
Impedance  of  antenna,  35 
EMF  method  for,  48-51 
of  thin  wire  antenna,  50,  51 
variational  method  for,  51-57,  431 
{See  also  Biconical  antenna;  Cylindri¬ 
cal  antenna ;  Linear  antenna) 
Impedance  of  waveguide  slot,  602-616 
approximate  theory  for,  602-610 
broadwall,  609,  610 
inclined  sidewall,  610 
variational  method  for,  611-616 

Kirchhoff’s  formula,  85,  86 
Kronig-Kramers  relations,  10 

Lens  for  H-plane  sectoral  horn,  646-653 
and  aperture  field,  647,  648 
surface  matching  of,  650-653 
Linear  antenna : 

with  azimuthal  dependent  fields,  339- 
345 

circular  tubular,  314-319 
field  from,  318,  333 
input  conductance  for,  319 
integral  equation  for  current  on, 
320-324,  335-339 
iterative  solution  of,  324-332 
integral  equation  for,  311,  312 


Linear  antenna: 
transient  response  of,  347-350 
(See  also  Dipole  antenna) 

Loop  antenna,  458 

coupled  to  open-wire  line,  480, 
481 

in  dissipative  media,  463-470 
admittance  of,  465-468 
current  on,  468-470 
integral  equation  for,  458-460 
solution  of,  460-463 
radiation  field  of,  470-472 
receiving,  small,  474-478 
current  on,  476,  477 
effective  length  of,  477,  478 
shielded,  478-480 
transmitting,  small,  472-474 
admittance  of,  473 
current  on,  472,  473 
radiation  field  from,  473,  474 
Lorentz  condition,  23,  307 
Lorentz  reciprocity  theorem,  24,  25 
and  antennas,  94-98 

Magnetic  dipole: 
radiation  from,  36,  37 
radiation  resistance  of,  37 
Magnetic  ring  source  for  cylindrical 
antenna,  52 
Maxwell’s  equations: 
with  magnetic  sources,  3 
time  dependent,  2,  306,  307 
for  time  harmonic  fields,  3,  308,  309 

Noise  in  receiving  antenna,  119-123 
Noise  temperature,  117-123 
Nyquist’s  formula,  121 

Parasitic  array,  402-406 

(See  also  Cylindrical  antenna) 

Pattern  multiplication,  173-176 
Pattern  synthesis,  235-238 
and  antenna  Q,  237 
aperture  and  array  equivalence  in, 
246-248 
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Pattern  synthesis: 

for  circular  aperture,  gaussian  error, 
250-257 

for  circular  array,  gaussian  error,  248- 
250 

with  derivative  control,  289 
and  derived  sector  beams,  291,  292 
gaussian  or  minimum  mean  square 
error  for,  236 

for  line  source,  Chebyshev  error,  262- 
264 

for  linear  array,  Chebyshev  error, 
186-194,  260,  261 
maximally  fiat,  289 
with  mini-max  error,  293-297 
for  nonuniform  array,  265-270 
Anger  function  method,  267,  268 
grating  plateau  method,  268-270 
and  source  position  function,  265- 
267 

with  phase  constraint,  270-288 
Gibbs  phenomena:  Berstein  poly¬ 
nomial  method,  285-288 
reduction  of,  283-288 
weighting  method,  283,  284 
pattern  logarithm  method  for,  273- 
276 

variational  method  for,  276-282 
quadrature  method  for,  297,  299 
for  rectangular  aperture,  gaussian 
error,  248-250 

for  rectangular  array:  gaussian  error, 
238-244 

with  phase  constraint,  292,  293 
(See  also  Array) 

Plane  wave: 

dispersion  relation  for,  12 
solution  for,  11,  12 

Poincar4  sphere  and  Stokes’  parameters, 
107-109 

Polarization : 
electric,  4,  5 
magnetic,  5 
of  wave,  34,  35 

Polarization  mismatch  for  receiving 
antenna,  106 

Polarized  wave,  reception  of,  103-109 


Power,  7 

Power-pattern  synthesis  ( see  Pattern 
synthesis,  with  phase  constraint) 
Poynting  vector,  complex,  7 

Radiation : 

from  aperture  fields,  61-79 
and  directivity,  78,  79 
with  linear  phase,  77,  78 
tapered,  76,  77 
uniform,  74,  75 
from  arbitrary  current,  37-41 
from  current  element,  29-32 
from  current  loop,  36,  37 
from  open  waveguide:  circular,  631, 
632 

parallel-plate,  621-630 

radiation  field  for,  629,  630 
Wiener-Hopf  solution  for,  621- 
630 

from  thin  wire  antenna,  43-48 
from  traveling-wave  source,  47,  48 
Radiation  condition,  20,  21,  309-311 
Radiation  pattern  of  current  element, 
32,  33 

Radiation  resistance: 
of  current  element,  36 
of  current  loop,  37 
of  thin  wire  antenna,  46,  47 
Receiving  cross  section  of  antenna,  100- 
103 

for  distributed  sources,  116 
for  partially  polarized  waves,  112 
for  polarized  waves,  106 
Reciprocity  for  antennas,  94-98 
Reciprocity  theorem: 

Lorentz  form,  24,  25 
Rayleigh-Carson  form,  24,  25 
Residue  series  for  slot  on  cylinder,  578- 
581,  583,  584 

Resonant  array  (see  Waveguide  slot 
array) 

Scalar  potential,  22-24,  307 
Schelkunoff’s  polynomial  for  arrays, 
158-160 
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Stokes’  parameters: 
for  antenna,  107 
and  coherence  matrix,  113,  114 
for  partially  polarized  waves,  112 
for  polarized  waves,  108 
Singularity  of  field  at  conductor  edge, 
18,  19 
Slot  antenna: 
on  cylinder,  567-573 
circumferential  slot,  573,  574 
residue  series  for,  578-581 
half-wave  axial,  581-584 
residue  series  for,  583,  584 
in  ground  plane,  560-567 
and  Babinet’s  principle,  565-567 
radiated  power  from,  563,  564 
radiation  conductance  for,  564,  566, 
567 

radiation  field  from,  561-563 
on  sphere,  584-587 
in  waveguide  ( see  Waveguide  slot 
array) 

Spheroidal  antenna : 
oblate:  excitation  by  axial  dipole,  553, 
554 

and  horizontal  dipole  above  disk, 
554-557 

prolate :  with  confocal  sheath,  533-540 
excitation  of :  by  azimuthal  electric 
field,  540 

by  external  source,  540-545 
by  magnetic  current  ring,  545- 
548 

in  free  space,  527-533 
Green’s  function  for,  548-550 
and  dipole  scattering,  550,  551 


Spheroidal  coordinates : 
oblate,  551,  552 
prolate,  523,  524 

Spheroidal  wave  functions,  525-527,  552 
Super-gain  array,  194,  244 
Supergain  ratio,  257 

Taylor  line  source,  263,  264 
Thinned  array,  209 

Transient  response  of  linear  antenna, 
347-350 

Traveling-wave  theorems  for  arrays, 
196-198 

Van  Atta  array,  180 
Variational  method: 
for  antenna  impedance,  51-57,  431 
for  biconical  antenna,  494-499 
for  power-pattern  synthesis,  276-282 
for  slot  in  waveguide,  611-616 
Vector  potential,  22-24,  307 
magnetic-type,  23,  24 

Wave  equation,  10,  11 
Waveguide  slot  array,  587,  588 
impedance  of  (see  Impedance  of 
waveguide  slot) 

nonresonant:  design  of,  595-601 
second-order  beam  suppression  for, 
590-595 

resonant,  588-590 

Z  transform  and  array  factor,  160-163 


